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PREFACE. 



The design of this elementary text-book is to give an account of 
the fundamental principles of Hydrostatics and Pneumatics, and to 
show how the subject may be developed by simple mathematical 
methods. 

To meet the case of students who begin the study of the Mechanics 
of Fluids with not more than an elementary knowledge of the 
Mechanics of Solids, chapters on Units and on the Principles of 
Statics precede the consideration of the general problems of fluid 
pressure. For the same reason short discussions of Uniform Circular 
Motion and of Harmonic Motion are also included in the book. 

The method of integration has been explained without the use 
of the notation of the Integral Calculus^ and has been applied to the 
solution of such problems as those of finding moments of inertia, 
centres of pressure, work done by a variable force, &c. 

At the end of each chapter there is given a collection of examples 
which are left as exercises for the student. In some cases these 
examples have been divided into two sets, marked A and B respec- 
tively, the examples in the set marked B being of a higher order of 
difficulty than those in the set marked A. A few of the examples 
are original, and the remainder have been taken from examination 
papers set in the South Kensington, Civil Service, and University 
Examinations. A collection of miscellaneous examples and specimen 
examination papers are added at the end. 

I have to acknowledge my indebtedness to Deschanel's Natv/ral 
Philosophy y from which I have borrowed, with the concurrence of 
the publishers, illustrations of several hydrostatic and pneumatic 
instruments and machines. 

It is hoped that the book will be found suitable for students of 
Science Classes, and for others who are preparing for elementary 
examinations in Hydrostatics and Pneumatics. 

R. H. PINKERTON. 
October, 1893. 
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Chapter L— INTRODUCTOEY. 

1. Body. — Mass. — Particle. — Force. 
A body is a limited portion of matter. 

The quantity of matter in a body is called the mass of the 
body. 

A particle is an infinitesimal portion of matter. Thus a body 
of finite size may be conceived to be made up of an infinite 
number of particles. 

Force is any cause which produces, or tends to produce, 
change of motion in a body. 

Bodies are bounded by surfaoes, which may be flat or carved ; and 
surfaces are bounded by lines, which may be straight or curved. In 
Mensuration, which is a branch of Geometry, formulae are investigated for 
finding the volumes of bodies and the areas of surfaces whose dimensions 
are known. AU the formulae in Mensuration which will be required in 
this book are given in Art. 14, page 17. 

2. The Three States of Matter. 

Matter exists in three states: — (1) the solid state, (2) the 
liquid state, (3) the gaseous state. 

Liquids and gases are classed together under the name of 
fluids. 

3. Divisions of the Science of Dynamics. 
Dynamics is that branch of Natural Philosophy which treats 

of the action of force upon matter, and is divided into two 
parts — Statics and Kinetics. 

Statics treats of the relations between forces which maintain 
bodies in a state of rest. Kinetics investigates the action of 
force in causing or changing motion. The Science of Motion, 
treated apart from the consideration of force, is called Kine- 
matics. 
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That part of Statics in which the bodies under consideration 
are fluids is called Hydrostatics. This term is sometimes used 
in a more restricted sense as the Statics of Liquids, the equilib- 
rium of gases being discussed under Pneumatics. 

This is the newer nomenclature. In the older nomenclature, to which 
some writers still adhere, the Science of Force was called Mechanics, and 
the term Dynamics was applied to that part of the subject which is now 
commonly called Kinetics. 

4. Solids and Fluids. 

Everyone is familiar with the distinguishing properties of 
solid and fluid bodies. Solid bodies maintain, under varpng 
circumstances, a permanent form, and resist the action of 
forces tending to change their form. This permanence of form 
is due to molecular forces, called forces of cohesion, which resist 
the action of external forces tending to change the relative 
positions of the particles of the body. Thus a solid body, 
such as a rod of iron, resists the action of forces tending either 
to stretch it, to compress it, to twist it, or to bend it. 

On the other hand, we associate the term fluid with bodies 
which possess the property,' well marked in water, alcohol, and 
air, of yielding to the action of the smallest force tending to 
change their shape. A fluid therefore has no permanent form, 
and we may take this as the property on which to base our 
definition of a fiuid: — 

Def. — A fluid is a body which yields to the action of the smallest 
force tending to change its shape. 

It follows that a solid can sustain and transmit a force, 
whether it be a tension or a pressure, and that a fluid cannot 
sustain nor transmit a tension. The investigation of the laws 
under which fluids, when contained in vessels, can sustain, 
transmit, and exert pressure is the main problem of Hydro- 
statics. 

It is usual In elementary dynamics to treat solids as perfectly rigid 
bodies, that is, as bodies which are absolutely unchanged in shape by the 
foroes which act on them. No solid in nature is perfectly rigid, so that 
some of the results of Abstract Dynamics must be modified before they 
can be applied to the solution of problems in practical mechanics. The 
Qoxisideratio]) of the corrections which must be applied to the results of 
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Abstniot Dynamios for imperfect rigidity in solid bodies belongs to the 
beienee of Elastioity. 

5. Liquids and Gases. 

There are important differences between some of the pro- 
perties of the two classes of fluids. 

In the first place, liquids are nearly incompressible, while 
gases have their volumes sensibly diminished by the application 
of moderate pressures. The results that are obtained from 
the principles of Hydrostatics on the supposition that water 
and other liquids are absolutely incompressible do not differ 
materially from the results of observation. On the other 
hand, the compressibility of air, which may be taken as the 
type of gases, is weU known, and is iUustrated in the air-gun 
and in a boy's pop-gun. 

Again, gases possess a tendency to expand indefinitely, a 
property which is not exhibited by liquids. Hence gases, such 
as coal gas, steam, chlorine, &c., must be kept in closed vessels. 

We may therefore give the following deflnitions of a liquid 
and of a gas respectively : — 

Def. — A liquid is a fluid which is nearly incompressible^ and 
which eochibits no tendericy to expand, 

Def. — A gas is a fluid which can be readily compressed^ and 
which possesses the property of tending to expand indefinitely, 

6. Viscosity. — Perfect Fluid. 

In some liquids there is observed to be a certain amount of 
resistance to the sliding of one part over another part, so that 
those liquids do not immediately change their shape on the 
application of force. This frictional resistance to the sliding of 
one particle of a fluid over another particle is called viscosity^ 
and fluids which exhibit it in a marked degree are usually 
called viscous fluids. There is no fluid in nature in which there 
is absolutely no viscosity. The viscosity of such liquids as tar, 
syrup, and solution of gum is known to everyone, and the 
viscosity of more mobile liquids, such as water, may be inferred 
from many phenomena. 

Corresponding to the ideal perfectly rigid Solid is the ideal 
'perfect fluidy in which there is absolutely no resistance to change 
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of shape. All fluids in nature exhibit viscosity, or want of 
perfect fluidity, but in considering the equilibrium of fluids it 
is not necessary to take viscosity into account. For a viscous 
fluid under any circumstances will assume, when in equilib- 
rium, precisely the same form as it would assume if it were a 
perfect fluid. Thus, for example, a quantity of a viscous 
liquid, such as a solution of gum, when poured into a vessel, 
will, imder the action of gravity, ultimately come to rest with 
its free surface horizontal. The gum will, in fact, slowly come 
to rest in the form which would be assumed almost imme- 
diately by the same volume of a mobile liquid such as water. 



Chapter II.— UNITS. 

Principles of Measurement^ Arts, 7 to 9. 

7. Method of measuring quantities. 

To measure a quantity is to find a number which indicates 
the magnitude of the quantity. Whatever be the kind of 
quantity we are dealing with, we must first choose some defi- 
nite quantity of the same kind as our standard or unit of 
measurement, and then determine, directly or indirectly, the 
number of times that the quantity we are measuring contains 
the unit. The number of times that the quantity contains the 
unit is the number which represents the quantity, and is called 
the numerical value of the quantity. 

In dynamics we have to consider quantities of different kinds 
— ^velocities, accelerations, momenta, forces, pressures, quanti- 
ties of energy, &c.— each of which must be measured in terms 
of a imit of the same kind. Thus the numerical value of a 
velocity is the number of times the velocity contains the unit of 
velocity; the numerical value of a force is the number of times 
the force contains the unit of force; and so on. 

It does not lie within the scope of this book to enter into the question of 
how the measurement of physical quantities is actually carried out. For 
descriptions of the pieces of apparatus required in actual measurements, 
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and for dzplanations of the method of using them, the student must consult 
works on Practical Physics. Here we are concerned only with the prin- 
ciples on which the measurements are based. 

8. The numerical value of a quantity varies in- 
versely as the magnitude of the unit. 

It is at once evident that the numerical value of a given 
quantity depends on the magnitude of the quantity of the 
same kind which we select as our unit. If therefore we change 
our unit, the numerical value of a given quantity will in conse- 
quence be changed. Thus if we double our unit, the given 
quantity will be compared with a quantity twice as large as 
the original unit, and therefore the number of times that the 
quantity contains the new unit will be only half the number of 
times that it contains the old unit. In other words, by doubling 
the unit we halve the numerical value of a given quantity. 

In general, if the imit is altered in the ratio of m to 1, the 
numerical value of a given quantity wiU be altered in the ratio 
of 1 to m. For the new unit is m times the old unit, and 
therefore the number of times that the given quantity contains 
the new unit is (1/m)*** of the number of times that it contains 
the old unit. 

Take^ as an illustration of this general principle, a familiar case of change 
of units. Suppose that the numerical value of a certain length is n when 
the unit of distance is a foot ; then the numerical value of the same length 
when the unit of distance is a yard will be n/3. That is, the numerical 
▼alue is diminished in the ratio 1 to 3 when the unit is increased in the 
ratio of 3 to 1. 

Again, to take a dynamical example, we know that the force which is 
equal to the weight of one pound of matter at any point of the British Isles 
is nearly 32 poundals ; and therefore the numerical value of a given force, 
when referred to one poundal as the unit, must be divided by 32 in order 
to give the numerical value of the same force, when referred to the weight 
of one pound as the unit. In this case the numerical value of the quantity 
which is being measured is diminished in the ratio of 1 to 32 when the imit 
Is increased in the ratio of 32 to 1. 

9. Fundamental and derived units. 

All the quantities we meet with in dynamics are measured 
in terms of units derived from the units of space^ mass^ and 
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time. These units are therefore called the three fandamental 
units of dynamics. 

Thus the unit of velocity is the velocity of a point moving 
over unit distance in unit time; the unit of momentum is the 
momentum of unit mass moving with unit velocity; the unit 
of force is the force which produces unit momentum in unit 
time; the unit of work is the work done by unit force acting 
through unit distance; and so on. 

In this way we construct a system of derived units, whose 
magnitudes depend on the magnitudes of the fundamental 
units. And it is evident that if one or more of the funda- 
mental units be changed, the derived units will, in general, 
be changed thereby. Hence it follows that the numerical 
value of a dynamical quantity depends on the fundamental 
units. 

The advantage of deriving the units of all other quantities 
from the three fundamental units of space, mass, and time 
lies in this — that by using such derived units the equations of 
dynamics are reduced to their simplest forms. 

The student must carefully notice that the equations of dynor 
mics are not relations between quantities, but relations between 
the nvmerical values of quantities. It is impossible to compare 
two quantities of different kinds; we can only compare the 
numbers which measure them. For example, the statement 
that a force is equal to the momentum it generates in unit 
time, if taken literally, is an absurdity; but it expresses a 
physical fact if it is taken to mean that the number of times 
that the force contains unit force is equal to the number of 
times that the momentum generated by the force in unit time 
contains the unit of momentum. 

EXAMPLES. 

1. The numerical value of a certain length is m when n feet is the unit 
of length ; show that the numerical value of the same length is n when m 
feet is the unit of length. 

When n feet is the unit of length, the numerical value of the length in 
question is m, and therefore the number of feet in the length is mn. Hence 
when m feet is the unit of length, the number of times that the length con: 
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tains the unit is mnim, =n ; that is, the numerical value referred to the new 
unit is n. 

2. How must the formula for uniform velocity, viz. « = i;^, be modified if 
the unit of velocity is defined to be the velocity of a body which describes 
m units of space in n units of time ? 

If this velocity be taken as the unit, then the velocity vlav times the 

velocity with which a body describes m units of space is n units of time. 

Thus with velocity v the body describes mv units of space in n units of 

time, mv/n units of space in one unit of time, and mvtin units of space in 

t units of time. But this space is represented by s * therefore the equation 

connecting s, v, and t is 

8=mvtln. 

8. A certain length is represented by the number 10 when a furlong is 
the unit of length. Find the number of inches in that length. 
An8, 79200. 

4. A certain angle is represented by the number 3 when an angle of 45° 
is the unit of angle. Find the number of degrees in the angle. 

Afu. 135. 

5. Show that the numerical value of a velocity in miles per hour will be 
found from the numerical value in feet per second by multiplying by the 
factor 15/22^ which may be conveniently called the reducing factor. 

6. Determine the reducing factor which will convert miles per hour to 
yards per minute. 

Ans, 88/3. 

7. Determine the reducing factor which will convert the numerical value 
of an acceleration in feet and seconds to its numerical '^alue in miles and 
hours. 

Ans. 27000/11. 

8. Show that if the units of space and time are increased m times and n 
times respectively, the numerical value of a velocity will be multiplied by 
the factor n/m. 

Also show that the numerical value of an acceleration will, by the same 
change of units, be multiplied by the factor n^/m, 

9. Determme the reducing factor required to convert rainfall in inches to 
tons per acre. 

[Given that one cubic foot of water weighs 1000 oz.] 

Am, 45375/448. 

The Two System of Units, Arts. 10 to 12, 

10. The British and C.G.S. systems of units. 

There are two systems of dynamical units in use in this 
country, the British system and the C.G.S. system, each of 
which is based on the three units of space, mass, and time. 
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The fundamental units of the two systems are exhibited in the 
following table : — 





British System. 


C.G.S. System. 


Unit of Space, 
Unit of Mass, 
Unit of Time, 


foot, 

pound, 

second. 


centimetre 

gramme* 

second. 



The C.G.S. system — so called from the initial letters of the 
words centimetre, gramme, second — is the system of units in 
which physicists now express all experimental results. The 
British system is still in popular use in this country, but is 
likely to be ultimately replaced by the C.G.S. system. In our 
examples and illustrations of the principles of Hydrostatics we 
shall not restrict ourselves to the exclusive use of either system. 
In an example it will, of course, be necessary to express in the 
same system the numerical values of all quantities involved in 
the example. 

11. The fundamental units. 

The imit of time is the same in both systems, and is the mean Bolar 
second. It is the second measured by a watch or clock which keeps correct 
time. 

The foot ia the third part of the yard, which is defined by Act of Parlia- 
ment to be the distance between two marks made in a certain bar of pla- 
tinum deposited in the oj£oe of the Warden of the Standards in London. 

The ponnd is defined in a similar way to be the mass of a certain lump 
of metal deposited in the same office. 

The C.G.S. units of length and mass, the centimetre and the gramme, 
are defined with reference to standards, the metre and the kUogramme 
respectively, which are deposited in the Grovemment Offices at Paris. The 
centimetre is the hundredth part of the metre, and the gramme is the 
thousandth part of the kilogramme. The metre is equal to 39*37 inches 
approximately, so that the centimetre is nearly '3937 of an inch, that is, 
about 4/10 of an inch. The kilogramme is nearly 2| pounds, so that the 
gramme is about 15^ grains. 

12. Advantages of the metric system o. measures. 
The C.G.S. units of length and mass are selected from the 
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French or metric system of measures, which possesses certain 
advantages over the British system. 

In the metric system all measures of length are obtained 
from the metre by multiplying or dividing by a power of 10, 
and all measures of mass are derived in a similar way from the 
kilogramme. 

Thus the metre (abbreviation, m.) is divided into 10 deci- 
metres (dcm.), the decimetre into 10 centimetres (cm.), and 
the centimetre into 10 millimetres (mm.). 

Hence 1 m. =10 dcm. = 100 cm. = 1000 mm. 
1 dcm. = 10 cm. = 100 mm. 
1 cm. = 10 mm. 

The prefixes deci-, centi-^ milli- in the submultiples of the 
metre therefore denote 1/10, 1/100, 1/1000 respectively. These 
prefixes are derived from the Latin. 

The prefixes deca-, hecto-, Mo- are used to denote multiplica- 
tion by 10, 100, 1000 respectively. These prefixes are derived 
from the Greek, Thus a decametre is 10 metres, a hectometre 
is 100 metres, and a' kilometre is 1000 metres. These names 
of the multiples of the metre are not, however, so often re- 
quired in dynamics as the names of the submultiples. 

The prefixes are used with the same meanings in expressing 
multiples and submultiples of the gramme. Thus a kilo- 
gramme is 1000 grammes, a decigramme is 1/10 of a gramme, 
a centigramme is 1/100 of a gramme; and so on. 

The convenience of this system of multiples and submultiples 
is evident, as a change may be made from one measure to 
another by multiplication or division by a power of 10; and a 
number may be multiplied or divided by a power of 10 by 
merely changing the position of the decimal point. 

On page v. a table is given showing the relations between 
English and French measures. 

Derived Units, Arts. 13 to 19, 

13. Derived geometrical units. — Units of Area 
and Volume. 

The unit of area is the area of a square whose side is the 
unit of length. 
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The unit of volume is the volume of a cube whose edge is 
the unit of length. 

In the British system the unit of area is the area of a square 
whose side is one foot. For most purposes it is convenient in 
Hydrostatics to use the square inch, instead of the square foot, 
as the unit of area. The square foot contains 12^, = 144 square 
inches. The unit of volume in the British system is the cubic 
foot, but it is sometimes convenient to use, instead of the cubic 
foot, the cubic inch. The cubic foot contains 12^, = 1728 cubic 
inches. 

In the C.G.S. system the unit of area is the square centi- 
metre, that is, the area of a square whose side is one centimetre. 
The unit of volume is the cubic centimetre, that is, the volume 
of a cube whose edge is one centimetre. The litre is the name 
given to a cubic decimetre, so that the litre is 1000 cubic centi- 
metres. 

14. Mensuration of surfaces and volumes. 

The tables on page 17 contain the formulae by which the 
areas and volumes of certain surfaces and solids are calculated 
when the dimensions are known. The letter tt, which fre- 
quently occurs in the tables, is the symbol which is always 
used to represent the ratio of the circumference of a circle to 
its diameter. This ratio is approximately equal to 22/7, and 
more nearly equal to 3*1416. In all numerical calculations in 
this book V will be taken equal to 22/7. 

EXAMPLES I. 

[Take w = 22/7.] 
{The Answers are given on page 332.) 

1. Give the number of centimetres in each of the foUowing lengths : — 

(i) 10 decimetres, (ii) 37 metres, (iii) 3*87 kilometres, (iv) 2*3 milli- 
metres, (v) 6*32 decametres. 

2. Express the following masses in grammes : — 

(i) 3*2 kilogrammes, (ii) 450 decigrammes, (iii) 3*73 milligrammes. 

3. State the number of square centimetres in the areas of the squares 
whose sides are — (i) 1 metre, (ii) 3*4 decimetres, (iii) *003 kilometre, 
(iv) *23 decimetre. 

'868) 
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4. Find the number of cubic centimetres in the cubes whose edges are — 
(i) 1^ metres, (ii) 3*8 millimetres, (iii) '23 decimetre. 

5. Find in square feet the areas of the following figures : — (i) A rect- 
angle whose adjacent sides are 3 ft. 4 in. and 5 ft. 6 in. respectively. 



I. — LENGTH. 

Circumference of a circle, radius r, = 2 ir n 

II. — TABLE OP AREAS. 



Figure. 


DimenBions. 


Formula for Area. 


Square, 


side a. 




a2 


Rectangle, 


adjacent sides a, h, 




a h 


Parallelogram, 


base a, altitude A, 




a k 


Triangle, 


base a, altitude A 




J a A 


Circle, 


radius r, 




irr2 


Surface of sphere, 


radius of sphere r, 




4irr2 


Curved surface of 
cylinder, 


) radius of base r, 
( length of axis A, 


1 


2irr A 


Curved surface of 
cone. 


) radius of base r, 
length of axis A, 


1 


vr y/r' -\-h^ 



in. — TABLE OP VOLUMES. 



Figure 


Dimensions. 


Formula for Volume. 


Cube, 
Bectangular body, 

Cylinder, j 

Cone, ! 

Prism, 
Sphere, 


edge a, 

edges a, &, c, 

radius of base r, ) 
length of axis A, \ 

radius of base r, 
length of axis A, 

area of base A, ) 
altitude A, ( 

radius r, 


a' 
ab e 

iirr^A 
A A 



1%- 



(868) 



B 
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(ii) A circle whose radius is 2 ft. (iii) The curved surface of a cylinder 
whose radius is 1 ft. 6 in. and height 6 ft. (iv) The six faces of a rect- 
angular solid whose edges are 2 ft., 3 ft., and 4 ft. respectively. 

6. Find the number of cubic inches in each of the following bodies : — 
(i) A cube whose edge is 4 in. (ii) A rectangular body whose edges 
are 1 ft 4 in., 4 in., and 3 in. respectively, (iii) A cylinder whose height 
is 6 in., and base a circle of 6 in. diameter, (iv) A cone whose height is 
1 ft. 6 in., and base a circle of 10 in. diameter, (v) A sphere whose radius 
is 4 in. 

7. A circular hole of 3 inches radius is cut oat of a circular plate of 10 
inches radius. Find the area of the remainder of the plate in square inches. 

8. In a wooden sphere, whose radius is 5 inches, there is a spherical cavity 
4 inches in diameter. Find the volume of wood in the sphere. 

15. Dynamical units of force and work. 

The units of force and work derived from the fundamental 
units are called absolute or dynamical units, and must be 
distinguished from gravitational units of force and work, 
which have reference to the force of gravity. 

In the British system the unit of velocity is the velocity of 
1 ft./sec, and the unit of momentum is the momentum of one 
pound moving with the velocity of 1 ft. /sec. Hence we have 
as the definition of the British absolute unit of force the 
following : — 

Def. — The absolute unit of force in the British system of units is 
the force which acting on one pound for one second produces in that 
mass a velocity of one foot per second. 

This force is called the Poundal. 

Again the British absolute unit of work is defined as 
follows : — 

Def. — The absolute unit of work in tJie British system of units is 
the work done by a poundal acting through the distance of a foot. 

This quantity of work is called the Foot-poundal. 

In the C.G.S. system the absolute unit of force is called the 
dyne, and the absolute unit of work is called the erg. The 
dyne and the erg are defined as follows : — 

Def — The absolute unit of force in the C.G.S. system, the dyne, 
is the force which acting on one gramme for one second produces in 
that mass a velocity of one centimetre per second, 

Def — The absolute unit of work in the C.G.S. system, the erg, is 
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the work done ly the dyne acting through the distance of OTie centi- 
metre. 

16. Equation of momentum for rectilinear motion. 

If a mass m is moving in a straight line under the action of 
a constant force of F absolute units, and if in t units of time 
the velocity increases from F to Vy then 

Ft = mv-mFy 

an equation which we shall refer to as the equation of momen- 
tum. 

We know from the Second Law of Motion that a force is 
proportional to the change of momentum it produces in unit 
time, and that a constant force, acting for any time, produces 
the same change of momentum in each unit of time. In this 
case the whole change of momentum in t units of time is 

m V - m F, 

and therefore the change of momentum in one unit of time is 

(mv - m F)/t 

Hence the force P bears to the absolute unit of force the ratio 
oi (mv-m F)/t to 1. 

Hence the number of times that F contains the absolute unit 
of force is (mv - m F)/t, 

Therefore P = (mv - m F)/t, 

or Pt=mv-mF, 

If British units are used, P will be expressed in poundals, i 
in seconds, m in pounds, v and F in feet per second. 

If C.G.S. units are used, P wijl be expressed in dynes, t in 
seconds, m in grammes, v and F in centimetres per second. 

Ex. 1. — There are two bodies whose masses are in the ratio of 2 to 3, and 
their velocities are in the ratio of 21 to 16. What is the ratio of their 
Aiomenta? 

If their momenta are due to forces P and Q acting on the bodies re- 
spectively for equal times, what is the ratio of P to Q? 

The momenta are expressed in terms of the same unit of momentum by 
the numbers 2 x 21 and 8 x 16. Hence their momenta are in the ratio of 

2 X 21 : 3 X 16, or 7 : 8. 
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If / represent the time in which their momenta are generated by the forces 
P and Q, 

then P / : Q / = 7 : 8, 

or P : Q = 7 : 8. 

Ex. 2. — A mass of 10 kilogrammes is moving at a certain instant with 
a velocity of 15 cm. /sec. From that instant a constant force acts on the 
mass in the direction opposite to that of the motion of the mass, and due to 
the action of this force the mass is brought to rest in 100 seconds. Find 
the force in dynes. 

If P denote the number of dynes in the force, then the momentum 
destroyed by the force P in 100 seconds is 100 P C.G.S. units of momentimi. 
But this is equal to the initial momentum of the mass, which is 10 x 1000 x 15 
C.G.S. units of momentum. 

Hence 100 P = 10 x 1000 x 15, 

or P- 1500 dynes. 

17. Energy. 

Dei — The energy oj a body is the work which the body can do in 
virtue of its motion or of its position. 

That work can be done by a body in virtue of its motion 
may be illustrated by the case of a shot fired from a heavy 
gun. The shot, in virtue of its motion, may penetrate several 
inches of iron plate, that is, the shot may do work in over- 
coming through as many inches the resistance of the plate to 
penetration. 

The work which a body can do in virtue of its velocity is 
called its Kinetic Energy. 

Again, work may be obtained from a body by allowing it to 
fall from any level to a lower level. This is illustrated in the 
case of the pile-driver, in which the ram, a massive piece of 
iron, is raised to a height of several feet above the top of the 
pile which is to be driven into the ground. In this position 
the ram possesses a store of energy due to its height above the 
pile. On being released, it falls under the action of gravity, 
its energy of position being transformed, as it falls, into energy 
of motion. At the moment when it strikes the pile its energy 
of position has all been transformed into kinetic energy, which 
is expended during the blow in driving the pile a certain dis- 
tance into the ground against the resistance of the ground to 
penetration. 
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The work which may be obtained from a body in virtue of 
its position is called Potential Energy. 

18. Equation of energy for rectilinear motion. 

If a mass m is moving in a straight line under the action of 
a constant force of P absolute units, and if the velocity in- 
creases from V Ui V while the body passes over the distance s, 
then 

Ps = \mv^-^mV^, (1) 

an equation which we shall refer to as the equation of energy. 
Let a be the constant acceleration which the force P produces 
in the mass m, then, by the Second Law of Motion, 

But by the formula for uniformly accelerated motion 

Multiply both sides of the last-written equation by Wi/2, and 
then replace ma by P, The result is 

i^mv^=^\mV^ + Ps, 
or 

Ps^^mv^-^mV^, 
the required equation. 

If the body starts from rest, then V=0, and the equation 

becomes 

Ps = imv^ (2) 

If the force acts in the direction opposite to that of the initial 

motion, then the sign of P in formula (1) must be changed. 

Hence for this case we have, corresponding to the equation (1), 

the equation 

Ps^^imF^-imv^, (3) 

where V is the initial velocity, and v the velocity when the 
space s has been described. In this case the body is moving 
against the action of the force P, which is therefore called a 
' resistance, and the velocity of the body will decrease, so that v 
will be less than F, 

When the body has been brought to rest by the action of 
the resistance P, then v = 0, and the equation (3) then becomes 

Ps=^^mF^ (4) 
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The equations (1), (2), (3), and (4) may be expressed in words 
by using the terms work and energy. 

In equation (4), the term on the right-hand side, Ps, repre- 
sents in absolute units the work which the body does against 
the resistance P before it is brought to rest. The equation 
shows that this amount of work is equal to \mV'^. Hence 
\mV'^\^ the formula for the work which a body, mass m, moving 
with the velocity V, can do in virtue of its motion. Thus^ 

I. ^mV^ is the formula foi' the kinetic energy of a mass m mov- 

ing with the velocity V. 
In equations (1) and (2), Ps is the work done on the body 
by the force P while the body moves over the distance s, and 
the equations show that — 

II. Wlien a force does work on a body, the body gains kinetic 

energy equal to the amount of work done. 
Again, in equation (3), Ps represents the work done by the 
body against the resistance P while the body moves over the 
distance s, and the equation shows that — 

III. When a moving body does work against a resistance, the body 
loses kinetic energy equal to the amount of work done. 

The student must carefully notice that in the equations of 
this Article force and work must be expressed in absolute 
units. Thus if we are using British units, masses will be ex- 
pressed in pounds, distances in feet, velocities in feet per 
second, forces in poundals, and amounts of work in foot- 
poundals. If C.G.S. units are being used, masses will be ex- 
pressed in grammes, distances in centimetres, velocities in 
centimetres per second, force in dynes, and amounts of work 

in ergs. 

Ex. 1. — A body, whose mass is 10 lbs., is acted on by a force of 9 poundals. 
Find the space passed over by the body while its velocity increases from 
8 ft./sec. to 17 ft./sec. 

Here we use equation (1). We are given that 

i>=9, m=10, t; = 17, F=8, 
and it is required to find «. The equation gives 

9«=4xl0xl72-Jxl0x82, 

= 1125; 
therefore 

5=125 feet, the distance required. 
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Ex. 2. — A mass of 20 lbs. is moving at a certain instant with a velocity of 
21 ft./sec. From that instant it moves against a constant resistance of 30 
poundals. Find its velocity when it has moved over a distance of 39 feet. 

Here we use equation (3). We are given that 

i>=30, « = 39, m = 20, F=21, 

and it is re<^uired to find v. The equation gives 

30x39 = J>c20x21«-Jx20i;2, 
or 

10t;2_44io_ii70, =3240. 

Hence 

v2=324, and i; = 18 ft./sec. 

Ex. 3.— A body» whose mass is 100 grammes, and which is initially at 
rest, has 125000 ergs of work done on it. What is then the velocity of the 
body? 

The kinetic energy of the body is equal to the work done on it. Hence 
if v be the velocity required, we have 

J X 100 xt;2_ 125000 
or 

tr^=2500; 
therefore 

V— 50 cm./sec. 

19. Measurement of pressure in fluids. 

When two solid bodies, A and B say, are pressed together, 
the body A exerts a force on the body b, and the body B acts 
on the body A with an equal and opposite force. This mutual 
action is called the stress between the two bodies, the force 
which A exerts on B and the force which B exerts on A being 
the two aspects of the stress. These forces are called in the 
dynamics of solids the pressure of A on B and the pressure of 
B on A respectively. 

In hydrostatics the term pressure is used to denote force 
per unit of area^ and it is in this sense that the term will be 
used in this book. The expression intensity of pressure is some- 
times used with the same meaning. 

The- terms total pressure and resultant pressure are also used in 
hydrostatics. The meanings of these terms will be explained 
in a later chapter. 

The absolute unit of hydrostatic pressure in the British 
system of units is the pressure of one poundal per square foot. 

The absolute unit of hydrostatic pressure in the C.G.S. 
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system of units is the pressure of one dyne per square centi- 
metre. 

EXAMPLES II. 

(2%€ Answers are given on page 332.) 

1. A constant furce, acting on a body whose mass is 12 lbs. for 10 seconds, 
gives the body a velocity of 15 ft. /sec. Express the force in poundals, and 
find the velocity it would give in 5 seconds to a mass of 8 lbs. 

2. A force of 32 poundals acts on a body, initially at rest, for 3^ seconds. 
Find the momentum of the body at the end of that time. 

3. A force of 125 poundals acts on a mass of 18 oz. for 3^ minutes. Find 
the velocity of the mass at the end of that time. 

4. A body, acted on by a constant force of 16f poundals, has its velocity 
increased from 100 ft./sec. to 150 ft./8ec. during an interval of one minute. 
What is the mass of the body ? 

5. A mass of 20 lbs., moving with a velocity of 40 feet per second, is 
brought to rest by a constant force, acting in the direction opposite to the 
direction of motion, after passing over 400 feet. What is the force in 
poundals? 

6. A constant force, acting on a mass of 20 grammes, gives the mass a 
velocity of 24 cm./sec. in 3 seconds. Express the force in dynes. 

7. Find the kinetic energy of a mass of 150 lbs. moving with the velocity 
of 180 ft./sec. 

If this kinetic energy were communicated to a free stationary mass of 
200 lbs., with what velocity would that mass move ? 

8. What constant force would be required to stop a mass of 100 grammes 
moving with the velocity of 100 cm./sec. (i) in 100 seconds, (ii) in 100 
centimetres? 

9. What constant horizontal force, expressed in poimdals, is required to 
stop a train of 100 tons mass moving at 50 miles an hour (i) in one minute, 
(ii) in 200 yards ? 

10. A mass of 81 lbs., moving with an initial velocity of 200 feet per 
second, is acted on by a uniform retarding force of 108 poundals. How far 
will the mass move while its velocity falls from 200 to 196 ft /sec. ? Also, 
while it falls from 4 ft./sec. to zero? 

11. A body, whose mass is 120 grammes, moving with a velocity of 40 
cm./sec., is brought to rest by a constant resistance after passing over 4000 
centimetres. Find the resistance in dynes. 

12. A square, whose side is 4 feet, is subject to a uniform pressure of 
3000 poundals per square foot. Find the whole force exerted on the area 
of the square. 

13. The whole force on a circle, radius 50 centimetres, is 35000 dynes. 
Assuming that the pressure is constant over the area, find the pressure in 
dynes on each square centimetre. 

[Take IT = 22/7.] 
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Gravitational Units, Arts, 20 and 21. 

20. Gravitational units. 

It is convenient in practical applications of dynamics to ex- 
press force, work, and pressure in terms of units which have 
reference to the force of gravity. Such units are called gravi- 
icitional units. 

In a system of gravitational units the unit of force is defined 
to be the weight of a definite mass, and the units of work and 
pressure are derived from the unit of force. 

Thus English engineers use as the gravitational unit of force 
the weight of one pound, which we shall write 1 Ibwt. ; as the 
unit of work the foot-pound, which is the work done by 1 
Ibwt. acting through the distance of a foot; and as the unit of 
pressure the pressure of 1 Ibwt. per square inch. 

We shall sometimes find it convenient to use the weight of 
one gramme or of one Idlogramme as the unit of force, the 
gramme-centimetre or the Ulogramme-metre as the unit of work, 
and the ^esswrg of mie gramm^-weight jper square centimetre as the 
unit of pressure. 

The student of elementary dynamics knows that the weight of a given 
- mass varies slightly from place to place on the earth's surface. The varia- 
tions are, however, so small that no inconvenience results from the use of 
gravitational units of force, work, and pressure in practical applications of 
the principles of dynamics. 

21. Relation between absolute and gravitational 
units. 

It is easy to pass from absolute units to gravitational units 
for a given place, and conversely, when the acceleration of 
gravity at the place is known. 

For if g denote the acceleration of gravity in foot-second 
units at a given place on the earth's surface, onfe pound of 
matter, if allowed to fall freely for one second at that place, 
would have a velocity of g ft./sec, and therefore a momentum 
of g units of momentum in the British system. But the force 
which generates this momentum is the force exerted by gravity 
on the mass of one pound, that is, is the weight of one pound. 
Hence 1 Ibwt. = g poundals, 

and 1 foot-pound = g f oot-poundals. 
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Hence we get the following rules : — 

(i) Given the numerical value of a foice in poundals, to find the 
numerical value in pounds weight — divide by the numerical value 
of g in foot-second units, 

(ii) Given the numerical value of a force in pounds weight, to 
find the numerical value in poundals — multiply by the numerical 
value of g in foot-second units. 

Precisely similar rules apply to the changes in the numerical 
values of work, energy, and pressure due to a change from 
British absolute units to gravitational units, or conversely. 

Also, we may convert from dynes to grammes weight by 
dividing by g^ expressed in centimetre-second units, a number 
which is approximately equal to 981 ; and conversely, we may 
convert from grammes weight to dynes by multiplying by the 
same number. Similar rules will apply to the changes in the 
numerical values of work and pressure due to a change from 
C.G.S. absolute to gravitational units, or conversely. 

Ex. 1. — A mass of 10 lbs. falls 100 feet, and is then brought to rest by 
penetrating one foot into sand. Find the average pressure on the sand. 

The mass is acted on by its weight, 10 Ibwt., through a distance of 100 
feet, and therefore the work done by gravity on the mass is 1000 foot- 
pounds. The mass in consequence has gained this amount of kinetic 
energy, which is expended in doing work against the resistance of the sand. 
If R is the average pressure of the mass on the sand, ^ x 1 is equal to the 
work done against the resistance of the sand, and this is equal to the work 
done by gravity on the mass. 
Hence i2 = 1000 Ibwt. 

Ex. 2. — A particle whose mass is 27 lbs. moves from rest under the 
action of a constant force which does on it 75 foot-pounds of work in a 
certain time. What is the velocity of the particle at the end of that time? 

If V denotes the velocity in ft./sec., the kinetic energy is J x 27 x r^ in 
absolute units ; and this, by equation (2) of Art. 18, is equal to the work 
done on the body. But the work done on the body is 

75 foot-pounds, = 75 x 32 foot-poundals. 
Hence J x 27 x ^^ = 75 x 32, 

giving ir» = 64x25/9, 

or v = 40/3, = 13Jft./sec. 

Ex. 3. — A 6-lb. cannon-ball is discharged with a velocity of 1600 feet per 
second. How many foot-pounds of work have been done upon the ball by 
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the exploding powder, and what has been the average force of propulsion if 
the barrel is 3^ feet long? 

What horse-power is represented by the discharge of 20 such balls per 
minate? [f; = 32.] 

Kinetic energy of the ball is 

J . 6 . 1 6002 f oot-poundals, 
or 4.6. I6OO732, = 240000 foot-pounds. 

This, therefore, is the work done by the powder on the ball. 
If H represent the average force of propulsion, 

iZx 34:^240000, 
giving R=^x 240000, = 68571f Ibwt. 

If 20 such balls are dischaiged per minute, the work done per minute is 
20 X 240000 foot-pounds, which represents a horse-power of 

20 X 240000/33000, = 146^. 

EXAMPLES III. 

[Takesr = 32 ft./sec.^] 

{The Afutwers are given on page 332.) 

A. 

1. A force of 100 Ibwt. acts on a certain mass for 3 seconds. Find the 
momentum of the mass at the end of that time in feet per second and 
pounds. 

If this momentum were communicated to a free stationary mass of 125 
lbs., with what velocity in feet per second would that mass move? 

2. A mass of 10 lbs. moves from r^t over a distance of 125 feet under 
the action of a force of 130 Ibwt. Find the velocity in feet per second 
acquired by the mass. 

3. A mass of 300 lbs. is moving with a velocity of 3000 yards per minute at 
a certain instant. From that instant it moves against a constant resistance 
equal to 3 Ibwt. for 5 seconds. What is the kinetic energy in foot-poundals 
at the end of that time? 

4. The momenta of two moving bodies are in the ratio of 2 to 5, and 
their kinetic energies are in the ratio of 4 to 15. Determine (i) the ratio 
of their masses, (ii) the ratio of their velocities. 

5. A train of 100 tons is moving at the rate of 20 miles per hour. 
Determine in tons weight the constant horizontal force which would bring 
the train to rest (i) in 100 seconds, (ii) in 100 yards. 

6. A bullet whose mass is 2J oz. leaves the muzzle of a gun with the 
Telocity of 1550 feet per second. If the length of the gun barrel is 2} feet, 
find in pounds weight the average force of propulsion upon the bullet. 

7. A mass of 1000 lbs., moving with a velocity of 500 feet per second, 
meets with an obstacle. If the obstacle yield one inch before the maw is 
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brought to rest, find in poands weight the average force exerted by the mass 
on the obstacle. 

8. A 10-ton hammer falls through a height of 6 feet, and makes an 
impression on the mass of iron to the extent of 1 inch. Find the average 
pretiBure on the mass of ircm in pounds weight which has been exerted 
during the blow. 

9. A body weighs 10 lbs., and moves at the rate of 1250 feet per second. 
Find the distanoe through which it could overcome a resistance of one 
million pounds weight 

10. It is said that a horse can do 13,200,000 foot-pounds of work in a day 
of 8 hours, walking at the rate of 2) miles per hour. What pull in pounds 
weight could such a horse exert continuously during the working day? 
How many such horses would be required to do work at the rate of 10 
horse-power ? 

11. Prove that a train going 30 miles an hour will be brought to rest in 
about 84 yards by continuous brakes, supposing them to press on the wheels 
with a force equal to 3/4 of the weight of the* train, the coefficient of 
friction being *16. 

12. A train of 200 tons, starting from rest^ acquires a velocity of 40 
miles an hour in 3 minutes on a horizontal railway. Express in tons 
weight the excess of the moving above the retarding forces, each being 
assumed to be uniform. 

13. A railway train, exclusive of the engine, weighs 150 tons, and in 
starting along a level railway from rest, it attains a speed of 30 miles an 
hour in 5 minutes. What has been the mean pull between the engine and 
the train, the resistances being taken at 10 lbs. per ton? 

14. Find the horse-power of an engine which is taking a train of 250 
tons down an incline of 1 in 200 at 60 miles an hour, supposing the resis- 
tance on the level at that speed to be 35 lbs. per ton. 

15. Determine the puU of the engine in the preceding question, and find 
how far the train will go up an incline of 1 in 200 before the velocity falls 
from 60 to 15 mUes per hour, supposing the pull of the engine and the 
resistances to remain unaltered. 

16. What must be the effective horse-power of a locomotive engine 
which moves at the steady speed of 40 miles per hour on a level railway, 
the resistances being 15 lbs. per ton, and the mass of the engine and train 
being 100 tons? 

If the rails were laid at a gradient of 1 in 100, what additional horse- 
power would be required ? 

R 

17. The head of a steam-hammer weighs 50 cwt., and Uiere is a drop of 
5 feet What will be the average force of compression during a blow from 
this hammer on the supposition that the duration of the blow is 1/80 of a 
second? 
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18. A particle, falling under gravity, is moving at a certain instant with 
the velocity of 116 ft. /sec. How long will it take to describe the next 100 
feet, the resistance of the air being neglected? 

If, owing to the resistance, it takes *9 of a second, find the ratio of the 
redid tance (assumed to be constant) to the weight of the particle. 

19. A body, whose mass is 10 lbs., slides down an inclined plane whose 
height is 100 feet, and reaches the foot of the plane with a velocity of 60 
feet per second. How many foot-pounds of work have been expended 
during the motion on friction and other resistances? 

20. A particle whose mass is m lbs. moves from rest under the action of 
a force which does on it W foot-pounds of work. What is its velocity at 
the end of that time? 

21. Compare the momenta and also the kinetic energies of two unequal 
masses, m and m' respectively, when acted on by equal forces — (i) for equal 
times (ii) over equal distances. 

22. Prove that the resistance of the wood is 204 pounds weight to a nail 
weighing 1 oz., supposing that a hammer weighing 1 lb. and striking the nail 
with a velocity of 34 ft./sec. drives the nail one inch into a fixed block of 
wood. 

If the block is free to move and weighs 68 lbs., prove that the hammer 
will drive the nail only 64/65 of an inch. 

23. A column of water, a quarter of a square foot in section, descends on 

a horizontal inelastic area at the rate of 3000 gallons a minute. If the 

water runs freely off the area, find the pressure on the area in pounds per 

square foot* 

[A gallon of water weighs 10 lbs.] 

24. If the unit of work be 2520 foot-pounds, the unit of force the 
weight of a mass of 784 lbs., and the unit of time 8 seconds ; find the units 
of mass and distance. 

25. Two particles are connected by an inextensible thread which passes 
over a smooth point. One of the particles has a mass of 5 lbs., and is at 
rest on a table ; the other particle has a mass of 3 lbs. and descends. If 
the descending particle falls through 10 ft. before the string is drawn 
straight, how much of the kinetic energy disappears when the thread is 
drawn straight? 



Chapter III— DENSITY AND SPECIFIC GRAVITY. 

22. Density. 

Def. The density, supposed to be uniform, of a substance is the 
mass of unit volume of the substance. 

It follows from this definition that the number measiiring 
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the density of a substance depends on the units of mass and 

volume. 

If the unit of mass is one pound, and the unit of volume 

one cubic foot, the density is measured by the number of 

pounds in a cubic foot of the substance. 

If the C.G.S. system of units is being used, the unit of mass 

is one gramme, the unit of volume is one cubic centimetre, and 

the number measuring the density of a substance is the number 

of grammes in a cubic centimetre of the substance. 

If the density of the substance is not uniform, the density at a given 
point of the substance would be found by taking a very smaU volume in- 
closing the point, and dividing the mass of this small volume by the fraction 
which this small volume is of unit volume. The number which is thus ob- 
tained measures the density, and evidently represents what would be the 
mass of unit volume of the substance if the density were uniform and equal 
to that at the point under consideration. 

23. Formula connecting Mass, Volume, and Den- 
sity 

If p represent the density of a substance, supposed to be 
uniform, and M the mass of F units of volume of the substance, 
then 

M=Vp, 

For, by definition, /> is the mass of one unit of volume, and 
therefore the mass of V units of volume is Vp, 

This equation may be written in two other forms : — 

p = M/F8indF=M/p, 

From the first of these forms we see that the density of a 
given mass of a substance varies inversely as the volume of the mass. 

A change in the temperature of a body produces a change in 
its volume, and therefore the density of a body depends on its 
temperature. 

The changes of density in solids and liquids due to changes 
of temperature are in general small, and will be left out of 
account in this book. Also all solids and liquids will be con- 
sidered to be of uniform density unless the contrary is ex- 
pressly stated. 

In the case of gases, however, changes of temperattfre under 
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certain circumstances produce changes of density which cannot 
be neglected. The relation between temperature and density 
in a gas forms one of the important laws of gases. 

24. Density of water. 

It is found by experiment that the density of water is 
greatest at the temperature 4° on the Centigrade scale, or, what 
is the same thing, at the temperature 39°'2 on the Fahrenheit 
scale. This temperature is often referred to as the maximum 
density point of water. 

It is also found by experiment that — 

I. The mass of a cvMc foot of pure water at its maximum density 
point is nearly 1000 oz. or 62'b lbs.; 

IL The mass of a cubic centimetre of pure water at its maximum 
density is 1 gramme. 

Hence in British units the density of water at the point of 
maximum density is 62*5, and in C.G.S. units is 1. In this 
book we shall always suppose that water is at this temperature. 

Since the density of water in the C.G.S. system is unity, it 
follows that — 

III. The volume of a Tnass of m grammes of water is m cubic 
centimetres. 

Ex. 1. — The mass of a cubic foot of a substance 4- is 62'5 lbs., and the 
mass of 36 cubic inches of another substance B is 75 oz. Compare the 
density of A with the density of B. 

The mass of a cubic foot of A is 62*5 lbs. 

The mass of a cubic foot of B is 

75 X 1728/36 oz., = 75 x 1728/(36 x 16) lbs. 

Hence density of A : density of B 

= 62-5:75x1728 8. 

36 X 16 

Ex. 2. — A cylinder, whose base is a circle 1 foot in diamef^er, and whose 
height is 3 feet, weighs 10 lbs. Calculate its density in pounds per cubic foot. 
To find the volume, F, in cubic feet, we use the formula 

F=7rr2^ (Art. 14) 

putting r = 1/2, A = 3. Taking ir = 22/7, we get 

F=y X J X 3, = ff cubic feet. 
The mass, Jf, = 10 lbs. 
Hence the density, p, is 

= A//F, = 10/M, = ViP, 

= 4^ pounds per cubic foot. 
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25. Density relative to water. 

Def. The ratio of the density of a substance to the density of 
water is called the density of the svhstance relative to water. 

From this definition it immediately follows that the density 
of a substance relative to water is equal to the ratio of the 
mass of a given volume of the substance to the mass of the 
same volume of water. For if F be a given volume of a sub- 
stance whose density is /», and if <r be the density of water, then 
the mass of volume V of the substance is Fp, and the mass of 
the same volume of water is Va. Hence the ratio of the mass 
of volume V of the substance to the mass of the same volume 
of water is 

Vp : Fo", =:p :<r,= density of substance relative to water. 

Also, since 

absolute density of substance i .. r i. i. i i.- x 

— = — = = — ^. J- = density of substance relative to 

absolute density of water water 

it follows that 
absolute density of substance 

= absolute density of water x density of substance relative to 

water. 

Hence, since the density of water in the C.G.S. system is 
unity, it follows that the density of a substance in the C.G.S. 
system is equal to its density relative to water. Thus if s 
denotes the density of a substance relative to water, then s is 
also the density of the substance in grammes per cubic centi- 
metre. 

26. Cpecific gravity. 

The specific gravity of a substance is the ratio of the density 
of the substance to the density of some standard substance. 

The standard substance is usually taken to be water, so that 
the term specific gravity is usually used in the sense of density 
relative to water; and it is in this sense that the term will be 
used in this book. 

A table of specific gravities, or densities relative to water, is 
given on page vi. This table is also a table of absolute densi- 
ties in grammes per cubic centimetre. 

We must warn the student that in defining the specific gravity of a body 
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to be its density relative to water we have departed from the definition for- 
merly given in books on hydrostatics. It was formerly usual to define 
specific gravity as the ratio of the weight of a given volume of a substance 
to the weight of the same volume of water ; and it was then stated that, since 
the weights of bodies are proportional to their masses, the specific gravity, so 
defined, is equal to the ratio of the mass of a given volume of the substance 
to the mass of the same volume of water. Thus the older definition leads 
to the same result as the definition — density relative to water. In fact, in 
the equation M= Vp we may consider 3f to be the weight of a volume V of 
a substance, the weight of unit volume of which is p. In a similar way we 
may speak of the weight of a body as found by the balance, although what 
is actually determined by weighing a body in a balance against standard 
masses is the mass and not the weight of the body. 

Ex. 1. — The length of a copper wire is 1200 feet, and its sectional area 
is 1/10 of a square inch. Taking the specific gravity of copper to be 8 '7 
find the mass of the wire in pounds. 

The volume of the wire in cubic feet 

= 1200x^tX^j, 
= 5/6. 

The density of copper, in pounds per cubic foot, 

= 8*7 X density of water, = 8*7 x 62*5. 

Hence by the formula 3f = Fp, we find that the mass of the wire 

= f X 8-7 X 62-5, = 453-125 lbs. 

Ex. 2. — What is the capacity in cubic centimetres of a vessel which holds 
81576 grammes of mercury at a certain temperature, the density of mercury 
at that temperature being 13*596? 

Since the specific gravity of mercury is 13*596, the mass of a cubic centi- 
metre of mercury is 13*596; and, since the vessel contains 81576 grammes 
of mercury, the capacity of the vessel 

= 81576/13*596 = 6000 cubic centimetres. 

27. Specific gravity of a mixture of two or more 
fluids. 

A number of fluids of given specific gravities are mixed to- 
gether to form a fluid of uniform density; it is required to find 
the specific gravity of the mixture. 

The mixture may be formed by taking given volumes of the 
fluids, or by taking given masses of the fluids. Those two 
cases we consider separately. 

I. Mixture by volumes. 

Let a mixture be made of volumes v^^ v^^ v^... of fluids whose 
specific gravities are s^, s<^ s^.,. respectively. It is required to 
find the specific gravity of the mixture. 

(863) o 
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Let w denote the density of water, that is, the mass of unit 
voUime of water; and let F represent the volume of the mix- 
ture. If there is no contraction, then V is equal to the sum 
of the volumes v^, v^ ^s---; but if there is contraction, as 
when water and alcohol are mixed together, V must be found 
by experiment. 

The 771056" of the mixture is equal to the sum of the masses 
of the fluids mixed. 

The masses of volumes of water equal to the volumes of the 

fluids are 

wv^, wv^ wvg,... respectively, 

and therefore the masses of the fluids are 

ws^v^, WS2V2, wSqV^,... respectively. 

Hence the sum of the masses of the fluids is 

But if s denote the specific gravity of the mixture, the mass of 
the mixture is w Vs. Hence 

tv Vs = w{s^v^ + 52^2 + ^3^3 +•••)> 
from which 

5 = {S^V^ + §2^2 + «3«^3 +...)/ ^• 

This, formula may be written in a shorter form by using the 
2 notation. Write 2 si; ioT s^v^-^-s^v^'^h'^z'^ "-» ^.nd the for- 
mula becomes 

s = 2si;/F'. 

If there is no change of volume prodiiced by the mixture, 

V=v^ ■\-V2-\-v^+ ..., = 2i;, 

and the formula for s becomes in this case 

s = ^sv/^v, 
II. Mixture by masses. 

Let a mixture be made of fluids, whose masses are w^, w.^ 
1^3,... and specific gravities 5^, Sg? Sa,-- respectively; and let 
s, w, V denote the same quantities as before. 
The mass of the mixture is 

= w?i + t(;2 + «^3+ , = 2m;. 
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But the mass of volume V of specific gravity s ib w s V ; and 
these two masses are equal. Hence 

from which 5 = ^wjw V, 

If there is no change of volume, 

F= sum of volumes of fluids, 

= Wjw Sj^-{-W2lwS2-^W.JwS^+ 

w s 
Hence wV=^ (W^)> 
and the formula for s becomes 

s = ^wf2(w/s). 

Ex. 1. — Three parts by volume of a liquid of specific gravity '8 are mixed 
with seven parts of water, and the mixture shrinks in the ratio of 25 to 24. 
Find the specific gravity of the mixture. 

Here Vi = 3, Vj = 7, «i = '8, «2 = Ij and the volume F= 24 x 1 0/26. Hence 

24x10 „ , ,, , 

^g X8-3x^ + 7xl; 

from which s = 47/48. 

Ex. 2. — The specific gravity of gold being 19 '26, and that of silver 10*47, 
calculate the amount of gold in an alloy of those metals whose specific 
gravity is 16 and mass 650 grains. 

Let Wi and w^ be the masses of gold and silver respectively in the alloy. 
Then we have the following equations : — 

Wi Wa _ 650 

19-26 10-47 ~T6* 

Solving these simultaneous equations for the two unknowns Wi and Wff, 

we get 

Tffij the weight of gold = 492*25 grains, 

iTi, the weight of silver = 157*75 grains. 

EXAMPLES IV. 

[[t is assumed that — 

1 cubic foot of water weighs 1000 oz.; 

1 cubic centimetre of water weighs 1 gramme ; 

ir=22/7.] 

{The Answers are given on page 332.) 

A. 

1. In a certain state of the atmosphere 100 cubic inches of air weigh 31 
grains. If 30 cubic inches of mercury weigh 14*88 pounds, find the ratio of 
the mass of a cubic inch of mercury to the mass of a cubic inch of air. 
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2. Under certain conditions of pressure and temperature 100 cubic 
inches of oxygen weigh 35 grains. If one cubic inch of mercury weighs *49 
of a pound, how many cubic inches of oxygen would contain as much 
matter as a cubic inch of mercury? 

3. One body, A, has a volume of 1*35 cubic feet and a specific gravity of 
4*4. Another body, B, has a volume of 10*8 cubic inches and a specific 
gravity of 19 '8. What ratio does the quantity of matter in A bear to that 
infi? 

4. Of two bodies one has a volume of 5 cubic inches and the other of 1/5 
of a cubic foot. The mass of the first body is 15 oz., and of the second 
12*8 lbs. What is the ratio of the mass of the first to the mass of the 
second? What is the ratio of the density of the first to the density of the 
second? 

5. A rectangular block of ice has a length of 3 feet, a breadth of 1 foot 
8 inches, and a height of 2 feet 6 inches. Find its mass in lbs., the specific 
gravity of ice being -92. 

6. A cylinder, the base of which is 6 inches in radius, and which is 14 
feet high, is fiUed with mercury whose specific gravity is 13*6. Find the 
mass of the mercury. 

7. A rod of uniform section, 27 inches long, weighs 3 lbs., its specific 
gravity being 8*8. What is the area of its cross section? 

8. A rod of uniform section, 18 inches long, weighs 3 oz., the specific 
gravity being 88. What fraction of a square inch is its section ? 

9. Find the cross section of a cylinder, 120 centimetres long and specific 
gravity 5, which weighs 250 grammes. 

10. A piece of copper wire 4 metres long weighs 1720 grammes. Taking 
the specific gravity of copper to be 8*8, find the diameter of the wire. 

11. If two pints of water and three pints of alcohol are mixed, find the 
specific gravity of the mixture assuming that there is no contraction. 
Specific gravity of alcohol is -8. 

2nlf' "^f ^^ ^'u' ""^ * ^''^"''^' "^^""^^ ^P^'^*' gravity is 1-07, are mixed with 

JlvL AT ' ^'"^"^^ '^^'''^ ^^^"^ ^""'^y ^ "S^' ^^»<^ ^ the specific 
gravity of the mixture, there being neither contraction nor expansion? 

out suffering''''' T" ^^ "^^^^' ^^^^ 'P^^^^^ ^^^^y ^ '^' i« °^«ed» with- 
whose f3 °^"*!^*i^«' -i*h four times that mass of a second liquid 
who^e specific gravity is 125. Find the specific gravity of the mixture 

voile rfVatr^di^'r^i'' t^^^^ ^"*^ '^^'^ ^ -«-^ -^^ <>- 

per cent. 7^I\Z'^"T ''''''^" ""^ °^^^*^^ ^'^^ ^^^^ ^^^'^^^ l'^ 
15 TV. ■^'"'**''e»Pee»fic gravity of the mixture. 

the comp!>sS''ir"*^j' ^f " ''*'^ "^^ *»^** ^^ -^^- l^-*- What is 

gravity TlT^nllT^'" /^ T ""? "' ^^^^ ^"^ -^-^ -hose specific 

admixLe of tL meSlT ""'"^ '"^P^"^ *^ accompany the 

16. Two equal spheres, A and B, contain air, the density of the air in A 
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being double the density of the air in B. If half the quantity of air in B 
is transferred to A, what is then the ratio of the densities of the air in the 
two spheres? 

B. 

17. A mixture formed ^ equal weights of two fluids is divided into two 
parts, and to each part is added its own weight of one of the fluids. The 
speciflc gravities of the mixtures so formed are in the ratio of 3 to 5. Find 
the ratio of the speciflc gravities of the two fluids. 

18. A mixture formed of equal weights of three fluids is divided into 
three parts, and to each part is added its own weight of one of the fluids. 
The specific gravities of the mixtures so formed are as 5:6:7. Find the 
ratios of the specific gravities of the three fluids. 

19. A mixture formed of equal weights of three fluids is divided into 
three parts, and to each part is added its own weight of one of the fluids. 
The specific gravities of the fluids so formed are as 3 : 4 : 5. Find the ratios 
of the specific gravities of the three fluids. 

20. In what proportions (i) by volumes, (ii) by masses, must two liquids 
of given speciflc gravities 8 and a' respectively be mixed in order that the 
specific gravity of the mixture may b^the arithmetic mean of s and a'? 

21. In what proportions (i) by volumes, (ii) by masses, must the two 
liquids in the preceding question be mixed in order that the specific gravity 
of the mixture may be the harmonic mean between 8 and 8"i 

22. The specific gravity of a mixture of a gallon of A with 32 lbs. of B is 
24/25, of a mixture of a gallon of A with 64 lbs. of B is 8/9, and of a mix- 
ture of a gallon of A with 96 lbs. of B is 56/65. Find from these data the 
weight of a gallon of A and the specific gravities of A and B. 

23. The density of a substance A relative to another substance B is k, 
and the density of B relative to a third substance C is k'. What is the 
density of A relative to C? 



Chapter IV.— PEINCIPLES OF STATICS. 

28. The fundamental proposition in Statics is the Parallelo- 
gram of Forces. Assuming that the student is familiar with this 
proposition, with the method of finding the resultant of two or 
more parallel forces, and with the principle of moments, we 
proceed to consider very briefly the general theory of forces in 
one plane and of the centre of gravity. The results which we 
shall arrive at are required in the study of fluid pressure. 
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Concuirent forces, Arts, 29 to 32. 

29. Resolution of a force into two components in 
two given directions. 

Def. — The components of a given force in two given directions are 
the forces acting in tJie two given directions which have the given 
force for their resultant. 

Let the straight line A represent a force in magnitude and 
direction; and let P and Q be two given directions. 

From A draw A B parallel to Q 0, and A C parallel to P O, 

meeting P and Q in B and C 
respectively. Then the figure 
B A C is a parallelogram by 
construction. 

By the parallelogram of forces, 
the force A is the resultant of 
the two forces B and O C. 
Hence B and C are the com- 
ponents of the given force 




in 



the directions O P and Q. 

30. Resolution of a force into two rectangular 

components in t^vo given directions. 
When the two given directions O P and Q are at right 

angles to each other, the two forces O B 
and O C acting along P and O Q re- 
spectively which have the given force 
A for their resultant, are called the 
rectangular components of the given 
force in the directions P and O Q. 

Let F denote the magnitude of the 
force OA, and the angle A OP 

^^ ^, which OA makes with the direction 

UP. Then, since the triangle A OB is right^ngled at B, we 

nave, by trigonometry, 

OB = OA cos AOB, = OA cos 6, 




and 



OC = BA, 



= OA sin 0. 



PRINCIPLES OF STATICS. 39 

Therefore the rectangular components of the given force /' in 
the given directions OP and OQ are respectively 

F cos 6 and F sin 6, 

The expression — component of a given force in a given direction 
— is often used. By this is meant the force acting in the 
given direction, which, compounded with another force acting 
in the direction at right angles to the given direction, gives 
a resultant equal to the given force. Thus the component of 
F in the direction OP is 

/'cos Oy = force x cosine of angle between the direction 

of the force and the direction OP. 

Thus we have the following result: — 

The component of a force in a given direction is found by multi- 
plying the force by the cosine of the angle between the direction of the 
force and the given direction, 

31. Resultant of any number of concurrent forces. 

Let any number of forces P„ P^, P3, i^4,... act at a point 0. 
It is required to find their resultant. 

Take two lines XOX' and YOY' at right angles through the 
point O. 

Resolve each of the forces Pj, Pg* 
ponents, acting one in the line XOX' 
and the other in the line YOY' And 
in finding these components let us 
make use of the signs + and - to dis- 
tinguish between the two directions 
in which a force may act in the 
same straight line. Take OX as the 
positive direction in the line XOX', 
and OY as the positive direction in the line YOY'. Then 
the component of a force F in the line X'OX will be positive 
if it acts in the direction from to X, and will be negative 
if it acts in the direction from O to X'; and the component of 
the force P in the line YOY' will be positive if it acts in the 
direction from O to Y, and will be negative if it acts in the 
direction from O to Y'. 
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Let X^, Y^yX^, y^'y X^, Y^;X^y Y^y.. denote respectively the 
components of the forces of the system in the directions OX 
and OY. In the above figure X^ and X^ would be positive, but 
-Yg 3-nd X^ would be negative; also, Y-^ and Kj would be posi- 
tive, but F3 and Y^ would be negative. 

Thus the given system of forces Pj, P^* A> A>-* ^^7 ^® ^®" 
placed by two systems of forces: — 

X^y Xo, Xg, X^... acting in the line XOX', 
and 

Fi, Y^ Tg, Y^... acting in the line YOY'. 

We know from the elements of Statics that the resultant of 
a system of forces in the same straight line is found by taking 
the algebraical sum of the forces. Let '2X and 2F denote the 
algebraical sums of the forces in the lines XOX' and YOY' re- 
spectively, then the given system of forces may be replaced by 
2X and 2 V acting along OX and OY respectively, where 

ZX= X-^ -|- JCg + Xq + X^ + . . ., 

27=7,+ F2+73+F4+... 

Lastly, find the resultant of the forces 2X and 2F acting in 

the Hues OX and OY. 

Let OM and ON represent 2X and 
2 F, and let the parallelogram OMAN 
^ be completed. Then OA represents 
the resultant of 2Xand 2F, that is, 
OA represents the resultant of the 
given system of forces Pj, P,? ^3> A> • • • 

X Denoting OA by B, and the angle 

- - "" AOM by 0, we get 

i?2 = 0A2, =. 0M2 + MA2, - 0M2 + 0N2, 

= (2X)2 + (2F)2; 
giving 

B=y/(2Xy-^{tYj\ (1). 

Also, tan (9 = AM/OM, = ON/OM, 

= 2F/2Z (2). 

Equations (1) and (2) determine completely the resultant of 
the given system of forces. 
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32. Conditions of equilibrium of concurrent forces. 

In order that the system of forces Pj, P^, P^, P^,-- niay be 
in equilibrium, it is sufficient and necessary that the value of 
R found in the preceding article shall be zero. 

Now since R represents the diagonal of a rectangle con- 
structed on 2X and 2y as adjacent sides, it is evident that R 
will not be zero unless both 2jr and 2F are zero. 

Hence we infer that the conditions of equilibrium are 

2Z=0 and 27=0. 

Since the two directions OX and OY were chosen arbitrarily, 
it follows that the sufficient and necessary conditions for the 
equilibrium of a system of concurrent forces are — 

The algebi'aical sums of the components of the farces in any two 
directions at right angles must he zero. 

These conditions may be applied to the solution of all stati- 
cal problems in which the forces are concurrent. 

If one of the forces in the problem is the force of gravity, it 
will be foimd convenient to resolve the forces in the horizontal 
and vertical directions. For equilibrium it is sufficient and 
necessary that the algebraical sums of the horizontal and ver- 
tical components shall each be zero. 

Ex. 1. — ABCD are the angular points of a square taken in order. Find 
the magnitude of the resultant of the three forces, 7 from A to B, 10 from 
D to A, 5 V2 from A to C. 

Here we have three forces acting at the point A 
Producing DA to D', find the sum of the compo- 
nents of the forces along AB and AD'. 

The force 5 V ^ acting along AC has a compo- 
nent 6 V 2 cos 46**, or 6, along AB, and a compo- 
nent 5 V 2 cos 46**, or 5, along AD, or - 5 along 
AD'. 

Hence the sum of the components along AB is 

7-f5, = 12; 

and the sum of the components along AD' is 

10-6, = 6. 

The three forces are therefore equivalent to two 
forces, 12 along AB and 5 along AD'. The resultant of these two forces, 
which act in directions at right angles to each other, is 

V122 + 62, = 13. 
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Ex. 2. — Four forces of 24, 10, 16, 16 units act upon a particle, the angle 
between the first and second being 30°, the angle between the second and 

third 30**, and the angle between 
the third and fourth 120^ the angles 
being all measured in the game 
direction. Find the magnitude and 
direction of the resultant. 

Let OX be the direction of the 
first force and OY the direction at 
right angles to OX. Kesolve each of 
the forces in these two directions. 
Using the notation of Article 31, we get 

Xx = 24; y\--^0; 

Z5 = 10cos30", = 6v3; r2=10 sin 30°, = 6; 
Zs=16 cos 60^ = 8; r8=16 sin 60^ = 8 V3; 

X4=-16; 74=0. 

SX=Zi + Xa + X8+X4=24 + 6V3 + 8-16, 

= 16 + 5V3; 
Sr:=0 + 5 + 8V3.+ 0, 

=-.5 + 8V3. 
Hence if R denote the magnitude of the resultant, and the angle which 
its direction makes with OX, 

i22 = (i6 + 5V3)2 + (5 + 8V3ft 
= 548 + 240V3; 

therefore 

Ji= V548 + 240V3, = 31 nearly. 

Alsotan^-=Sy/SX=(5Hr8V3)/(16 + 5V-3). 

= {103 V 3 - 40)/181, = -766. 
From a table of natural tangents we find that the angle (to the nearest 
degree) whose tangent is *765 is 37°. 

Hence the resultant is approximately 31, 
and its direction makes an angle of 37'' with 
the force 24. 

Ex. 3. — A ball weighing 24 lbs. is kept 
at rest by two threads, one of which is hori- 
zontal and the other inclined to the vertical 
at an angle of 30°. Find the tensions of the 
two threads. 

Let A be the ball, which is kept at rest by 
the tension, T say, of the horizontal thread 
A B, and the tension, T* say, of the thread 
A. C, which is inclined to the vertical C V at 
an angle of 30°. 

Since the ball is in equilibrium, the algebraical sums of the components 
of the forces in the horizontal and vertical directions must each be zero. 
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The algebraical sum of the horizontal components 

T-r<cos60°, = r-T72, 
and of the vertical components is 

24 - T' cos 30", -- 24 - T' V3/2. 
Equating these expressions to zero, we get 

24-rV3/2 = 0. 
The second equation gives 

r' = 48/V3, = 16V3 pounds weight, 
and this, substituted in the first equation, gives 

T=8 V3 pounds weight. 

EXAMPLES. 

1. Five forces 18, 12 V2, 60, Sy/2, and 12 V2 act respectively east, 
north-east, north, north-west, and west. Find the effective eastern com- 
ponent. 

Arts. 27-12V2. 

2. Find the magnitude of the resultant of each of the following systems 
of concurrent forces : — 

(i) Forces 5, 10, 15, 20, acting respectively east, north, west, and south, 
(ii) Forces 1, 2, 3, 4, 5, 6, acting from tho centre of a regular hexagon to 

the angular points of the hexagon taken in order, 
(iii) Forces 3, 4, 5, parallel to the sides of an equilateral triangle taken 

in order, 
(iv) Forces 3, 5, 7, acting at the centre of a circle towards points on the 

circumference of the circle which divide it into three equal parts, 
(v) Forces 30, 40, 40, the angle between the directions of the first two 

forces being 45°, and that between the second and third forces 

(measured in the same direction) being 30°. 
(vi) Forces P, P, 2/^, parallel to the sides of an equilateral triangle taken 

in order, 
(vii) Forces of Z\/2P, 4P, 5P, 6P, 2P, the directions of the last four 

forces making angles of 45°, 135°, 225°, 315°, respectively with the 

first force, all the angles being measured in the same direction, 
iln*. (i) 10V2. (ii)6. (iii) V3. (iv) 2V3. (v) 96-6. (vi) P. (vii) P. 

3. Draw an isosceles triangle ABC with the angle A equal to 120°, and 
draw AD perpendicular to BC. A force P acts from A to B, a force 2P 
from A to C, and a force 2P from D to A. Find the magnitude of the re- 
mltant. 

Arts. P. 

4. A mass of 10 lbs. is supported by two threads, one horizontal and the 
other inclined to the vertical. Find, to the first place of decimals, the 
tensions of the two threads in the cases in which the inclination to the 
vertical of the thread which is not horizontal Is (i) 30**, (ii) 45", (iii) 60". 
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Ans, (i) 11*5 and 5'8 Ibwt respectively, (ii) 14*1 and 10 Ibwt. re- 
spectively, (iii) 20 and 17*3 Ibwt. respectively. 

5. A mass of 24 lbs. is supported by two threads, which are both inclined 
to the verticaL Find the tensions of the two threads when the inclinations 
of the two threads to the vertical are — (i) 30° and 60° respectively, (ii) 45° 
and 45° respectively. 

Ans. (i) 12 and 20*8 Ibwt. respectively, (ii) 17 and 17 Ibwt. respectively. 

Forces not concurrent, Arts. 33 to 37. 

33. Couples. 

Def. — A couple in dynamics is a system of two parallel forces 
which are equal in magnitude and act in opposite directions. 

If P represent either force of a couple, and if A B be the per- 
pendicular distance between the lines of action of the two 

forces, then AB is called the arm of the couple, 
and the product of the force P and the arm 
A B is called the moment of the couple. 
K we attempt to find the resultant of the 
A two forces forming a couple by the nile for 
compounding two parallel forces, we find that 
the method fails. It follows that a single 
force cannot be found which is equivalent to 
the two forces forming a couple. Now a 
single force, acting on a body, tends to cause a motion of trans- 
lation in the straight line in which the force acts. The kind 
of motion which a couple causes, or tends to cause, must there- 
fore be different from a motion of translation; it can therefore 
only be a motion of rotation. 

An example of a couple is seen in the effect of the earth's 
magnetism on a compass-needle. The needle rests in the 
position in which it lies due magnetic north and south. If 
displaced from this position, the earth's magnetism attracts one 
end of the needle, and repels the other with equal parallel 
forces, and those two forces form a couple tending to make the 
needle rotate back to its former position. 

By the simple experiment of floating a compass-needle on a 
piece of cork in water, it may be shown that those two forces 
have no translational effect on the needle. 
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A couple may tend to produce rotation in the body on which 
it acts either in the direction of the hands of a watch or in the 
opposite direction. In the accompanying diagram the couple 
on the left tends to 
produce rotation in the 
direction contrary to 
that of the hands of a 
watch, while the couple 
on the right tends to 
produce rotation in the 
opposite direction. 

The sense of a couple 
is the direction in 

which it tends to produce rotation. It is convenient to call 
one direction of rotation the positive direction, and the oppo- 
site direction the negative direction; and, further, to represent 
the moments of couples whose senses are negative by negative 
numbers. By adopting this convention the statement of certain 
propositions regarding couples can be simplified. 

34. Elementary proposition regarding couples. 

Pbop. I. — The algebraical sum of the moments of the forces forming a 
couple about any point in the plane of the couple is constant, and equal to the 
moment of the couple. 

Let Pf P be the two forces forming a couple, and let O be any point in 
the plane of the couple. 

Draw CAB perpendicular to the lines of 
action of the forces. Then ^^ is the arm of 
the couple, and PxABia the moment of the 
couple. 

The algebraical sum of the moments of the q 
forces P, P about O, the direction contrary 
to that of the hands of a watch being taken 
as the positive direction, is 

=PxOB-PxOA, = P{OB'OA), 
■=Px il^, = moment of the couple. 

Prop. IL — Two couples of opposite senses acting in the same plane will 
balance if their moments are equal. 

Let P, P, acting in the lines BA and DC, form a couple, and let Q, Q 
acting in the lines DA and BC form a couple opposite in sense and of equal 
moment. Then the two couples will balance. 
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We have to prove that the four forces P, P, Q, Q are in equilibrium. 
Let their lines of action meet in the points A, B, C, D ; then ABCD is a 

parallelogram. Let CM 
and CN be drawn per- 
pendicular to AB and CD, 
the lines of action of P, P 
and Q, Q respectively. 

The resultant of the 

two forces P and Q acting 

at A is a force, 72 say, and 

the resultant of the forces 

P and Q acting at C will 

be a force equal to Jt, 

since the angle between the forces P and Q acting at A is equal to the 

angle between the forces P and Q acting at C. (Euclid L 34.) 

Since the moments of the couples are by supposition equal, 

PxCM=QxCN, 
therefor? PiQ-CNiCM, 

zuCDiCB (by similar triangles CDN and CBM). 

Hence CD and CB may be taken to represent respectively the forces P and 
Q which act at A, for the directions of CD and CB are respectively those 
of P and Q, and their magnitudes are proportional to P and Q. It follows, 
by the parallelogram of forces, that CA is the direction of the resultant R. 
Hence the resultant of the forces P and Q acting at A is a force Jl acting 
from C to A in the line C A. 

Similarly it may be shown that the resultant, i2, of the forces P and Q 
acting at C acts from A to C in the line CA. Hence the four forces 
^f Py Q» Q are equivalent to two equal forces R, Ji, acting in opposite direc- 
tions in the line CA, and are therefore in equilibrium. 

Hence the two couples balance. 

Prop. IIL — Ttoo couples in the same plane of the same sense and of equal 
moments are equivalent. 

Let there be a couple in a plane whose moment is 3f, and let il^ be any 
line in the plane. Let a force P be found such that P x A£=M. 

Apply at A two forces, P and P, acting in opposite directions in the line 
perpendicular to AB^ and apply similarly at B forces, P and P, acting per- 
pendicular to AB and in opposite directions. This does not alter the effect 
of the given couple, as the four forces thus introduced will form a balancing 
system of forces. These four forces are equivalent to two couples of 
opposite senses, whose moments are each equal to M ; and one of the 
couples so formed must therefore (Prop. II.) balance the given couple. 
Bemoving the two balancing couples, we get as the equivalent of the given 
couple a couple whose moment ia PxAB=Mf and whose sense is the same 
as the sense of the given couple. 
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From this proposition it follows that a couple may be moved in its own 
plane from one position to any other without altering its effect. Also we 
may change the arm of the couple if at the same time we change the force, 
BO that the moment remains unaltered. 

Prop. IV. — The resultant of any number of couples oAiting in one plane is 
a couple whose moment is equal to the algebraical sum of the mxyments of tlie 
couples. 

The couples whose moments are ilfi, Mq^ M^... may, by Prop. III., 
be replaced by couples of equal moments reifipectively acting at the same arm. 
Let this arm be taken of unit length ; then the forces of the couples replacing 
the given couples will be Mi and Mu M^ and M^y M^ and M^... respectively. 
These forces will form a couple whose arm is unity, whose forces are 
each equal to Mi + M^ + Mz+ ..., and whose moment is therefore jl/i + ilfj + 
3/3+... 

Hence the given couples are equivalent to a single couple whose moment 
is the algebraical sum of the moments of the given couples. 

35. Resultant of a system of forces acting on a 
body in one plane. 

Let Pj, P^ i^3, . . . be a system of given forces acting in the 
same plane at given 
points A, B, C,... of 
a body respectively. 
It is required to find 
their resultant. 

Take any point 
in the plane of the 
forces, and draw 
through lines a a\ 
hh' ... parallel respec- 
tively to the lines of action of the given forces P^, P^.>. Let 
Pv Pi? Psy-" ^® ^^® lengths of the perpendiculars from upon 
the lines of action of the forces F^ at A, Pg at B, P3 at C... 
respectively. 

Superimpose upon the body a pair of forces each equal to Pj, 
acting in opposite directions in the line a a\ These forces form 
a balancing system, and therefore do not alter the effect of the 
given system of forces. Superimpose, in the same way, a pair 
of balancing forces each equal to Pg, acting in the line b b'; and 
do the same in the case of each of the lines through O. 
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Of the three forces F^ at A, F^ acting along a and F^ act- 
ing along a', the first two form a couple whose moment is 
FjP^, Hence the force Pj at A is equivalent to, and may be 
replaced by, 

a force F^ along a' and a couple whose moment is F^py 

Similarly the given force Pg ^^ ^ ^^7 ^® replaced by a force 

Pg along b' and a couple whose moment is F2P2' 
In the same way each of the given forces Pg, P4... may be 
replaced by an equal and parallel force, and a couple whose 
moment is force x perpendicular from upon the given force. 
The forces P^, F^... acting in the lines Oa', 0^'. . . can be com- 
pounded into a force, = B say, and the couples may be com- 
pounded into a couple whose moment is equal to the algebraical 
sum of the moments of the couples, that is, equal to 

A^i + A?^2+--- , = ilfsay. 

The force R is the force which would be the resultant of the 
given system of forces if the point of application of each force 
were transferred to the point 0, the magnitude and direction of 
each force being unaltered. 

The moment M of the resultant couple is equal to F^p^ + 
F2P2+'" , that is, is equal to the algebraical sum of the 
moments of the given forces about 0. 

The moment M of the resultant couple will, in general, 
depend on the position of the point 0, but the magnitude and 
direction of the resultant force li will be the same for all posi- 
tions of 0. 

36. Conditions of equilibrium of a system of forces 
acting in one plane in a body. 

The conditions of equilibrium of the system of forces con- 
sidered in the preceding article are 

i2 = 0,andilf=0. 

For if M is zero and R is not zero, the resultant will be a single 
force R, 

If R is zero and M is not zero, the resultant will be a couple 
whose moment is M. 

If neither R nor M is zero, the system may be reduced to a 
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single force. For the couple whose moment is M may be 
taken as a couple whose forces are R, R and whose arm is 
M/R, and this couple may be placed so that p 
one of its forces will balance the resultant 
force R, Hence the resultant of the given 
system will be a force equal to R, 

It follows that the system of forces will not be in equilibrium 
unless both M and R are zero. Hence the conditions of 
equilibrium of a system of forces acting in a plane are 

(1) The resultant of the system of forces, supposed to act at a 
pointy without change of magnitude or direction, must be zero. 

(2) The algebraical sum of the moments of forces about any point 
in the plane of the forces must he zero, 

37. Conditions of equilibrium of constrained bodies. 

If a body can only move with a motion of translation in a 
given direction, e.g. a piston in a fixed cylinder, the sufficient 
and necessary condition of equilibrium is that the effective com- 
ponent of the forces in that direction must he zero. 

If a point of the body in the plane of the forces is fixed, so 
that the body can only move with a motion of rotation about 
that point, e.g. a sheet of paper fastened to a board by means 
of a pin, the sufficient and necessary conditions of equilibrium 
is that the algebraical sum of the moments of the foi'ces about the 
fixed point must be zero. 

In the latter case, there may be a pressure on the fixed 
point, which would be balanced by the reaction of the fixed 
point on the body. The pressure on the point will evidently 
be the resultant of the forces acting on the body, and the re- 
action of the fixed point on the body will be equal and opposite 
to this resultant. 

EXAMPLES. 

1. Forces of 30 and 20 units act on a body in parallel but opposite direc- 
tions, their lines of action being 6 feet apart. Midway between them a 
force of 10 units acts parallel to and in the same direction as the force of 20 
units. Find the moment of the resultant couple. 

The parallel forces 10 and 20 have a resultant 30 acting in the same 
direction. This resultant and the given force 30, which acts in the opposite 
direction, form a couple. Hence the resultant of the three forces is a couple. 
(858) D 
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To find the moment of this couple we use the theorem that the alge- 
braicikl sum of the moments of the forces about any point in the plane of the 
couple is equal to the moment of the couple. Hence by taking moments 
about any point in the line of action of the given force 30 we get as the 
moment of the couple 

3xl0 + 20x6, = 30 + 120, = 150. 

2. ABC is a triangle right-angled at B, AB being 2 feet long and 
BC 10 inches. At A a force P is applied at right angles to AC, at C a 
parallel force 2 i^ is applied in the same direction, and at B a parallel force 
3 i^ in the opposite direction. 

Show that the resultant of the three forces is a couple, and find the 

moment of the couple taking an inch as the unit of length. 

That the resultant is a couple appears by considering that the parallel 

forces, i'' at A and 2 i^'at C, have a resul- 
tant 3 F acting in the same direction. 
This force and the force 3 -P at B consti- 
tute a couple. 

Let the direction of the force 3 i'' at B 
cut AC at D, then BD is the perpendicu- 
lar from the right angle B upon the hy- 
potenuse AC of the triangle ABC. The 
moment of the resultant couple is equal 
to the algebraical sum of the moments of 
the three forces F^ 2Ff 3 F, about any 
point in the plane. Take moments about 
the point A. The moment of /^ at A 
is zero, the moment of Si^'at "BisSFx AD, 

and the moment of 2 2'' at C is 2FxAC. 3 

Since AB is 24 inches, and BC 10 inches, it 

follows from geometry that AC is 26 inches, 

and that AD is 288/13 inches. Hence the 

moment of the resultant couple is 

3/'xAD-2i^xAC, = 28827l3. 

3. A and B are two points at a given dis- 
tance apart, A below B ; the line AB is of 
given length, and inclined at a given angle 
to the horizon. A thread of given length 
has its ends fastened to A and B ; a given 
weight is hung on the thread by a smooth 
hook. Find the position in which it comes to rest, and the tension of the thread. 

Let C be the position of equilibrium of the given weight, W say ; CD the 
vertical through C ; AH the horizontal line through A in the plane of the 
diagram; a the given length AB; and <p the given angle BAH. 
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Since the hook is smooth tlie tensions in AO and BC, the two parts of 
the thread, are equal. Denote each of these tensions by T. Then the 
horizontal components of these two tensions must be equal and opposite, 
and hence AC and BC must be equally inclined to the horizon, and 
therefore equally inclined to the vertical line CD. Hence the angles ACD 
and BCD niust be equal. Denote each of these angles by 0, 

Since CD bisects the angle, by Euclid VI. 3, 

AD/AC = BD/BO = (AD + BD)/(AC + BC), 

using a well-known formula in Katio. 

Also, by Trigonometry, 

AD/AC = sin ACD/sin ADC, 
= 8in Ojcoi 4>. 
Hence sin 6Iqo% <p=all, 

giving sin 6=a cos 0/2. 

This equation determines the position of equilibrium, as it gives the angle 
which AC and BC make with the vertical. 

To find the tension in the threttd, we resolve vertically, and equate to 
zero the algebraical sum of the components. Hence 



from which 



2Tco8^-TF=0, 
W. W 



= -^/Vl-a2cos2 0/^2 

un 

^Y^V^-a-^cos^^. 

4. Show that if three forces acting in a plane keep a body in equilibrium, 
the forces must either be parallel or must meet in a point. 

6. Show that a force acting at any point of a rigid body is equivalent to 
an equal and parallel force acting at any other point and a couple. 

6. ABCD is a square, and AC is a diagonal. Two forces of 10 units 
each act from A to B and from to D respectively, and a third force of 15 
units acts from C to A. Find the resultant. 

Arts. — Draw CE perpendicular to AC, and equal to -| of AD, E being on 
the same side of AC as D. Then the resultant is a force 15 acting through 
£ parallel to, and in the same direction as, the force 15 in CA. 

7. In a weightless straight lever in which the fulcrum is between the 
power and the weight, show that in the case of equilibrium the power, the 
weight, and the reaction of the fulcrum form two unlike couples of equal 
moments. 

8. Forces P, 2P, 3P, 4P act along the sides of a square ABCD taken ir 
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the order AB, BC, CD, DA. Find the magnitude, direction, and line of 
action of the resultant. 

Aru. 2 V2 . P acting parallel to C A through a point E in BA produced 
such that BE = |BA. 

9. ABODE is a straight line ; at the points A, C, E, like parallel forces 
of 3, 5, 7 units respectively, act perpendicular to AE ; and at the points B 
and D forces of 13 and 2 units respectively act parallel to the former forces, 
but in the opposite direction. Find the moment of the resultant couple if 
AB = •2BC = 3CD = 4DE = 1 2 units of length. 

Ans, 65. 

Centre of Gravity^ Arts. 38 to 40^ 

38. Centre of gravity of a body made up of two 
parts. 

Let AECD be a body made up of two parts ABC and ACD. 

Given the masses, m^ and mg 
respectively, of the two parts 
ABC and ACD, and the posi- 
tions, Gj and Gg respectively, 
of their centres of gravity, it is 
required to find the position of 
the centre of gravity G of the 
whole body. 

The weights of the two parts ABC and ACD are parallel 
forces acting through G^ and Gg respectively, and their magni- 
tudes are proportional to m^ and Wg. The centre of gravity 
of the whole body, the point G, is the point which is the centre 
of these two parallel forces ; and therefore G will be found by 
the rule for finding the centre of two parallel forces equal to 
m^ and mg. Hence G is to be found by the equation — 

GGi : GGg = ^2 : m^. 

39. Co-ordinates of the centre of gravity of a given 
system of masses. 

Let mj, W2, wig, . . . denote the masses, which may be particles 
or bodies of finite size ; and let Pj, Pg, P3, . • . be the positions of 
the masses, if particles, or the positions of their centres of 
gravity, if bodies of finite size. 

First, suppose that Pj, Pg, P3, . . . all lie in the same plane. 
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Take through any point in the plane in which these points 
lie any two lines XOX' and YOY' at right angles to each 
other; and draw PiM^, PoMg, P3M3, ... perpendiculars from 
Pj, Pg, P3,... respectively upon OX. 
Let Xj, ^1 denote respectively OMi, PjM^; 
^2» ^2 denote OM2, PMo; and so on. 
Then the position of the point Pj with 
reference to is determined by the 
lengths ajj and y^, which are called re- 
spectively the X and y co-ordinates, or 
the abscissa and the ordinate, of the point 
Pj; and similarly the positions of the 

points Pg, Psv ^re determined by their co-ordinates. Let 
(x, y), be the co-ordinates of the centre of gravity of the given 
masses; it is required to find formulae for x and y in terms 
of the given masses and their co-ordinates. 

The centre of gravity of the masses m^ at P^ and mg at Pg 
is a point, Q say, in the line PiPg, dividing the line P^Pg in- 
versely as the masses. Let QN be drawn perpendicular to 
OX, and let x denote the length of ON. 

Then m^ : m^ = PgQ : PiQ, = MgN : M^N (by Geometry) 

= (OM2 - ON) : (ON - OMi), 

from which we get 

m^{x-x^) = m^{x-x^, 
giving X {m^ + m^) = m^x^ + m^ x^. 

To find the centre of gravity of the three masses m^, m^ m^, 
we may suppose that the masses m^ at P^ and m^ at Pg are re- 
placed by a mass m^ + m^diA, Q. The centre of gravity of the 
three masses, R say, will therefore be the centre of gravity of 
the mass (m^ + mg) at Q and the mass m^ at P3. Let x' denote 
the abscissa of R. Then x' will be found by the formula 
which has just been found for x. Thus 

x' [ (mj + mg) + 7^3] = (m^ + m^ x + m^x^. 
But (m^ + wig) x^m^x^ + m^x^'y 

therefore vf (m^ + rtio + m^) = m^x^ + m^ x^ + m^ x^. 
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Proceeding in this way we find the centre of gravity of four 
masses m^, Wg, m^, m^. Let x'^ be the abscissa of the centre of 
gravity of the four masses. Then 

0-" (m^ + 7^2 + TWg + m^) = m^ x^ -\-m^X2 + m^ x^ + m^ a;^, 

and in the same way the abscissa, x, of any number of masses, 
will be found from the formula 

^ (m^ -I- Wg + ^3 + ,..) = m-^x^-\-mc^X2-\-'ni^x^+ ... 

Using the 2 notation, we may write this formula in the shorter 

form 5c 2 7w = 2 {nix), 

from which x = ^{mx)l^m (1). 

By similar working to the above we should find the corre- 
sponding formula for y, viz.: — 

y^l.{my)l^m (2). 

FormulsB (1) and (2) completely determine the position of the 
centre of gravity of the given system of masses when Pj, Pg, 
P3, . . . all lie in the same plane. 

If the points P^, Pg, P3, . • • do not all lie in the plane XOY, 
equations (1) and (2) would be equations determining the posi- 
tion of the point which is the projection of the centre of gravity 
on the plane XOY The centre of gravity will be completely 
determined if its perpendicular distance from the plane XOY 
were also known. If Zi, z.2, ^3,.-- denote the perpendicular 
distances of the masses mi, m^, m^,.., respectively from the 
plane XOY, and z the perpendicular distance of the centre of 
gravity from the same plane, then it may be shown by working 
similar to that by which the formula for x was obtained that 

5 = 2 {mz)l^ m (3). 

The centre of gravity will therefore be completely determined 
by formulae (1), (2), and (3). 

These formulae are also the formulae for the centre of a sys- 
tem of parallel forces mi, m^ wig,... acting at the points Pj, Pg, 
P3, . . . respectively. 

Ex. 1. — A circular hole, 6 inches in diameter, is cut out of a circular disc 
of wood, 15 inches in diameter, close to the edge. Find the centre of 
gravity of the remaining portion. 

Let AD£ be the disc, whose centre is G, and let ABHC be the circular 
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hole, whose centre is G2, the two circles touching at the point A. We may 
consider the disc, when entire, as a body made up of two part», the part 
ABO and the remaining portion. The 
centre of gravity of a circle is its centre, 
and therefore the centres of gravity, G 
and G2, of the whole body and the part 
ABC respectively are known, and it is re- 
quired to find the centre of gravity of the 
remaining portion. 

The masses of the part ABC and of the 
whole disc will be proportional to their 
areas, and we know from Geometry that 
the areas of circles are proportional to the 
squares of their diameters. Hence 

mass of part cut out : mass of whole disc 

=i62:152, = 36:225; 
and therefore 

mass of part cut out : mass of remaining portion 

= 36 : 225 - 36, = 36 : 189, -4:21. 

Hence, if Gi be the centre of gravity of the remaining portion, we have, by 

Art. 38, GGi:GG2=4:21. 

Now GG2 is the distance between the centre of the disc and the centre of 

the hole, and is 4J inches. Hence 

GGi:4i=^4:21, 

giving GGi = 6/7 of an inch, which determines 
the centre of gravity of the remaining portion. 

Ex. 2. — A BCD is a square, and masses of 
4 lbs., 3 lbs., 2 lbs., 1 lb. are placed at the angular 
points A, B, C, D respectively. Find the centre 
of gravity of the masses. 

Take A as origin, AB as axis of x, and AD as 
axis of y\ and let a represent the side of the 
sipiare. 

Then we may exhibit the values of wi, a;, y, wx, «iy, for each mass in a 
table, as follows : — 



Y 












D 




F 




C 


i 






2 








G 








4 






5 


X 



B 





m 


X 


y 


mx 


my 


Mass at A 


4 














B 


3 


a 





3a 





C 


2 


a 


a 


2a 


2a 


D 


1 





a 





a 
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By adding the numbers in the column under m, we get 

2ot = 4 + 3 + 2 + 1, = 10. 

By adding the terms in the columns under mx and my respectively, we get 

21 ( mx) = 3a + 2a, = 5a, 
2 (my) = 2a + a, =:8a. 

Hence the co-ordinates, £ and y, of the centre of gravity are — 

X = 2 (mx)/2:m = 6a/l 0, := a/2, 
y = 2 {my)l^m, =3a/10. 

Hence we have the following construction for the centre of gravity : — 
Take E and F the mid points of AB and CD respectively, and measure 
•along EF a length EG equal to 3/10 of EF. Then G is the centre of 
gravity of the four masses. 

Ex. 3. — If a portion m of any mass M is moved to any new position, 
show that the centre of gravity of the entire mass is thereby moved in a 
direction parallel to the displacement of the centre of gravity of m and over 

a distance mdjM, where d is the distance 
between the two positions of the centre 
of gravity of wi. 

Let G be the original position of the 
centre of gravity of the entire mass M, 
P, P' the original and displaced posi- 
tions respectively of the centre of gra- 
vity of the mass wi. Then PP' is the 
displacement of the centre of gravity of 
m, and is denoted by d. 
Let Q be the position of the centre of gravity of the part of the body that 
remains when the mass m is cut out, and let G' be the displaced position of 
the centre of gravity of the entire mass M. Then G is the centre of 
gravity of the mass m at P and the mass (ilf-m) at Q, and G' is the centre 
of gravity of the mass m at P' and the mass {M - m) at Q. Hence 

QG:PG=m:if-«i, 
and QG':FG'=m:if-m, 

from which QG : PG = QG' : P'G'. 

Hence, by Euclid VI. 2, GG', the displacement of the centre of gravity of 
the entire mass, is parallel to PP', and the triangles QGG' and QPP' are 
similar. 
Also, since 






QG:PG=«i:iJf-«i, 


therefore 


QG:QG + PG = wi:wi + Jlf-wi, 


or 


QG:PQ = m;iJf. 


Hence 


GG' : PP' = QG : PQ (Euclid VL 4). 




=711 : 3f, 


from which 


GG'=wxPP7i»f, 




zzmdjM, 
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This formula for the displacement of the centre of gravity of a mass, 
consequent on the displacement of a part of the mass, is of importance in 
the practical determination of the metacentre of a ship. 

40. Table of positions of centres of gravity 

The following table 'shows the positions of the centre of 
gravity of certain surfaces and solids: — 



Solid or Surface. 


Position of Centre of Gravity. 


Sphere, 


Centre. 


Rectangular body (includ- 
ing cube), 


Middle point of line joining the 
centres of gravity of two oppo- 
site faces. 


Cylinder, 


Middle point of axis. 


Pyramid and Cone, 


In line joining the centre of 
gravity of base to vertex, at 
distance from vertex equal to 
3/4 of the joining line. 


Circle, 


Centre. 


Parallelogram (including 
square and rectangle).... 


Point of intersection 0£ diagonals. 


Triangle, 


In line joining the middle point 
of a side to opposite angular 
point, at distance from angular 
point equal to 2/3 of the join- 
ing line. 



EXAMPLES V. 
{The Anstoers are given on page 333.) 

A. 

1. A6DC is a parallelogram, of which AD is a diagonal, and AB is bi- 
sected at E. Prove that the resultant of the forces represented by AD and 
AC is double of the resultant of the forces represented by AE and AC. 

2. The sides BC, CA, AB of a triangle ABC are bisected in D, E, and 
F respectively. Proye that forces represented by AD, BE, and CF would 
be in equilibrium. 

3. Forces of 1, 2, 3, 4, 5, 6, 7, 8 units act from the centre of a regular 
octagon towards the angular points taken in order. Find the resultant. 

4. A force equal to 20 Ibwt., acting vertically upwards, is resolved into 
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two components, of which one is horizontal and equal to 10 Ibwt. What is 
the magnitude and direction of the other component? 

5. A force of 50 units acts along a line inclined at an angle of 30° to the 
horizon ; find its horizontal and vertical components. 

The force and the two components just found are of course in a vertical 
plane, find next the components of the force 50 units along two lines in 
that plane at right angles to each other, and inclined at angles 45" to a 
horizontal line. 

6. Five forces of 18, 12^2, 60, 3V2, and 12\/2 units act respectively 
E., N.E., N., N.W., and W. Find the effective northern component. 

7- A sphere, which weighs 100 lbs., rests between two planes which are 
inclined to the horizon at angles of 30° and 60° respectively. Find the 
pressure exerted by the sphere on each of the planes. 

8. Find the- position of equilibrium of a uniform rod, placed on a smooth 
horizontal rail, with its lower end pressing against a smooth vertical wall 
parallel to the rail, the length of the rod being 16 feet, and the perpendicular 
distance of the rail from the wall being 1 foot. 

9. A uniform ladder rests in a vertical plane with one extremity on the 
ground, and the other supported by a vertical wall, both the ground and 
the wall being smooth. The lower end of the ladder is fastened by a rope 
to a point at the foot of the wall, the inclination of the ladder to the vertical 
being 45°- Find the tension of the rope. 

10. A square board ABCD, of uniform thickness and density, is capable 
of turning in its plane, which is vertical, about the corner A. It is held 
so that AB is vertical by a force acting along BC. Find this force in terms 
of the weight of the board. 

11. A circular lamina, whose radius is 8 inches, weighs 9 oz.; a thin, 
straight wire as long as the radius of the circle weighs 7 oz.; and the wire 
is placed so as to be a chord of the circle. Find the distance of the centre 
of gravity of the whole from the centre of the circle. 

12. A cylindrical vessel, open at the top, is made of thin sheet metal of 
uniform thickness. If the diameter of the vessel is 1 foot, and the height 
1 foot, find the height of the centre of gravity from the bottom of the 
vessel. 

If the vessel be half -filled with water, where will the centre of gravity of 
the water and vessel be, assuming that the weight of the vessel is one-fifth 
of the weight of the water in it? 

13. A hole, 1 foot square, is cut out of a board 4 feet square, the sides of 
the hole being parallel to the sides of the board, and the middle point of 
one of them being at the centre of the board. Find the centre of gravity of 
the remaining part of the board. 

14. One of the four parts into which a square is divided by its diagonals 
is removed. Find the centre of gravity of the remainder. 

15. ABC is an equilateral triangle, whose side is 6 inches, and whose 
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centre of gravity is O. If the triangle OBC be cut out, find the distance 
from A to the centre of gravity of the remainder. 

16. Five masses of 1, 2, 3, 4, 5 lbs. respectively are placed upon a square 
table. Their distances from one edge of the table are 2, 4, 6, 8, 10 inches, 
and from the adjacent edge 3, 5, 7, 9, 11 inches respectively. Find the 
distances of their centre of gravity from the two edges. 

17. Weights of 1 lb., 2 lbs., 3 lbs., and 4 lbs. are suspended from a uni- 
form lever 5 feet long at distances of 1 ft., 2 ft., 3 ft., and 4 ft. respectively 
from one end. If the mass of the lever is 4 lbs., find the position of the 
point about which it will balance. 

18. Masses of 4, 3, 5 pounds are hung at points distant 1, 3, 4 feet re- 
spectively from the end A of a uniform lever AB, which is 5 feet long and 
weighs 6 pounds. Find the distance from the end A of the point about 
which the lever will balance. 

19. A rod AB, 12 feet long, has a weight of 1 lb. suspended from one end 
A, and when 15 lbs. are suspended from the other end B it balances at a 
point 3 feet from B, while if 8 lbs. are suspended there it balances about a 
point 4 feet from B. Find the weight of the rod and the position of its 
centre of gravitjr. 

20. A rod, 4 feet long, has weights hung from the ends and from each of 
the foot divisions. The weights taken in order are 8. 4, 7, 10, and 5 lbs. 
Find where the rod must be supported to balance. 

B. 

21. Give a geometrical construction for resolving a given force into two 
rectangular components so that one of the components shall have a given 
value. 

22. A force is given in magnitude and line of action. Give a geometrical 
construction for resolving it into two other forces which shall be equal to 
one another, and shall pass through two fixed points. 

23. Two equal forces applied at a given point have a resultant given in 
magnitude and direction. Find the locus of the extremity of the straight 
line which represents either force. 

24. A force F is resolved into two components along two directions in- 
clined to each other at an angle of 60**. The smaller component is a force 
of 8 units, and makes with F an angle of 45**. Find the foree F and the 
other component, being given sin 15° = 13/50. 

25. Prove that if two equal forces, each equal to P, act at a point in 
directions inclined at an angle 2t, their resultant is 2P cos i. 

26. ABCD is a quadrilateral figure; P and Q are the middle points of 
the opposite sides AB and CD ; O is the middle point of PQ. Show that 
four forces represented by OA, OB, OC, OD respectively are in equilibrium. 

27. Two forces are represented completely by two straight lines AB, CD; 
prove that the resultant is represented in magnitude and direction by 2HK, 
where H, K are the middle points of AC, BD respectively. 
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Does the resultant act along HK? Examine the case where A BCD is a 
parallelogram. 

28. A. system of forces acts on a particle. Show that if the forces of the 
system are all increased or all diminished in the same ratio, the resultant is 
increased or diminished in the same ratio. 

29. Show that forces actinxf along and represented by the sides of a polygon 
taken in order are equivalent to a couple whose moment is equal to twice 
the area of the polygon. 

30. A uniform ladder is placed with one end on the ground and the other 
leaning against a vertical wall, the ground being rough and the wall smooth. 
Show that in a position of equilibrium the forces acting on the ladder form 
two couples of equal moments but of opposite senses. 

Also show that the horizontal thrust of the foot of the ladder on the 
ground bears to the weight of the ladder the ratio of the distance of the 
foot from the wall to twice the altitude of the upper end. 

How does the thrust alter as a man ascends the ladder? 

31. If four forces act in one plane on a rigid body, and two of them form 
a couple, state how to find the resultant of the four forces. 

ABCD is a square and AC is the diagonal. Forces of 10, 15, 20, and 15 
units act respectively from A to B, B to C, C to A, and D to A. Find the 
magnitude and line of action of the resultant. 

32. ABC is a triangle, and D is the middle point of BC. Forces act 
from A to B, A to C, A to D, and from B to C, proportional to AB, AC, 
AD, BC respectively. Find by geometrical construction the magnitude and 
direction of the resultant. 

33. A body is turning about a fixed point under the action of a force 
whose moment about the fixed point is equal to M, Show that the work 
done by the force in n revolutions is 2'rrnM. 

34. A piece of thin sheet metal is in the form of a square with equilateral 
triangles described on three of the sides of the square. If a is the length 
of a side of the square, prove that the distance of the centre of gravity of 
the sheet from the centre of the square is a(5 - \/3)/22, 

35. On a straight line of length a an isosceles triangle and a square are 
described, the two figures being equal in area and on opposite sides of the 
line. How far outside the square is the centre of gravity of the whole? 

36. The greatest angle of an isosceles triangle is 120**; from the vertex 
and the middle points of the equal sides lines are drawn perpendicular to 
the base. Supposing the perimeter of the triangle and the perpendiculars 
to be uniform rods of the same material, show that the distance of the 
centre of gravity of this framework from the vertex is a(15 + ll\/3)/48, 
where a is the length of the perpendicular from the vertex. 

37. Three squares of the same material and same uniform thickness 
whose areas are A, A, 2 A respectively, are placed in one plane so that one 
corner of each square coincides with a corner of one of the other two, the 
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three double comers thus being the angular points of a triangle whose sides 
are edges of the squares. Prove that the centre of gravity of the three 
squares lies in an edge of the largest square. 

38. Two equal masses, each equal to m, are placed at the points A and B 
respectively. On the straight line AB a segment of a circle is constructed, 
and a third mass, also equal to m, moves along the circle. What is the 
locus of the centre of gravity of the three masses? 

39. A and B are the centres of gravity of two masses m and n re- 
spectively, G is the centre of gravity of the masses m and n, and P is any 
other point. Show that 

m . AP«+n . BP3=m . AG^ + n . BG»+(i» + n)PG«. 

40. A triangular piece of paper is folded across the line bisecting two 
sides, the vertex being thus brought to lie in the base. Find the centre of 
gravity of the paper in this position. 

41. Three equal particles are placed anywhere on the three sides of a 
triangle. If they are moved along those sides in the same sense and over 
spaces proportional to the sides, show that the centre of gravity of the par- 
ticles remains at rest. 

42. A smooth circular wire is fixed horizontally, and a small weightless 
ring A can slide on it. The ring is attached to two strings, which pass 
through holes B and C at the extremities of a diameter, and support weights 
P and Q respectively. Show that in the position in which the ring is at rest 

tan^=Q/P, 
where $ is the angle ABC, and that the pressure of the ring on the wire is 

43. A buoy is moored in a stream by two ropes inclined at a right angle, 
and fastened to points on the bank, the line joining the two points being 
perpendicular to the direction of the stream. If the force of the stream on 
the buoy is double the tension of one of the ropes, show that the length of 
the other rope is double the breadth of the stream. 

44. A uniform rod, weight TT, which can turn freely about a hinge at its 
lowest point, is held at an inclination 20 to the vertical by means of a 
thread tied to its upper extremity, and fastened to a point vertically above 
the binge and at a distance from it equal to the length of the beam. Show 
that (i) the pressure on the hinge is W cos 0^ (ii) its direction bisects the 
angle between the rod and the vertical, (iii) the tension of the thread is W 
sid^. 

45. The weight of a door is W, the width is a, and the distance between 
the hinges is b. Assuming that all the weip;ht is borne by the upper hinge, 
show that the thrust of the door on the lower hinge is Waftb. 

46. ABC is a rigid equilateral triangle, whose weight is neglected ; the 
vertex B is fastened by a hinge to a wall, while the vertex C rests against 
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the wall at a point vertically below B. If a given weight PT is hung from 
A, what are the magnitude and direction of the forces exerted by the 
triangle on the wall at B and C ? 



Chapter V.— INTEGRATION: MOMENTS OF 

INERTIA. 

Integration, Arts. 41 to JfB, 

41. Meaning of Integration. 

We meet in Dynamics with many problems, for the solution 
of which it is necessary to find the sum of a series containing 
an infinite number of terms, the value of each term depending 
on the value of some varying quantity, and all the terms being 
infinitesimal in value. The sum is called an integral, and the 
method of finding it is called integration. 

As an illustration of the process of integration, let us con- 
sider the problem of finding the space described in a given 
time by a body which is moving with a continuously varying 
velocity We may conceive that the whole time of motion is 
divided into a very large number of elements of time, each 
of which is so small that the velocity during any element will 
be very nearly uniform. And we may proceed to find the 
space described on the supposition that the velocity during each 
element is constant, and equal to its value at the end of the 
element. The value of the space described, calculated on this 
supposition, will not represent exactly the space described 
under the actual conditions of the problem, but will become 
more and more nearly equal to that space as the elements of 
time are taken smaller and smaller, or, what is the same thing, 
as the number of elements is taken greater and greater. When 
the law according to which the velocity varies is known, the 
space described during each element of time may be found, 
and the sum of the spaces described during all the elements 
may be found. This sum will be the sum of an infinite 
number of terms, all infinitesimal in value, and the limiting 
value of Hiis sum, as the number of terms beconaes greater and 
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greater, will represent exactly the space described by the 
moving body in the given time. 

42. General formula for an integral. 

Let y represent a quantity whose numerical value depends 
on the numerical value of another quantity a*, the relation 
between the two quantities being known, so that the numerical 
value of y is known when that of x is known. 

Let a and b be two given values of x, b being greater than a. 
Divide (b-a) into n equal parts, each equal to A, so that 
(b—a) is equal to n h. Then 

a + A, a + 2A, a + 3h, a + 7iA, = &, 

form a series of values of x. The terms of this series increase 
by increments, each equal to A, from a + h to b. Denote the 
corresponding values of y by 

yvy-z^Vs^ Vn 

respectively. Let each of these values of y be multiplied by h, 
and let the sum of the products be taken. This sum is 

Using the 2 notation, we can write this in the shorter form, 
h 2y. The value of this sum will depend on the relation 
between x and y and on the value of A. The limit towards 
which the sum approaches when h is taken smaller and 
smaller is called the integral of y between the limits a and 
b ofar. 

Since h = (b- a)jn^ it follows that as h becomes smaller and 
smaller, n becomes greater and greater. The process of finding 
the integral may therefore be described thus : — 

Values of x are taken increasing from the value a to the 
value b by increments each equal to A, and the corresponding 
values of y are found from the known relation between x and 
y. Each of these values of y is multiplied by A, and the sum 
of the products is taken. The limiting value of this sum 
when A becomes zero and n becomes infinite, is the integral of 
y between the limits a and b of x. 
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This is a statement of the general problem, the consideration 
of which forms the subject of the Integral Calculus. In this 
book we shall meet only with simple applications of the method 
of integration. The integrals we shall require will be found 
by algebraical processes, and without the use of the notation 
of the Calculus. 

We shall require the following formulae, which are proved 
in Algebra:* — 

Denoting 1 +2 -}-3 + +n by 2n, 

and similarly 12 + 22 + 32 + +n^hy^n^, 

13 + 23 + 33 + +«3bySw3, 

then 

2n =n{n+l)/2 (1). 

2»2 = ^7i+l)(2n+l)/6 (2). 

Sn8 = «2(TO+ 1)2/4 (3). 

43. Work done by a variable force acting through 
a given distance. 

If a constant force F acts on a body through a distance s, the 
work done is Fs, 

If the force F is vmiable, then the work done over the space 

5 must be found by the method of integration. Break up the 

space s into n equal elements, each equal to A, so that s - nh. 

Let F^, F^ Fo, Fn denote respectively the values of the 

variable force at the ends of the first, the second, the third... 

the nth elements. On the supposition that the force is 

constant over each element, the whole work done over the 

space s is 

h(F, + F.^ + F^+ +Fn\ 

and the value of this sum when h is zero and n infinite will be 
the work done over the space s. 

If therefore the law of variation of the force is known, the 

values of F^, F^ F^, Fn will be known, and the value 

of the integral which represents the amount of work done can 
be found. 

* See Todhunter's Larger Algebra, pp. 262 and 263. 
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44 Geometrical representation of the work done 
by a variable force. 

The work done by a variable force acting on a body through 
a given distance can be represented by the area of a curve. 

Let OX and OY be two lines at right angles through the 
point 0. Let a curve 
BPC be drawn, such that 
the abscissa OM of any 
point P represents the 
distance described from 
the initial position of the 
body to any point of its 
path, and the ordinate 
PM the corresponding 
value of the force. Let 
OA represent the whole 
space described, then the work done by the force is represented 
by the area OACB,. bounded by OA, the ordinate AC, the 
curve CPB, and the ordinate OB. 

Let OA be broken up into elements OM^, M^Mj, MgMo... 
all equal, and let the ordinates M^P^ M2P2, M3P3....... be 

drawn. Though Pj, Pg, Pa,.- draw lines parallel to OX, 
meeting OB, M^P^, MgPg,.-- produced in Qj, Qg, Qsj-- re- 
spectively. 

On the supposition that the force over each element is 
constant, and equal to its value at the end of that element, 
the work done while the body moves over any element will be 
equal to the product of the force over that element and the 
length of the element. Hence the amounts of work done while 

the body moves over the first, the second, the third, 

elements are OM^ x PiM^, M^Mg x PgMg, MgM, x P3M3,... 
respectively, that is, are equal to the areas of the rectangles 
OM^P^Qj, M1M2P2Q2, M2M3P3Q3,... respectively. * By sup- 
posing that the number of elements becomes greater and 
greater, the lengths of the elements OMj, M^Mg, M2M3,... 
will become smaller and smaller, and the rectangles OM^P^Q^, 
&c., will become more and more nearly equal to the elements 

(853) E 
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OMiPiB, MiMaPgPi, MgMgPgPg,... of the curve. But by 
supposing that the number of elements becomes greater and 
greater, we are approaching nearer and nearer to the actual 
conditions of the motion. When the number of elements 
becomes infinite, the sum of the rectangles will represent the 
actual amount of work done, and at the same time the sum 
of the areas of the rectangles will be the area OACB of the 
curve. Hence the work done is equal to the area of the 
curve. 

45. Centre of gravity of a sol^id hemisphere. 
The centre of gravity of a solid hemisphere may be found 
by the method of integration. 

Let AOB be a quadrant of a circle; then if the area AOB 
revolve round the line OA, it will generate a solid hemisphere 

of which OA will be the axis. 

Let a denote the radius OA. Divide OA into 
n equal parts each equal to h, so that h = ajn] and 
let NN' in the figure be one of these parts. When 
71 is taken infinitely great, h will be an infinitesi- 

NN' ' .7 O J 

mal length. In that case the part of the hemi- 
sphere enclosed between planes through N and N' perpen- 
dicular to OA may be considered to be an infinitely thin 
circular disc, whose radius is PN and thickness NN' or h. If 
m denote the mass of this element of the sphere, and M the 
mass of the whole hemisphere, then 

mjM=Yo\waiQ of disc/ volume of hemisphere, 

--= TT . PN2 . NNVfira^, = 3/i . PN72a3. 

Therefore m = UM . PN2/2al 

The centre of gravity of this element will be at N, and there- 
fore the element may be replaced by a particle of mass m 
placed at the point N. Similarly for all the other elements 
into which the hemisphere will be divided by planes drawn 
perpendicular to OA through the points of division on OA. 
Hence the centre of gravity of the hemisphere will lie 
on OA, 
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Let ^ denote the distance of the centre of gravity of the 
hemisphere from 0, and let x denote ON. Then by Art. 39 

X = ^mxf2m. 
For the element PNNT' we have 

mx = 3hMx,FWl2a^, 
= 3hMx(a^-x^)l2a\ 

in which we have substituted for m its value in terms of ilf, 
and for PN^ its equivalent OP^ - 0N2, = a2 - x^. 

By taking the sum of all such products for each of the 
elements of the hemisphere we obtain the expression for 

Thus Imx - 13JiMx{a^ - x'^)i2a\ 

The right-hand side of this equation represents the sum of the 
series of terms which are obtained from 3hMx{a^ - x^)/2a^ by 

putting in succession x = hyX = 2h,x=3h, x = nh. Taking 

out the factors common to all the terms of the series we get: 

2a^ ^ '' 

where 2a;(a2 - 7?) = 2(a^x - ic^) = a-2ic - Saj'^, 

= ^2(^ + 2^ + 3^+ +nh) 

- {¥ + {2hf + {Zhf + + {nh)\ 

= a%. n{n +1)12 -h^. n%n + 1)2/4, 

using the formulae (1) and (3) of Art. 42. 
Thus 

i^mx^^[a%.n{n+\)l2^hKn\n+\Yl4: I, 

=i{^w(..i)-iw(i.i).} 

In the expression on the right-hand side we put nh = a, and 
make n infinitely greater. Then l/n = 0, and therefore 



2aM 2 4 j ' 



= 3ilfa/8. 
Also, Sm = M. 

Hence x = ^.mcjlm, = SMa/SMy 

= 3a/8. 
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Hence the centre of gravity of a hemisphere is in the axis 
at a distance from the centre equal to three-eighths of tho 
radius. 

EXAMPLES. 

1. A body moves over a distance a, in a straight line, under the action of 
a force increasing from zero to the value F^ the force at any point being 
proportional to the distance of that point from the initial position of the 
body. Show that the work done is Fajl. 

Let OA represent the distance ct, being the initial position of the body, 

so that at O the force is zero and at 

— ' — ' — • A • T? 

O M, Mj Mj A -A. 18 F. 

Break up OA into n equal parts, 

each equal to A, so that tiA=:a. Let M], M2, Ms, ... be the points of division, 

so that OMi, M1M2, M2M8, . . . are all equal to A. 

Since the force at any point is proportional to the distance of the point 

from O, it follows that 

force at Mi : force at A = OMi : O A, — h-.a. 

Hence, since the force at A is F^ the force at Mj is Flila, Similarly the 
force at M2 is 2Fhla^ at Ms is ZFh\a ; and so on. 

The work done by the force while the body moves over the element OMi, 
on the supposition that the force over the element OMi is constant, and 
equal to its value at Mi, is {Fhia) x A, or Fh^ja. Similarly the work done 
over M1M2, on the supposition that the force is constant over M1M2, and 
equal to its value at M2, is 2Fh^/a ; the work done over M2M8 is SFh^/a ; 
and so on. 

Hence the whole work done on the supposition that over each element 
the force is constant, and equal to the value of the force at the end of the 
element, is the sum of the series, 

Fh^la + 2FK^Ia + ZFh^la-\- +nFh?la. 

The sum of this series is 

= (1 + 2 + 3 + +n)Fh^la, 

-n (w + 1) Fh?l2a, (by formula 1, Art. 42.) 

= i?Vi2A2(i + i/ri)/2a, 

— Fa? (1 + 1/n) /2a, (since nk—cC\ 

= Fa{l-\-lln)/2. 

Now suppose that n becomes greater and greater, then the length of each 
element of distance becomes smaller and smaller, and the supposition that 
the force is constant over each element becomes more and more nearly true. 
Hence the actual amount of work done will be found by supposing that n is 
equal to infinity. But when n is infinite, 1/w is zero, and therefore the 
work done is i^a/2. 
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Since P increases unifornjly with the distance from the initial position, 
272 ia the average value of the force. Hence the work done is the 
product of the average value of the force and the distance through which it 
acts. 

2. Prove the result in Ex. 1 by the graphical method. 

It easily follows that the curve drawn as in Art. 44 is a straight line 
through O, and that the work done is represented graphically by the area 
of a triangle whose base is a, and whose perpendicular is F, Hence the 
result. 

3. Assuming the formula for the length of the circumference of a circle, 
radius r (Art. 14), prove by integration that the area of the circle is irr^. 

Break up the area of the circle into elements by concentric circles. 

4. Assuming that the area of a zone of a sphere varies as its height, show 
that the centre of gravity of a thin uniform hemispherical shell is in the 
axis of the hemisphere, at a distance from the centre equal to half the 
radius. 

5. Prove by integration the formula for the volume of a right circular 
cone. (Art. 14.) 

6. Prove by integration that the centre of gravity of a right circular cone 
lies in the axis of the cone, at a distance from the vertex equal to three- 
fourths of the length of the axis. 

Moments of Inertia^ Arts, 46 to 51. 

46. Moment of inertia of a body about an axis. 

De£ — If a body he conceived to be broken up into an infinite num- 
ber of elements^ and if the products of the mass of each element and 
the square of its perpendicular distance from a given straight line be 
formed^ tJie sum of the products for all the elements of the body is the 
m^oment of inertia of the body about the given straight line. 

The word "body" in this definition is to be taken to in- 
clude a system of particles which are not continuous. The 
given straight line in the definition is usually referred to as 
" the axis," about which the moment of inertia is taken. 

In the case in which the body consists of a finite number of 
particles, the moment of inertia about an axis will be the sum 
of a finite number of terms, and may be found by the rules of 
elementary Algebra. When the body is a finite mass, the pro- 
blem of finding the moment of inertia will involve the process 
of integration. - 

When the body is in the form of a very thin plate or lamina 
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of uniform density and thickness, we may look upon the plate 
as a surface — that is, as a body having length and breadth only 
— but at the same time differing from a surface in having mass. 
And, in finding its moment of inertia, we may conceive that 
the lamina is broken up into elements, all lying in the same 
plane, the mass of each of which is proportional to its area. 
Thus we may use the expression, "moment of inertia of a 
circle," in the same way as we use the expression " centre of 
gravity of a circle." 

In some cases it is convenient to speak of the moment of 
inertia of the area of a plane figure, such as a circle or a rect- 
angle. When we use this language, we refer to the siun of 
the products of the elements of an area about a specified axis. 
This may be found from the moment of inertia of the mass of a 
uniform lamina, which is in the shape of the area, by supposing 
that all lettei*s used to denote masses denote areas. For the 
masses of the elements of a uniform lamina are proportional to 
the areas of the surfaces of the elements. 

It is usual to express the moment of inertia of a body in the 
form of the product of the mass of the whole body and the 
square of a length. If M denote the mass of a body, whose 
moment of inertia about a specified axis has been found, and if 
k denote a length such that Mk'^ is the moment of inertia, then 
k is called the radius of gyration of the body about the specified 
axis. Hence the definition : — 

Def. — If M denote the mass of a hody^ and k denote a length such 
that Mk^ is the moment of inertia of the body about a given axisy then 
k is called the radius of gyration of the body abovt that axis. 

For example, if m denote the mass of each of four equal 
particles, placed one at each of the corners of a square, ABCD, 
whose side is 2a, the moment of inertia of the four masses about 
an axis through an angular point A, perpendicular to the plane 
of the square, is — 

m . AB« + m . AC^-i-m . AD^ 
= m (2a)« + m . (2aV2)« + wi (2a)^ -- iema\ 

Since IQmn^ = im x 4a*, it follows that the square of the radius 
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of g3rration about the axis in question is 4a*, and the length of 
the radius of gyration is 2a. 

In the following Articles we shall use M.I. as an abbreviation 
for moment of inertia. 

47. Moment of inertia of a uniform rod about an axis 
through its middle point perpendicular to its length. 

Let AB be a uniform rod of length 2a and mass M. It is 
required to find its M.I. about 
CD, an axis perpendicular to 
its length through its middle 
point G < 



Break up each of the halves ^ 
GA and GB of the rod into n 
equal elements; take the sum 
of the M.I's of the elements " 

about the axis CD ; and find the value of the sum when n be- 
comes infinite. 

Let a/n = h, so that h is the length of each infinitesimal 
element of the rod. Let P be any element, which we may 
consider to be a particle, and let x denote the length of GP. 
If m denote the mass of this element, 

mlM=hl2a; 
and therefore m = Mhj2a, 

Hence the M.L about CD of the element at P 

= (m/2a) . GP^ = (l/A/2a) . o^, 
= Mhx'l2a. 

In this expression we put x = h^ x = 2h, x — 3hy... suc- 
cessively, and add all the results. The value of the sum when 
h is zero or n infinite will be the M.L of the half GA of the rod 
about the axis CD. Hence the moment of inertia of the part GA 

= 2 Mhx^l2a, 

--^(Mh^l2a) .(pH-2« + 3»-f +n^), 

= (Mhy2a) ,n(n+l)(2n + l )/6, (Art. 42) 
= (M/I2a) . (nhf . (1 + 1/n) (2 + l/«), 
=^{MJl2a).aK 2, = MiV6, 

putting nh — a, and 1 In — 0. 
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Similarly the M.I. of the half GB of the rod is Ma^l^, and 
therefore the M.I. of the whole rod is 23fa^/6, or Ma?jZ, 
If k denote the radius of gyration, then 

ilft» = JfcraV3; 
therefore k = al V3. 

48. Moment of inertia of a rectangle about an axis 
in its plane through the point of intersection of the 
diagonals perpendicular to a side. 

By rectangle we mean a very thin rectangular lamina of 
uniform density and thickness. The masses of parts of this 
lamina will be proportional to the areas of the parts, and we 
may therefore deduce the M.L of the area of the rectangle from 
the M.I. of the mass of the rectangle. 

Let ABCD be the rectangle, whose sides AD and BC are 
each equal to 2a, and whose mass is M. Let G be the point of 

g intersection of the dia- 

gonals, and EGF the line 
^ • ^ ' through G perpendicular to 

the sides AD and BC. 

Let the rectangle be di- 
vided up into infinitely 
^ thin strips by straight lines 
g C parallel to AD, and let PQ 

be any one of these strips. 
^ Then PQ may be treated 

as a rod of infinitesimal section. Let EF cut PQ in R, then R 
is the middle point of PQ, and EF is therefore an axis through 
the middle point R of the rod PQ. Hence if m denote the 
mass of the element PQ, the M.L of this element about PQ is 
m . ays. Hence the M.L of the rectangle about EF 

= (a* '3) X sum of the masses of the elements 
= i[faV3. 

Hence the formula for the M.L of a rectangle about an axis 
joining the middle points of two sides, whose lengths are each 
equal to 2a, is the same as the formula for the M.L of a rod of 
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equal mass and of length 2a, Also, if k denote the length of 
the radius of gyration, k is equal to a/ V3. 

If A denote the area of the rectangle, then the M.I. of the 
area of the rectangle about the axis EF is A . a*/3. 

49. Moment of inertia of a circle about an axis 
through its centre perpendicular to its plane. 

Let ABC be a circular lamina whose radius is a, and mass M, 

Take a radius OA, and divide it 

at Ml, Mg, Mj, . . . into n equal and 

infinitesimal parts OM^, MiMg, 

M^3,... each equal to h, so that 

nh = a. With centre and radii 

OMi, OM3, OM3, .. respectively 

let circles be described. These 

concentric circles will divide the 

circle ABC into rings, each of 

breadth h. Let PQR be one of 

these rings; let OP, the radius of the ring, be denoted by x, 

and let m denote its mass. 

Then 

mlM= area of PQE : area of circle ABC, 

= 2ira; . h : ira\ (Art. 14), 

and therefore m = 2Mhxia\ 

The M.L of tins ring about an axis through perpendiculai- to 

the plane of the circle 

The M.L of the whole circle about this axis 

= 22ma:»/a^ = (2i^/^V*').(l' + 2» + 3»+ +%»), 

= (2ilf/a«).(7iA)*.(l + l/7i)V4, 

= Ma^/2, putting nh = a and l/n^O, 

If k denote the radius of gyration of the circle about the same 
axis, then k is equal to a/\/2. 

The M.L of the area of the circle about the same axis is 
A . aV2, where A denotes the area of the circle. 

Cor. — The M.L of a right circular cylinder, whose mass is 
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ilf, and the radius of whose cross section is a, about its axis is 
Ma^l2. This follows immediately from the formula for the 
M.L of a circle by breaking up the mass of the cylinder into 
elements by planes perpendicular to the axis. 

50. Propositions regarding Moments of Inertia. 

Prop. I. — If M denote the mass of a body, I the MJ, about any 
axis through the centre of gravity of the body, and T the M.L about 
a parallel axis at a distance h from the centre of gravity, then 

Conceive the body to be broken up into an infinite number 
of masses rw^, m^ wig, . . whose positions are Pj, Pg, P3, . • • 

Let the plane of the pjiper be the 
plane through Pj perpendicular to 
the parallel axes, and let this plane 
cut the axis through the centre of 
gravity in 0, and the parallel axis in 
C. Then 0C = ^; and OPj and CP^ 
Q are the perpendiculars from Pj upon 
the parallel axes through and C 
respectively. Draw PiM^ perpendicular to OC, and let 
OMi = Xy Then 

CPi» = 0Pi« + 0C*-20C.0Mi (Euclid 11. 13), 

= OPi» + A« - 2hx^, 
Therefore 

m^ . CPi* = m^ . OPi' + m^ . ^* - 2A . m^x^. 

Write down similar equations for each of the masses Wg, 
mg,..., and add all the equations together. 

The result is 

2m . CP» = 2m . OP^ + A«2m - 2h^mx, (A) 
where Sm . CP* = m^ . CPi' + similar terms for m^, w^ , 

2m . OP = m^ . OPi^ + similar terms for Wg, W3 , 

Sm=m, + m2 + »»,+ , 
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and ^rnx = niyjc^ + vl^.^^ + ^^33:3 + 

= sum of products of each of the masses m^ 
m.2, WI3,... by its perpendicular distance 
from the plane through perpendicular 
toOC, 

= Mxy where x is the distance of the centre of 
gravity of the body from the same plane 
(by Art.. 39) 

= 0, since a; = 0, the centre of gravity lying 
in this plane. 

Hence the equation (A) becomes 

Prop. II. — If A and B denote respectively the M.I.'s of a lamina 
about two axes at right angles, OX ami OY in the plane of the 
lamina, and if C denote the ALL about an axis OZ through per- 
pendicular to the plane of the lamina, then 

C=A + B. 



As in Prop. I., break up the lamina into infinitesimal ele- 
ments, whose masses are m^, m„ 
7/ij,... respectively, and let Pi, 
Pa, P3,... be the positions of the 
masses. 

Draw PiMi, PaMj, P3M3,... 
perpendicular to OX. Then, re- 
membering that the body is a 
lamina, that is, that all the masses 
lie in the plane XOY, 

^ = M.I. about OX, 
= mi . PiMi' -I- 7^2 . PjM/ -I- wig . I'aMg* + 
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and 



5 = M.LaboutOY, 
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Hence by addition 

A + B^ mi(PMi« + OMi«) + mlV^U^^ + 0M,«) + wIbCPsM,' + 

OM3O+ , 

= mi.OPi2 + 7Al2.0P/ + Wl3.0P3*+ , 

which proves the proposition. 

Cor. 1. — If k denote the radius of gyration of any body about 

an axis through the centre of gravity, and k^ denote the radius 

of gyration about a parallel axis at a distance h from the centre 

of gravity, then 

V = >5^ + ^'. 
For in Prop. I., 

I=^M1^,r = Mk,\ 
and therefore Mk^ = MJ^ + Mh\ 

or V = ^' + h\ 

Cor. 2. — If Z^i and k^ denote the radii of gyration of a lamina 
about two intersecting axes in the plane of the lamina, and if 
^8 denotes the radius of gyration about an axis perpendicular 
to the plane of the lamina through the point of intersection of 
the first two axes, then 

This follows from Prop. II. For A = Mk^\ B = Mk^, and 
C = Mk^, Hence, since C=A + B, 

Mki=Mk^* + Mk^, 
giving V = ^1* + V- 

51. Applications of the Propositions of Article 50. 

We shall apply the propositions of the preceding Article to 
find certain moments of inertia. 

(i.) Rod about an axis through one end perpendicular to 
its length. 

As in Art. 47, let 2a denote the length of the rod, and M 
its mass. Let I denote the M.I. of the rod about an axis 
through its middle point perpendicular to its length, and let 
/' denote the M.I. about a parallel axis through an end of the 
rod. Then /= Ma""!^ (Art. 47), and A = d. 
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Thus r = I-hMh^ (Prop. I. Art. 50) 

(ii.) Circle about a diameter. 

As in Art. 49, let M denote the mass of the circle, and a the 
radius. Let C denote the M.I. of the circle about an axis 
through the centre perpendicular to the plane of the circle, 
and let A and B denote the M.I.'s about two diameters of the 
circle at right angles. Then C==Ma^l2, and it is obvious that 
A=B. Hence, by Prop. II. Art. 50, 

C = A + B, = 2A; 
therefore May2 = 2A, 

from which A = Ma^/4:. 

(iii.) Circle about an axis in its plane at a given distance 
from its centre. 

Let M denote the mass of the circle, a its radius, and c the 
given distance. Then, by Prop. I. Art. 50, 

(iv.) Rectangle about an axis through its centre of gravity 
perpendicular to its plane. 

As in Art. 48, let M denote the mass of the rectangle, and 
let 2a and 2b denote respectively the lengths of two adjacent 
sides. Take A and B to denote the moments of inertia about 
axes through the centre of gravity perpendicular to the sides 
2a and 2b respectively, and C to denote the M.I. about an axis 
through the same point perpendicular to the plane of the 
rectangle. Then, by Prop. II. Art. 50, 

C=A + B,^- MaV3 + Mb^S (Art. 48), 
= M(a^ + b^)/3. 

This formula also gives the M.I. of a rectangular solid, mass 
My edges 2a, 2b, 2c about an axis through its centre of gravity 
perpendicular to the plane of the edges 2a and 2b. This may 
be proved by breaking up the body into thin slices. 
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(v.) Rectangle about a side. 

Let M denote the mass of the rectangle, and 2h the length 
of the sides perpendicular to the side about which the M.I. is 
required. Let /' denote the M.L required, and / the M.L 
about a paiallel axis through the centre of gravity. Then /= 
7l//y73, and, by Prop. I. Art. 50, 

r = I+Mh\ = MhVZ-\-M\ 
= 4MV3. 

(vi.) Triangle about a side. 

Let ABC be a triangle, mass M, and let h denote the length 
of AD, the perpendicular from the angular point A upon the 

£ A F ^^^® ■^^* ^^® ■^•^* ^^ ^^® triangle 

ABC about the side BC shall be equal 

to M/tV6. 

Draw BE and CF perpendicular to 
BC, and through A draw EAT parallel 
to BC. Then the figures EBCF, EBDA, 
and ADCF are rectangles. The diagonal 
AB divides the rectangle EBAD into 
two triangles, EAB and ABD, which 
are equal in all respects. Similarly the triangles ADC and 
ACF are equal in all respects. 

Let Ml and M^ denote respectively the masses of the tri- 
angles ABD and ADC, and let k^ and k^ denote respectively 
the radii of gyration of these triangles about the axis BC. 
Let G and G' denote respectively the centres of gravity of 
these triangles; then GG' will be parallel to BC, and will cut 
AD in a point H such that DH = A/3. 

By (v.) of this Article, the M.L of the rectangle AEBD about 
AE is 2J[/i . Ays. It is also equal to the sum of the M.I.'s 
about the same axis of the triangles AEB and ABD. Now, 
since the triangles AEB and ABD are congruent, 

M.L of triangle AEB about EA = M.I. of triangle ABD 
about BD = MJc^\ 

and, by Cor. 1 of Article 50, if K denote the radius of gyration 
of the triangle ABD about GG', 
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Thus the M.I of the triangle ABD about AE 

= M,{K^ + AH^), = M,{k^^ - AV9 + 4AV9), 

Hence the sum of the M.I/s of the triangles AKB and ABD 
about AE 

Hence M,{2k{' + hyS) = 2MJiy3. 

from which M,k^^ = MJi^Q. 

Similarly the M.I. of the triangle ADC about BC, M^^^ is 
equal to MJi^/6. Therefore the M.l. of the whole triangle 
ABQ about BC. 

= M.ki' 4- MJc,^ = M^h^Q + MJi'ie, 

= (M, + M,)hy6 

= MhVQ. 

EXAMPLES. 

1. Uniform rod, length 2a, about an axis, perpendicular to its length, 
through a point at a distance c from th^ centre of gravity — 

2. Kectangle, sides 2a, 26, about an axis through an angular point per- 
pendicular to its plane — 

3. Same rectangle, about an axis, parallel to sides 2a, at a distance c from 

the centre of gravity — 

Pzr&2/3 + c2 

4. Fine wire bent into the form of a circle, radius a, about an axis 
through any point of the wire perpendicular to its plane — 

F = 2a2 

5. Circle, radius a, about an axis perpendicular to its plane through any 

point of its circumference — 

Jc^ = 3aV2. 

6. Circle, radius a, about an axis in its plane at a distance c from the 

centre— 

«r»=a74 + c« 
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7. Square, side 2a, about a diagonal — 

it2=aV3. 

8. Lamina bounded by two concentric circles, radii a and a\ about an axiR 
through the common centre perpendicular to the plane of the lamina — 

P=(a2 + a'2)/2. 

9. Kight-angled isosceles triangle, length of equal sides a, about an axis 
through its centre of gravity perpendicular to its plane — 

ifc2-a79. 

10. Any triangle about an axis through an angular point parallel to the 
opposite side, distance of the angular point from the opposite side being h — 

P=AV2. 

11. Sphere, radius a, about a diameter — 

Prz2a75. 



Chapter VI.— FLUID PRESSURE. 

Stress^ Arts, 52 and 53, 

52. Stress upon a given section of a body at rest 
under given external forces. 

In considering the forces which maintain the equilibrium of 
a body, whether it be a solid or a mass of fluid, it is not neces- 
sary to take account of the internal forces in the body. These 
forces consist of an infinite number of pairs of forces acting 
between paiticle and particle of the body, and each of these 
pairs of forces forms a balancing system. For by the third 
law of motion the mutual action between two particles consists 
of two equal forces acting in opposite directions in the same 
straight line. It follows, therefore, that the whole system of 
internal forces will form a balancing system of forces, which 
may be left out of account in considering the equilibrium of 
the body as a whole. 

Let us now conceive that a surface is drawn in the body, 
dividing the body into two parts, which may be denoted by A 
and B respectively. Each of these parts is an example of a 
body at rest, and we may consider the forces which maintain it 
in equilibrium. Thus the part A is at rest under the action of 
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the given external forces acting on it and of the force which the 
part B exerts on it. Similarly the part B is in equilibrium 
under the action of the external forces acting on it and of the 
reaction on it of the part A. It follows that, in considering 
the equilibrium of the part A, the force exerted on that part by 
the other part B is to be treated as one of the forces which 
maintain A in equilibrium. From this it is evident that the 
action of one part B on the other part A is the force which 
balances the resultant of the external forces acting on A; and 
similarly that the reaction of A upon B is the force which 
balances the resultant of the external forces acting on B. 

The mutual action and reaction between two parts of a body 
is called the stress upon the section of the body made by the imagi- 
nary surface separating the two parts. We have seen that this 
stress consists of two equal and opposite forces, the two aspects 
of the stress, and that these are the forces which balance the 
external forces acting on the two parts respectively. 

Ex. 1.* — A pillar of stone in the form of a circular cylinder stands on the 
ground with its axis vertical. Find the intensity of the stress across a 
horizontal section of the pillar at a depth of 3 feet below 
the top, if a cubic foot of the stone weighs 200 lbs. 

Let CDEF be pillar, and let AB be a section at a depth 
3 feet below the top OF. 

The part CABF of the pillar is in equilibrium under 
the action of its weight and the force exerted on it by 
the lower part ADEB of the pillar. The latter force is 
one aspect of the stress across the plane AB. Hence the 
stress across AB will be a pressure equal to the weight of 
the part CABF. This stress will evidently be uniformly 
distributed over the area of the plane AB, and the 
intensity of the stress or the force per unit of area will be 
the weight, W say, of the part CABF, divided by the 
number of units of area, A say, in the section AB. Thus the intensity 
of stress per square foot on AB 

= WIA, = 200 X 3 X A/A, ^600 Ibwt. 

Ex. 2. — If the cylinder in Ex. 1 is suspended by a chain attached to the 
centre of the end section CF, and hangs with its axis vertical, find the 
intensity of stress across a horizontal section, 12 feet above the lower end of 
the cylinder. 

Take AB in above figure to represent the section in question ; let W de- 
(863) F 
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note the weight of the lo^er part ADEB of the cylinder, and A the area of 
the section. Then the lower part ADEB is in equilibrium under the action 
of its weight W and the action of the upper part upon it. These forces 
must be equal and op'posite, and therefore the action of the upper part on 
the lower part is a tension equal to W. Hence the intensity of the stress 
on the section, or the force per unit of area is 

= W/A, = 200 X 12 X A/ A, = 2400 Ibwt. 

53. Stress in a fluid at rest. 

Since fluids cannot exert nor transmit a tension, it follows 
that the stress upon any section of a mass of fluid must be a 
force of the nature of a pleasure. 

Also, the pressure upon any section of a fluid at rest must 
be in a direction perpendicular to the section. For a fluid, 
whether it be perfect or viscous, yields to the action of the 
smallest force tending to make one part of it slide over another 
part. It follows that in a fluid at rest there can be no force 
tangential to the surface separating two parts of the fluid. 
Thus we arrive at the result that the stress between two parts of a 
fluid at rest is a pressure which is at every point perpendicular to the 
surface separating the two parts. 

The same reasoning will apply in considering the pressure of 
a fluid on a rigid surface, e.g. the pressure of water on the sides 
of the vessel which contains it, or the pressure of a fluid on the 
surface of another fluid, e.g the pressure of the atmosphere on 
the surface of a sheet of water. It follows as before that the 
pressure of the fluid on the suiiace, and the reaction of the 
surface on the fluid, must act perpendicular to the surface. 

Hence we have the following as the fundamental property 
of a fluid at rest :^— 

The pressure of a fluid on any surface with which it is in contact 
is perpendicular to the surface at every point. 

In this statement the word "surface" is to be taken to 
include (i) an imaginary surface drawn through the mass of 
the fluid, (ii) a rigid surface exposed to the pressure of the 
fluid, e.g. the sides of a vessel containing liquid, or (iii) the sur- 
face of another fluid, e.g., the surface of a bubble of air in 
water. 
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Equilibrium of Fluids, Arts, 54- to 60. 

54. Application of the principles of Statics to Fluids 
at rest. 

In a fluid at rest every part of the fluid is in equilibrium. 
We may, therefore, apply the principles of Statics in consider- 
ing the forces which keep a definite mass of the fluid at rest. 
In general these forces ai-e (i) the pressures exerted on the 
mass under consideration by the surrounding fluid, (ii) the re- 
action of rigid surfaces on the mass, and (iii) the weight of the 
mass. The internal forces in the mass itself are left out of 
account, as they form a balancing system of forces. 

If, for example, PQR is a mass of fluid, we may consider the 
forces which keep the portion ABC 
of the fluid in equilibrium. The 
forces acting on ABC are (i) the 
pressures exerted on ABC by the 
surrounding fluid, forces acting per- p 
pendicular to the surface of ABC; 
(ii) the reaction of any surface with 
which ABC may be in contact; and 
(iii) the weight of the mass ABC. 

55. Intensity of pressure of a fluid at a point. 
When a surface is exposed to the pressure of a fluid, we may 

conceive that the area of the surface is divided into an infinite 
number of infinitesimal elements, all equal in area. If the 
force exerted on each of these elements is the same, the 
pressure is said to be uniform over the surface; but if the force 
on each element is not the same, the pressure on the surface is 
said to be variable. 

When a surface is exposed to a uniform fluid pressure, the 
intensity of pressure at any point of the surface is the force 
exerted on unit of area of the surface. 

To measure the intensity of pressure at a given point of a 
surface, exposed to a pressure which is not uniform, we must 
apply the usual method by which a variable quantity is 
measured. Take an element of the surface .enclosing the point, 
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the area, a say, of the element being so small that the pressure, 
F say, exerted on the element may be considered to be uniform. 
Take a unit of area, imagine that it is broken up into elements 
of area o, and that each of these elements is pressed with a force 
F. Then the whole force which would be exerted on this unit 
of area is the measure of the intensity of pressure at the given 
point of the surface. 

To measure pressure at a point in the interior of a mass of 
fluid, we imagine a plane drawn in the fluid through the point. 
The intensity of the stress upon this plane at the point is the 
measure of the intensity of pressure at the point. 

The student will notice that we speak of the intensity of 
pressure at a point, and not on a point. The pressure on a 
point is zero, but the intensity of pressure at a point is the 
force that would be exerted on unit of area if over a unit of 
area the intensity of the pressure were the same as at the point. 

The word pressure is frequently used in Hydrostatics as an 
abbreviation for the expression intensity of jpressure. 

The number which measures pressure intensity will of course 
depend on the units of area and force. It is usually convenient 
to express pressures in gravitational units. Thus pressures 
may be expressed in pounds weight per square inch or per 
square foot, or in grammes weight per square centimetre. 

The absolute unit of pressure intensity in the C.G.S. system 
is usually used in stating experimental results in physics. It 
is the pressure of one dyne per square centimetre. 

The surface of a boiler containing steam is an example of a surface 
exposed to a pressure, which, without sensible error, may be considered to 
be uniform. The pressure intensity at any point of the surface of the 
boiler is usually expressed in pounds weight per square inch, and is measured 
by a pressure-gauge. 

In the case of a ship floating in water, the part of the sides in contact 
with the water is an example of a surface exposed to a fluid pressure which 
is m>t uniform. In this case the intensity of pressure at a given point of 
the sides might be found by measuring by means of a delicate pressure- 
gauge the force exerted by the water on a very small area enclosing the 
point. Thus the pressure over an area of 1/16 of a square inch enclosing 
the point will be sensibly uniform. If, therefore, the force exerted by the 
water on this area, expressed in pounds weight, is measured by the gauge, 
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the product of the number registered by the gauge and the number 16 will 
be the measure of the pressure intensity at the given point. For this ia the 
pteasure which would be exerted on a square inch, if over a square inch the 
pressure were uniform and equal in intensity to the preasuie at the given 

56. Equality of pressure in all directions. 

At a point in the interior of a mass of fluid the intensity of 
the stress is the same in all directions. „ 

This proposition can be deduced 
mathematically from the fundamental 
property of a fluid (see p. 340), but it is 
here stated as an experimental result- ^ 

Thus if is a point in the interior 
of a mass of fluid, and planes AB, 
CD, EF be drawn in different direc- / 

tions through 0, the proposition 
states that the pressure on very small equal areas of the planes 
AB, CD, EF enclosing the point will be equal. 

That at a point in a, fluid there is a stress in ail directions may be illus- 
trated bj meang of the following experiment;— 

Soak a piece of thin cardboard in water, and press it with the hand 
against one end of a glass cylinder, which 
is open at bnth ends. On immersing in 
water the end against which the cardboard 
ia pressed, and then withdrawing the band, 
it will be found that the water pressea the 
cardb:)ard tightly against the end of the 
cylinder, and that no water enters the 
cylinder. Thia reault will fdlow whether 
the cylinder is held vertically, or in any 
pieitiun inclined to the vertioal, and dearly 
shows that the water exerta at a point a 
pressure in all directions. Now hold tlio 
cylinder vertically, and pour water gently 
Into it. It will be found that na long as 
the level of tlie water inside the cylinder 
is lower than the level outside, the card- 
board remains fast, and that when the 

water inside has risen to the level of the water outside, the oardboanl floats 
away. Thia shows that the upward presaure of the water on the card is 
equal to the weight of the colnmn of water inside the cylinder. 
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57. Laws of variation of pressure in fluids at rest. 
Fluids, being forms of matter, are acted on by the force of 
gravity, and therefore have weight. 

In a fluid the pressure is the same in all directions at a 
given point, but varies from point to point. We shall prove 
that the variation is due to the force of gravity, and that if we 
neglect the weight of the fluid, the pressure will be the same 
at every point. We shall prove two propositions which are 
true for all fluids. 

Prop. I. The pressure is the same at all points in the same level. 
Let A and B be two points in the same level; then shall the 

intensity of pressure at A be equal to the 
intensity of pressure at B. 

Let p and p' denote respectively the 
intensities of pressure at A and B. Ima- 
gine a circular cylinder of very small 
section to be described round AB as axis, 
the ends of this cylinder being perpen- 
dicular to the axis, and let a represent 
the area of its section. 
This cylinder of fluid is at rest under the action of (1) the 
pressures of the fluid on the end sections at A and B of the 
cylinder, (2) the pressure of the surrounding fluid on the 
curved surface of the cylinder, (3) the weight of the fluid in 
the cylinder. 

Since the pressure of a fluid in contact with a surface is 
perpendicular to the surface, the pressure on the end at A is 
perpendicular to that end, and therefore acts in the direction 
from A to B. Similarly the pressure on the end at B is a force 
acting from B to A. 

The pressure of the fluid on an element of the curved surface 
is perpendicular to that element, and is therefore perpendicular 
to the axis AB. Hence the resultant of the fluid pressure on 
the curved surface acts perpendicular to the axis AB, and has 
no component parallel to AB. 

The weight of the cylinder of fluid is a force acting vertically 
downwards through the centre of gravity of the cylinder of 
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fluid, and therefore this force also acts perpendicular to the 
axis AB, and has no component parallel to AB. 

Hence the pressures on the end sections at A and B are the 
only forces acting on the cylinder of fluid in the direction of 
the axis, and these forces must therefore be in equilibrium. 
It follows that the pressures on the ends at A and B must 
be equal. 

Since the area, a, of the section is very small, the pressure 
on the end at A will be uniform, and equal in intensity to p. 
Hence the the whole pressure on the end A is j^a, and similarly 
the whole pressure on the end B will be p'a. Hence 

from which p =jp', which proves the proposition. 

Prop. II. The difference between the intensities of pressure at two 
points at different levels is equal to the weight of a vertical column of 
the fluid, of unit sectional area, extending from the level of the loioer 
point to the level of the upper point. 

Let AmB and Cm'D be two horizontal lines in a masi of 

fluid. Then the pressure at all points of ^ 

the horizontal plane through AB is the y^ ir ^^ \ 

same; and similarly the pressure at all c.f — -^:::==f^^^ ^^^^%i\ 
points of the horizontal plane through CD //-— - - — i ~iir: -" -\\ 
is the same. We may, therefore, in prov- JF"-- -^- j- — l^^'^I ijj 
ing the proposition, suppose that the two ^-r~iiii:Er^irr-T^^ 
points, the pressures at which are under \ z ^i:=^^ ^ ^ 
consideration, are in the same vertical line. ^ — 

Let m and m' be two points in the same vertical line, and let 
us consider the equilibrium of a cylinder of fluid between m 
and m', the section of this cylinder being of unit area, and the 
ends being horizontal. 

The forces acting on this column of fluid are (1) the pres- 
sures of the fluid on the ends, (2) the pressure of the fluid on 
the curved surface, and (3) the weight of the column of fluid. 
As in Prop. I., the pressure of the fluid on the curved surface 
acts perpendicular to the axis of the column, and has therefore 
no component along the axis. 
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Let p and p' denote the intensities of pressure at the points 

m and m' respectively. Since the section is unity, the fluid 

pressure on the base of the column is a force acting vertically 

upward equal to p-, and similarly the pressure on the top of 

the column is a force acting vertically downward equal to p'- 

Now for equilibrium the upward vertical force, p, must be 

equal to the sum of the downward forces, p' and the weight of 

the column of fluid. Hence if Jr denotes the weight of the 

column of fluid, 

p^p'+W, 

which proves the proposition. The student will notice that 
this equation is true whether the fluid is of uniform or of vari- 
able density 

Cor. In the case of a weightless fluid, that is, a fluid whose 
weight is neglected, the pressure is the same at every point, 
and in all directions 

When the weight of the fluid is neglected, W is zero, and 
therefore ^ =j?', or the pressure is the same at all depths; and, 
by Prop. I , the pressure is the same at all points in the same 
level, so that in a weightless fluid the pressure is the same 
at every point. In this case the pressure at a point of the 
fluid is due to the pressure exerted on the fluid by rigid 
surfaces or the surfaces of other fluids. 

We have an approximation to a weightless fluid in the case 
of a gas. The weight of a gas being small, we may neglect 
differences of pressures due to weight for small differences of 
level, and may consider the pressure in a small mass of gas 
{e.g. a quantity of gas in a small closed vessel) to be the same 
at all points. 

58. Pascars principle of the equable Transmission 
of fluid pressure. 

The equation of the preceding Article, 

p =p' + JF, 

shows that if the pressure at any point of a fluid at rest is p\ 
the pressure at any other point of the fluid differs from p' by 
an amount which depends only on the weight of a column of 
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the fluid extending between the levels of the two points. It 
follows that if 'p is increased by any amount, jo will be in- 
creased by the same amount. It follows that a pressure, ex- 
erted on a fluid at any point of the bounding surface of the 
fluid, is transmitted with equal intensity to all parts of the 
fluid. This is the characteristic property of a fluid 

This result is often referred to as Pascal's principle of the 
equable transmission of fluid pressure. 

59. Illustrations of Pascars Principle. 

1. The figure represents a closed vessel filled with water^ and BGDE, 
FGHK, LMNO represent cylindrical open- 
ings in the surface of the vessel, the open 
ings being fitted with pistons BC, FG, LM 
respectively. 

The water will exert a pressure outward 
on each of the pistons. Let us ims^ine 
that these pressures are balanced by the 
resistance of spiral springs to compression n 
or by some other means. Then if one of 
the pistons, BC suppose, is pressed inward 
with an additional pressure, it is found by 
experiment that this additional pressure is communicated with equal in 
tensity to the pistons FG and LM. 

Let Ai, Aj, As denote the areas of the pistons BC, GH, and LM re- 
spectively, and let P denote the additional pressure exerted inwards by the 
piston BC on the water. Then P/Ai is the additional pressure per unit of 
area exerted by the piston BC on tlie water. If Q and R denote the addi- 
tional outward pressures exerted by the yrater on the pistons FG and LM 
respectively, then Q/Aa and R/Aj are respectively the additional outward 
pressures on each unit of area of the pistons FG and LM respectively. 
Now it is found by experiment that 

P/Ai = Q/A2=R/A„ 

that is, that any i)re8sure exerted on the water by the piston BC is com 
municated with equal intensity to the pistons FG and LM. 

2. The figure (page 90) represents two vertical cylinders, of different sec- 
tional areas, containing water, and in communication with each other. The 
cylinders are fitted with air-tight pistons. If the area of the larger piston 
is m times that of the smaller piston, a weight of Pibs. placed on the 
smaller piston will support a weight of mP lbs. placed on the larger piston. 
The figure is drawn for the case in which the area of the larger piston is 
16 times the area of the smaller, so that a weight of 1 kilogramme placed 
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piston, 
denote 



smaller piston supports a weight of 16 kilogrammes placed on the 
piston. It is on this principle that we may explain the action of 

16 1C ^^^ Hydrostatic Press. 

For when a weight of P lbs. is placed on 
the smaller piston, that piston exerts on 
the water a pressure of Pja Ibwt. per unit 
of area, where a is the area of the smaller 
piston. By Pascal's principle this pressure 
is communicated with equal intensity to 
every unit of area in the larger piston. 
Hence, since the area of the larger piston 
is m times that of the smaller, the water 
will exert an upward pressure on the larger 
piston equal to ma x {Pla)^ that is, equal to 
mP pounds weight. Hence it follows that 
a weight of P lbs., placed on the smaller 
can support a weight of mP lbs., placed on the larger piston. If W 

this weight, 

W=mP. 




If d and D denote the diameters of the smaller and larger pistons respec- 
tively, then , 

m=area of larger piston / area of smaller piston, 

Hence W/P^DycP, 

Thus the water forms part of a machine by means of which one weight 
may raise a larger weight, and it can be shown that in this, as in all other 
machines, the principle of work holds good. For if P falls through a height 
A, the volume of water which is forced out of the smaller into the larger 
cylinder is aA, and therefore the weight W rises through a height ahfmxij = 
hfm. 

But the work done in raising the weight, Wy through this height is 

W X ( A/«i), -mPx [hjm), = Ph, 

rrwork done by P on the water. 

60. Bramah's Press. 

The hydrostatic press in its practical form is known as 
Bramah^s Press. 

The machine consists of two parts. In one part there is a 
chamber BB containing water, into which is fitted a cylinder 
aa. Through the cover of this cylinder there works air-tight 
a rod of metal, I, called the plunger, which is actuated by 
power at the extremity m of a handle T;, movable about the 



fixed end and attached to the plunger at n. At the lower 
end of the cylinder there is a valve opening upwards from the 
chamber BB, and at a point g in the side of the cylinder there 
is a valve opening outwards from the cylinder to a pipe CO 
communicating with the other part of the machine. 

The pipe CC opens into a large cylinder V, through the top 
of which a solid metal cylinder AA, called the nun, works air- 



tight. On the upper end of the ram ia fixed a plate B'B', 
which moves in the framework DD, EE. In using the 
machine as a press, the body, XY, which is to be compressed 
is placed on the plate B'B', and, when the machine is worked, 
XY ia compressed between B'B' and the upper part DD of 
the framework. 

The machine ia worked by raising and lowering the end m 
of the lever L. When the lever is raised the plunger I is 
raised in the cylinder aa, the pressure of water on the 
valve at the bottom of the cylinder is reduced, and in con- 
sequence this valve opens and water passes from the chamber 
BB into the cylinder. On lowering the end of the lever L, 
the plunger I is forced down and exerts a pressure on the 
water in the cylinder, with the result that the valve at the 
bottom of the cylinder closes, the valve at the point g opens, 
and water is forced through the ])i))e CC into the cistern V. 
Thus the pump acts at first as a pump, drawing water from 
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the chamber BB and forcing it through the pipe CC into the 
cistern V, until the cistern and the connecting pipe are both 
full of water. On continuing to work the pump, any piessui'e 
exerted downwards on the water in the cylinder aa by the 
plunger I will be communicated with equal intensity through 
the water of the connecting pipe to the water in the cistern V. 
Thus the water in the cistern V will exert on the lower end of 
ram AA a pressure equal in intensity to the pressure exerted 
by the plunger on the water in the cylinder da. The whole 
force exerted upwards on the ram will bear to the pressure 
exerted by the plunger a ratio equal to the ratio of the area 
of the ram to the area of the plunger. Thus the mechanical 
advantage of the press can be increased, theoretically at least, 
to any extent by increasing the ratio of the area of the section 
of the ram to the area of the section of the plunger. 

To calculate the mechanical advantage of the press. 

Let the area of the section of the ram AA be p times that 
of the plunger I , let Om be denoted by a, m being the point 
where the power is supposed to be applied, and let On be 
denoted by h. Thus a and h denote the distances from the 
fulcrum of the handle and the plunger respectively. Let a 
power P be exerted downwards on the lever at m, then, by 
the principle of the lever (Art. 37), the pressure exerted down- 
wards by the plunger will be Pajh, 

By Pascal's principle this pressure is transmitted with equal 
intensity to all parts of the area of the lower end of the ram. 
Since the area of the section of the ram is p times that of the 
plunger, it follows that the ram will be pressed upwards with 
a force Fap/b. Hence if JF denote the force of compression 
exerted by the press on the body XY, 

fr=Faplb. 

If the diameter of the plunger is dy and that of the ram D, 
then p = D^/d^y and therefore 
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EXAMPLES. 

1. What force would be exerted on the body XY in Bramah's Press if, 
in the notation of Art. 60, 6 = 1 foot, a = 5 feet, area of section of plungers 
\ sq. foot, area of section of ram = 30 sq. feet, P=10? 

Here p = 30/^ = 60, and a/b = 5, 

and the mechanical advantage is therefore 5 x 60, = 300. 

Hence W= 300P, = 300 x 1 0, 

= 3000 pounds weight. 

Hence the force exerted on the body XY will be a force of 3000 pounds 
weight. 

2. If the ratio of the areas of the sections of the ram and plunger is 40 
to 1, and if the distances from the fulcrum of the end of the lever handle 
and the point of attachment of the plunger are in the ratio of 3 to 1, what 
force will be exerted in the press when a force of 10 pounds weight is 
Exerted on the handle? 

Here |) = 40, a/6 = 3, P=10. Hence the force exerted in the press 

r= 40 X 3 X 10, = 1200 pounds weight. 

3. The diameters of the plunger and the ram are 1 inch and 15 inches 
respectively, the length of the lever is 3 feet, and the distance of the point 
of attachment of the plunger from the fulcrum is 9 inches. What force 
will be exerted in the press when the lever handle is pressed down with a 
force of 15 pounds weight? 

Ana. 15,000 pounds weight. 

4. The diameters of the pistons in a Bramah*s Press are 8 inches and 2 
inches respectively, and the smaller piston is depressed by means of a lever 
80 inches long, the distance of the point of attachment of the plunger from 
the fulcrum being 6 inches. If a force of 20 lbs. weight is applied verti- 
cally at the end of the lever, find the force exerted by the press. 

Ans. 1600 pounds weight. 

5. When the ram in Bramah's Press is exerting a very great pressure, 
why may a comparatively weak pipe be strong enough to contain the water 
which transmits the force from the plunger to the ram? 

6. Deduce Pascal's principle from the application of the principle of 
work to the hydrostatic press. Why does not your proof apply to solids? 

Pressure in Liquids, Arts. 61 to 67. 

61. Variation of Pressure in Liquids at Rest. 

In all questions into which the pressure of a liquid enters 
we assume that the liquid is incompressible and of uniform 
density. The following three propositions are true for 
liquids;— 
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Prop. I. — The intensity of pressure is the same at all points of a 
liquid in the same level. 

This proposition has already been proved true for all fluids 
(Art. 57). 

Prop. II. — The difference between the intensities of pressure at 
two points of a liquid at different levels is proportumal to the differ- 
ence of levels. 

Let CD be the surface of the 
liquid, O be any point in the 
liquid, and let a unit of area 
AB be placed horizontally at O. 
Then by considering the equi- 
librium of the liquid column 
ABCD, standing on the base AB 
and extending to the surface 
CD of the liquid, we get, as in Prop. II. Article 57, 

p = F+}F, 

where p is the pressure on the ai*ea AB, that is, the intensity 
of pressure at O, P the pressure downwards on the top CD of 
the column, and TF the weight of the column. But if z repre- 
sent the depth of O below the surface and w the weight of 
unit volume of the liquid., 

PF— wz. 
Hence p = F + wz (1) 

Similarly if p' denote the pressure at another depth z' below 

CD 

p' = P-^wz' (2) 

Hence, by subtracting equation (2) from equation (1), we ob- 
tain 

p--p'=w{z-z') (3) 

which shows that the difference of pressure at two points in a 
liquid is proportional to the difference of depths. 

Formula (1) shows that the pressure at a depth of a liquid 
is the sum of wz and P, where w is the weight of unit volume 
of the liquid. Of these two terms, wz represents the pressure 
due to weight, and therefore that Dart of the pressure at a 
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point of a liquid which is due to the weight of the liquid is 
proportional to the depth below the surface. The other term 
P represents the pressure on the surface. 

The pressure P, which acts downwards on the top CD of the column 
A BCD of liquid, may be the pressure exerted on the surface of the liquid 
by a gas, or the reaction of a rigid horizontal surface against which the liquid 
exerts an upward pressure, or the pressure exerted on the surface by a 
buperincumbent liquid. As examples of these three cases respectively we 
uiay take (1) the pressure of the atmosphere on the surface of water in an 
vpen vessel, (2) the pressure of a heavy piston on the surface of water in a 
cylinder, and (3) the pressure exerted on the surface of mercury in a vessel 
by a mass of water which rests on the mercury. 

Prop. III. — The free surface of a liquid at rest is horizontal. 

We assume that the atmospheric pressure is the same on all 
parts of the surface. The variation of atmospheric pressure 
over a small area, such as the surface of water in a vessel, is 
insensible, and may be left out of account. 

Let ABDC represent a liquid; then shall the free surface 
CD be horizontal. Let m and m' 
be any two points in the liquid 
at the same level, and let mn and 
m'n' be their depths respectively 
below the free surface. The pro- . 
position will be proved if it is 
proved that mn is equal to m'n\ 

Let F denote the atmospheric pressure on the liquid, and let 
w denote the weight of unit volume of the liquid. Then, since 
m and m' are points at the same level, the pressure at m is equal 
to the pressure at m'. Hence 

P + w, mn = P + w, m'n\ 
from which we get mn = mV. 

Hence any two points of the surface are at the same heights 
above a given horizontal plane, and therefore all points of the 
surface must lie in a horizontal plane. 

The propositions of this Article have been proved on the assumption that 
vertical lines at all points of a mass of liquid are parallel. The error in- 
volved in this assumption is inappreciable in the case of a small mass of 
liquid, but cannot be neglected in the case of large masses of w^^ter, such 
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■■ BBHB and aceatiB. The surface of liquid at rest n really part of a enr- 
faoe which is nearly gpherioal, and although thtre la no sensible eiTur io 
assuming that the surface i>f a small lake is a horixontal plane, the fact that 
the surface of the ocean is spherical has to be taken intn account in navi- 
gation. 

6:i. Water maintains its level. 

The proposition that the surface of water at rest Ib horizoiititl 
is ctften stated under the form that " water maintains its level." 
By' this is jneant the 
proposition that if 
there are several ves- 
sels in communication 
containing water, the 
surfaces of the water 
in the vessels will stand 
at the same level. 
Thus if there are three vessels. A, B, and C, in communica- 
tion, and if water be poured into the vessel A, the water will 
rise to the same level in the three vessels. This is true what- 
ever be the forms of the pipes connecting the vessels. 

It is on this principle that water from a reservoir is distri- 
buted throughout a district by means of pipes. It is not 
necessary that the pipes he laid horizontally. The highest 
level, however, of the pipes must be lower than the level of the 
water in the reservoir. 
63. The water level. 
The water level depends on the same principle. In this instrument two 



tubes, bm and fin, open to the air and connected by the tube bb, c 
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water. The line, mn, wbiob joina tbe points at which the water stands in 
the tabes taa and bn. Is a level ta horizontal line. 

The instrument is used tor determining the difference of level of two 
points, A and B, on sloping ground. The method oE using the instrument 



for this purpose ia illustrated in the accompanying figure. The dotted line 
correspond* to the line mn of the preceding figure, and is horizontaL 

64. Pressure at any point of a liquid whose sur- 
face is exposed to atmospheric pressure. 

The atmosphere exerts a pressure on every element of the 
surface of a body which is freely exposed to its action. The 
intensity of this pressure varies from . « 

time to time and from place to place. ^^^^^i__i '■ ■■ji.j ^ 
Its aven^ value at places not much -= ^ ".^ =^ -^ - -i^ 
above sea-level is about 15 Ibwt. per - ■•■ — ^' —.. ■~ r^. 
aquare inch. ^^ - ^-^^^^^:-= 

Let/ denote the atmospheric pres- ^-^3p^ — ^^ = 

sure on the surface of a liquid, w the •^-=^=^-^^^^^^:^ ^^ 
weight of unit volume of the liquid, 

and z the depth PN of a point P below the .surface ANB of the 
litiuid, and p the intensity of pressure at P. 

Then, by Art. 6X, 

p=p' + uz. 

If, as is often done in Hydrostatics, we leave the atmos- 
pheric pressure out of account, the pressure at a point will be 
due to the weight of tbe liquid only, and will be given by the 
formula, 

p^wz. 

In this book, unless the contrary is explicitly stated, the 
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atmospheric pressure will be left out of account in the calcu- 
lation of pressure at a point of a liquid. 

Ex. 1, — Find the pressure in pounds weight per square inch at a depth of 
a mile below the surface of the sea, taking the weight uf a cubic foot of 
water to 1m 62'5 Iba., and the specific gravity of sea-water to be 1026. 

Taking the inch as the unit of length, w Is the weight of a cubic inch of 
sea-watec, and 2 is the depth in inches. Hence 

M = fl2-5 xl-026/1728, 2^1780 x 8 x 12, 
and the pressure 

- 82-5 X 1-026 X 1760 x 3 x 12/1728, 
= 23El-2& pounds weight per square inch. 
Ex. 2. — What ia the intensity of pressure in lbs. per square foot at p 
point 10 feet below the Burface of water, taking into account the atinoa- 
pheric preaaura of 15 Iba. per square inch! 

Taking a foot as the unit of length, w ia the weight of ft cubic foot, P is 
the pressure of ths atmosphere on a square foot of the surface, and ; is 10. 
Hence w = 62'S, P^Ui x 16, i-lO, 

and the pressure is 

= lJlxl5-(- 62-5x10, 
— 2785 Ibwt. per squote foot. 
Ex. 3. — A sphere, whose radius is 3 feet, is immersed in mercury, the 
depth of the centre of the sphere below the surface of tbe mercury being 
6 feet. A small area of 1/10 of a square inch 
is marked on the aphere at a depth of 8 feet 
below the surface of the mercury. Find the 
vertical and horizontftl componenta of tbe fluid 
pressure on this area. 

Take a cubic inch of water to weigh 260 
grains and the specific gravity of mercury to 
be 13-6. 

Let P be the position of the smaU area, and 

let the figure represent a vertical section 

through F and through C, the centre of the 

sphere, AB being the surface of tlie mercury. 

Draw DCM, the vertical through C, and let PM be the perpendicuhir from 

F upon this line. Then 

CP^3 feet, CD = 6 faet, DM^8 feet, and CM = 2feet. 
The pressure of the mereury is at every point perpendicular to the surface 
of the sphere, and therefore at a point P acts along the radius towards 
the centre — that is, from F to C. Let w denote the weight of a cubic inch 
of mercuty, then 

iniensily of pressure at F = u>. DM, 

-250 X 13-6x8xl2grainBper9qn»winch. 
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Hence the pressure on 1/10 of a square inch at P 

^T^ff X 250 X 13-6 X 8 X 12 = 82640 grains. 
The horizontal component of this pressure = 32640 cos CPM (Art. 30), 

= 32640 . PM/CP, ^ 32640. V5/3, = 24328 grains, 
and the vertical component = 32640. cos PCM = 32640.2/3 = 21760 grains. 

65. The- common surface of two liquids in con- 
tact is horizontal. 

This of course can be true only when the two liquids do not 
mix, so that there is a definite surface which is common to the 
liquids. 

Let si be the surface of the upper liquid; then by Prop. III. 
of Art. 61, sZ is horizontal Let rt be the common surface of 
the two liquids; it is required to 
prove that rt will also be horizontal. 

Let n and «' be two points below 
the common surface, and at the same 
level; then the pressures at n and nf 
are equal. Let nrs and n'tl be the 
vertical lines at n and n', meeting the 
common surface in r and / respec- 
tively. Let w and w' denote the weights of unit volumes of 
the lower and upper liquids respectively. Then the intensity 

of pressure at n is 

w,nr + w' . rs, 
and at n' is 

wn't + w'. t'l\ 

and these are equal. Hence 

w,nr-{-w' rs=w.n't-\-ui tl (1) 

Also, since nn' and si are both horizontal, ns ~ 7i7, or 

nr-\-rs^n'i-\-U (2) 

Multiply equation (2) by w^ and from the resulting equation 
subtract equation (1). We thus get 

{w - w') ,rs = {w- w') . tl, 
showing that rs = tl. 

Hence r and t, any two points of the common surface, are at 




100 HYDROSTATICS AND PHEUHATICe. 

equal depths below the free surface, and therefore the common 
surface is horizontal. 

extended to the case in which three or 
are cnntnined in a veasel. The comnidn 
Biirface of any two ot the liquids which 
ore in contact will be huriiuintal. This 
ifl illustrated in the »ccorapanjing figure, 
which BhowB a vcgBcl cuntaining mer- 
cury, water, and oil, the liquids being 
in this order, and the mercury being 
lowest. The common aurface of Iho 
water and the mercnry, and the common 
surface of the water and Uie oil, ue 
both horimntal. 

66. Method of expressing 
pressure in terms of a head 
of a liquid. 

Wo have seen (Art. 61) that 
the pressure due to weight at a 
point ill a liquid is directly pro- 
portional to the depth of the 
point below the surface. On this is based a method of express- 
ing intensity of pressure in terms of the weight of a column of 
a liquid. For example, the pressure of 625 lbs. per square 
foot ia the pressure, due to weight, at a point in water at a 
depth of 10 feet below the surface; and we may therefore 
speak of this pressure as the pressure due to a head of 10 feet 
of water, or briefly as the pressure of 10 feet of water. 

This method of expressing pressure is one which is in 
common use in stating the pressure of the atmosphere. Thus 
we may say that the pressure of the atmosphere at a given 
place and a given time is equal to the pressure of 30 inches of 
mercury 

To compare the pressures due to heights A, and ft, of two liquids 
wlwse spedfir, gravities are s, and Sj re^eclimh/. 

Let w denote the weight of unit volume of water; then the 
pressure due to a height A, of a liquid of specific gravity s, is 
hi X ws„ and similarly the pressure due to a height A, of a liquid 



whose si^ecific gravity ia s, is A, x icsj. Hence the ratio of the 



hiU's, : A,wsa - h,Si : k^,. 
Hence if h denote the height of a column of liquid of specific 
gravity s, the height of the column of water which would pro- 
duce the same pressure as the column of liquid is ks. 

ESAMPLB. — Into a, veeeel containing mercury water is poured until there 
18 a depth of 10 inchea of water. Find the presaure at a poiot 3 inches 
below tlje surface of the meivury, taking the spedfio gravity of the mercury 
to be 13'6. 

The pressure at the piiint is 

— pressure of 10 incliea of water + pressure of 3 inches of mercury, 

= pressure of 10 in. of water + pressure of 3 x 13'G in. of water. 

^pressure of (10 + 40-8) in, of water, 

= preHBure of 5I)'8 in. of water. 
We may leave the result in this form, or we may now express this pressure 
in lbs. per sq. inch. Taking a cubic foot of water to weigh 625 lbs., we 
find that the pressure Is 2''2<iri lbs. per sq. inch. 

67. Equilibrium of two liquids in a bent tube. 

When two liquids which do not mix are contained in a bent 
tube, the free sui-facea of the two liquids will not stand at the 
same level unless the densities of the two liquids are equal. 

The left -band figure shows a bent tube, with vertical 
branches, containing water 
and mercury. AE is the 
pait of the tube which con 
tains water, and EE'D the 
part which contains mer 
cury, the free surface of the 



water being at A, and that of the mercury at D, while the 
surface of contact of the water and the mercury is at E, 
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The surface, A, of the less dense liquid, the water, stands at a 
higher level than the surface, D, of the mercury. 

For any two liquids in a bent tube, the following proposition 
is true: — 

Prop. The heights of the free surfaces of the two liquids above 
the common surface are inversely proportunud to their specific 
gravities. 

Taking the same figure to represent the general case, let s 
be the specific gravity of the less dense liquid AE, and 5' that 
of the other EE'D. Then the pressure at E is due to a height 
of AEx5 of water, and the pressure at E', the point in the 
other branch of the tube at the same level as E, is due to 
a height of DE' x s' of water. But E and E' being at the same 
level in the same liquid, the pressures at these two points are 
equal. Hence it follows that 

AExs = DE'xs', 
or 

AE:DE' = s':5, 

which proves the proposition. 

For water and mercury the ratio of 5' to 5 is 13*6, and there- 
fore AE is 13-6 times DE' 

The student will notice that this result does not depend on 
the diameter of the tube, and will still be true when the 
diameters of the two branches of the tube are not equal. The 
right-hand figure on page 101 shows the position of equilibrium 

of water and mercury in a bent tube, the dia- 
meters of whose branches are not equal. 

Ex. 1. — The area of the cross section of a bent tube, 
with vertical arms, which contains mercury is 2 sq. 
centimetres. 20 cubic centimetres of water are poured 
on the mercury in one arm, and 15 cubic centimetres 
of alcohol are poured into the other arm. Determine 
the difference between the levels of the mercury surfaces 
in the two arms when the fluids have come to rest. 
The specific gravities of alcohol and mercury are *8 and 
13*6 respectively. 
Let CAMB be the tube, AMB being the part occupied by the mercury, 
CA by the water, and BD by the alcohoL 
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Through A, the common surface of the water and the mercury, let AE 
be drawn horizontally. Then it is required to find the height above E of 
B, the common surface of the mercury and the alcohol. Let this height be 
denoted by x. 

Since the area of the cross section is 2 sq. cm., it follows that 20 c. cm. 
of water will occupy a length of 10 cm. of the tube. Hence CA is 10 cm.; 
and similarly BD, the length of the tube occupied by the alcohol, is 7^ cm. 

Since A and E are at the same level in the same liquid^ the pressures at 
A and E are equal. The pressure at A is a pressure of 10 cm. of water, and 
the pressure at E is the pressure due to the column BE of mercury and the 
column BD of alcohol. Hence, if BE=a!, 

the pressure at A = pressure of 10 cm. of water, 

and the pressure at E= pressure of x cm. of mercury + pressure of 7i cm. of 

alcohol, 

= pressure of {13*6 x a; + 7i x '8) cm. of water. 
Therefore 

13-6xa;4-7Jx-8 = 10, 

from which 

« = 4/13-6, 

= 5/17 of a centimetre. 

Hence the difference of the levels of the mercury surfaces is 6/17 of a 
centimetre. 

Ex. 2. — Two liquids that do not mix are contained in a bent tube; the 
difiference of the levels of their free surfaces is p inches, and the height of 
the denser above their common surface is q inches. Compare their specific 
gravities. 

The height of the free surface of the denser above the common surface 

being q inches, the height of the free surface of the other above their 

common surface 

= q inches + difference of level, 

= q inches ■\-p inches — {p + q) inches. 

The specific gravities are inversely proportional to the heights of the free 
surfaces above the common surface, and therefore the ratio of the specific 
gravities is equal to the ratio oi {p-\-q) to q, 

EXAMPLES VI. 

[A cable foot of water weighs 1000 oz. Neglect the atmospheric pressure unless it is 

explicitly referred to In the Example] 

{The Answers are given on page 334.) 

1. Find the intensity of pressure in lbs. per square foot at a point below 
the surface of water at a depth of (1) 10 feet, (2) 35 feet, (3) half a mile. 

2. What do the results in Example 1 become if the atmospheric pressure 
of 15 lbs. per square inch is taken into account? 
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3. The pressure on the surface of a liquid is 4 lbs. per square inch. At a 
depth of 6 feet it is 16 lbs. per square inch. Find the pressure at a depth 
of 40 feet. 

4. A circle, whose radius is one foot, is described on a vertical wall of a 
reservoir ; the surface of the water is 2^ feet above the centre of the circle ; 
find the ratio of the fluid pressure at the lowest point of the area to the 
fluid pressure at the highest point of the area. 

5. Two small areas (A and B) are marked on a vertical wall of a reser- 
voir ; the area A is twice that of B, and A is 10 feet above B ; if water is 
let into the reservoir, what will be the height of its surface above A, when 
the pressure of the water on A is one-fourth of its pressure on B? 

6. Two equal small areas A and B are marked on a side of a reservoir 
full of water at different depths below the surface. The pressure on A is 
four times the pressure on B; but if the surface of the water in the reservoir 
were lowered a foot, the pressure on A would be five times the pressure on 
B. At what depth were A and B below the surface in the first instance? 

7. If the diameter of the smaller piston in the hydrostatic press in its 
simplest form (see figure, page 90) is 8 inches and the diameter of the 
larger piston 20 inches, find what weight, placed on the larger piston, will 
be supported by a weight of 40 lbs. placed on the smaller piston. 

8. If a force of 5 lbs. applied at the handle of the lever in Bramah's 
press gives a force of 3000 lbs. in the press, and if the diameters of the 
plunger and the ram are in the ratio of 1 to 20, what is the mechanical 
advantage of the lever? 

9. A cubical vessel, one foot high, is half -full of mercury and half -full of 
water. Find the intensity of pressure in lbs. per square inch (i) at a point 
in the base of the vessel, (ii) at a point 3 inches below the surface of 
mercury. 

[Specific gravity of mercury is 13*6.] 

10. A spherical boiler, 4 ft. in height, is half -full of water and half -full 
of steam. What is the difference between the pressure at the bottom and 
top of the boiler? 

11. Mercury and water are poured into a vessel, the depth of the water 
being 18 inches. Find the pressure in lbs. on an area of 1/16 of a square 
inch at a point three inches below the surface of the mercury. 

12. Liquid of specific gravity 1*25 is poured into a cubical vessel until 
the depth is 8 inches, and on this liquid is poured 4 inches of another liquid 
of specific gravity M25. Find the intensity of pressure in lbs. per square 
inch at a point in the base of the vessel. 

13. A vessel is partly filled with water, and then oil is poured in till 
there is a depth of 6 inches; find the pressure per square inch due to the 
weight of the liquids at a point 8*5 inches below the upper surface of the oil 
assuming the specific gravity of the oil to be 92 and the weight of a cubic 
inch of water to be 252 grains. 
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14. Two liquids which do not mix are poured into a bent tube, the ratio 
of the specific gravities being equal to the ratio of 5 to 4. If the height of 
the denser liquid above the common surface is 8 inches, what is the height 
of the less dense liquid above the same level? 

15. A bent tube of uniform bore is held with its legs vertical; a liquid 
whose specific gravity is 1*8 is poured in till it stands at a height of 6 
inches in each leg ; another liquid which will not mix with the former, and 
whose specific gravity is 1*08, is now poured into one leg; how much must 
be poured in if the surface of the former liquid is depressed four inches? 

16. In the bend of a U-shaped tube is a quantity of mercury (specific 
gravity, 13*6). Water is poured into one arm and glycerine into the other 
till their free surfaces are leveL If the depths of water and glycerine be 
respectively 49 and 60 centimetres, find the specific gravity of glycerine. 

17. Two vertical cylindrical vessels A and B arc connected at the bottom 
by a very narrow tube, and stand on a horizontal table. The diameter of 
A is 6 inches, that of B is 4 inches. A liquid of specific gravity 1*4 fills 
the cylinders to a height of 6 inches above the base, and an equal volume 
of water is then poured carefully on the top of the liquid A. Where will 
the common surface of the liquids be when equilibrium has been restored? 

18. A cylinder is put under water with its axis horizontal; a very small 
portion of the area of its curved surface is taken; find the horizontal and 
vertical components of the pressure of the water on that area. Find also 
numerical results in the following case: — The radius of the cylinder is 

2 ft.; the axis is 4 ft. below the surface; find the horizontal and vertical 
components of the pressure (m an area of 0*1 square inch, at a depth of 

3 ft. below the surface. 

19. A hollow sphere, whose internal diameter is 6 inches, is filled with 
water. Find the intensity of pressure in lbs. per square inch at a point on 
the surface 1 inch below the highest point of the water. 

If an area of 1/16 of a sq. inch is marked enclosing the point, find the 
pressure in lbs. on this area, and state what are the vertical and horizontal 
components of this pressure. 

20. A cone, whose height is 3 ft., and the diameter of whose base is 4 ft., 
is immersed in water with its axis vertical and its vertex upwards. If the 
depth of the vertex is 6 ft., find the intensity of pressure in lbs. per square 
inch at a point on the surface of the cone 8 ft. below the surface of the 
water. 

If an area of 1/10 of a square inch is marked enclosing the point, find the 
pressure in lbs. on this area, and state what are the vertical and horizontal 
components of this pressure. 

21. If the cone in Example 20 is placed with its axLs horizontal, and at 
a depth of 10 feet in water, what is the intensity of pressure, in lbs. per 
square inch, at the middle point of the lowest generating line of the cone? 

What are the horizontal and vertical components of the pressure on an 
area of 1/20 of a square inch, marked on the cone, enclosing this point? 
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Chapter VII.— WHOLE PRESSURE. RESULTANT 

PRESSURE. 

Whole Pressure, Arts, 68 to 70, 

68. Distinction between Whole Pressure and Re- 
sultant Pressure of a Fluid on a Given Surface. 

When a surface of any form is exposed to the pressure of a 
fluid, we may imagine that the surface is divided into an in- 
finite number of elements, each element being so small that 
it may be treated as an element of a plane. The pressure of 
the fluid on each element will be a force acting perpendicular 
to the element. 

In considering the pressure of a fluid on a surface, the terms 
whole (or total) pressure and resvltant jyressure are used with the 
following meanings : — 

(i) The whole (or total) pressure of the fluid on the surface 
is the sum of the pressures on all the elements of the sur- 
face. 

(ii) The resultant pressure of the fluid on the surface is 
the resultant of the pressures on all the elements of the 
surface, this resultant being formed according to the rules of 
statics. 

If the surface is a curved surface, the pressures on the 
elements of the surface will form a system of forces acting in 
different directions, and it is evident that the resultant of this 
system of forces is not equal to the sum of the forces. In this 
case, therefore, the whole pressure is not the same as the re- 
sultant pressure. 

If the surface is a plane surface, the pressures on the ele- 
ments of the surface will form a system of like parallel forces, 
since the force on each element acts perpendicular to the sur- 
face. Now the resultant of a system of like parallel forces is a 
force equal to their sum, acting in the direction of the forces. 
Hence we arrive at this result: — When the surface exposed to 
the pressure of a fluid is a plane surface, and in that case 
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only, the whole pressure coincides with the resultant pres- 
sure. 

Thus in the case of a plane area whole pressure and resultant 
pressure mean the same thing. 

As an example of a curved surface exposed to the pressure 
of a fluid, we may take the case of a 
sphere immersed in water. The water 
presses on each element of the surface 
of the sphere in a direction perpendicular 
to the element, that is, in the direction 
of the radius and towards the centre of 
the sphere. Hence the pressure of the 
water on the surface is equivalent to 
a system of forces acting at the centre in different directions, 
and it is evident that the resultant of this system of forces is 
not equal to the sum of the forces. 

As an example of a plane surface exposed to the pressure of 
a fluid, we may take the side of a rectangular vessel which 
contains water. In this case the pressure of the water acts at 
every point of the side in a direction perpendicular to the side, 
so that the pressure of the water on the side is equivalent to a 
system of like parallel forces, whose resultant is equal to the 
sum of the forces. 

69. Formula for the Whole Pressure on any Sur- 
face exposed to the Pressure of a Heavy Liquid. 

Let a surface of any form be exposed to the pressure of 
a heavy liquid; it is required to find the whole pressure on 
the surface due to the weight of the liquid. 

Let A denote the area of the surface, z the depth of the 
centre of gravity of the area below the free surface of the 
liquid, and w the weight of unit volume of the liquid. 

Let the area A be divided into an infinite number of in- 
finitesimal elements whose areas are Oj, a2> ^3>-- ^^^ l^t the 
depths of the centres of gravity of these elements below the 
surface of the liquid be z^, z^^ z^,... respectively. 

The intensity of pressiu-e on the element a^ is tvz^j on the 
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element a^ is wz.^, on the element Og is wz^ and so on. Hence 
the pressures on the elements a^, a^, 03, . . . are respectively 

and therefore the total pressure on the area A is 

which may be denoted in the 2 notation by to^za). 

But by the formula for the co-ordinates of the centre of 
gravity of an area, Art. 39, 

z = ^{za)IA, 
and therefore 

2(2w) = Az. 

Hence the whole pressure on the surface 

= to^za), = wAz. 

Now wz is the intensity of pressure at the centre of gravity of 
the area of the surface, and therefore — 

(i) 2'he whole pressure of a liquid on any surface is equal to the 
product of the number of units of area in the surface and the number 
which measures the intensity of pressure at the centre of gravity of 
the area of the surface. 

This result may be stated in another form. Az is the 
volume of a right prism of length z, standing on a plane base 
of area Ay and wAz is the weight of this volume of the liquid. 
Hence — 

(ii) The whole pressure of a liquid on any surface is eqtial to the 
weight of a right prism of tlie liquid^ whose base is plane and equal 
to the area of the surface^ and whose length is the depth of the centre 
of gravity of the surfa>ce below the surface of the liquid. 

When the surface is curved, the whole pressure is the sum 
of the pressures on the elements into which the surface may 
be divided, and does not coincide with the resultant pressure. 
Thus the calculation of whole pressure on curved surfaces has 
only a theoretical value. 

When the surface is plane, the whole pressure coincides 
with the resultant pressure. Hence in this case wAz is the 
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expression for the resultant pressure on the area If the sur- 
face is plane and is placed horizontally, then the pressure over 
the area is uniform and equal in intensity to wz, so that 
wAz is the product of the number of units of area in the 
surface and the pressure on one unit of area. If the surface 
is plane, but not placed horizontally, the pressure will vary 
from point to point of the surface. In this case wz is the 
average pressure, and the resultant pressure on the surface is the 
product of the average pressure and the number of units of 
area in the surface. 

Cor. If there is a pressure P on each unit of area of the 
surface of the liquid, this pressure will, in accordance with 
Pascal's principle (Art. 58), be transmitted to every unit of 
area of the surface A, Hence the whole pressure on the area 

A is 

= wAz + APy = A(wz 4- P). 

In this case also wz + P is the intensity of pressure at the 
centre of gravity, and therefore the whole pressure is equal, as 
before, to the product of the area and the intensity of pressure 
at the centre of gravity. 

In calculating whole pressure by means of the expression 
wAzy care must be taken to express all the quantities involved 
in appropriate units. 

If z is expressed in feet, A must be expressed in square feet, 
and w in units of force, say pounds weight, per cubic foot- 
In this case, if s is the specific gravity of the liquid, then 
m; = s X 62*5, and the whole pressure in pounds weight will be 
^2'bAsz. If z is expressed in inches, A will be expressed in 
square inches, and if the weight of one pound is the unit 
of force, then w will be 62 5 x s/172.8 

If z is expressed in centimetres, then A will be in square 
centimetres, and if the unit of force is the weight of one 
gramme, then w = s grammes. Hence in this case the whole 
pressure is Asz grammes weight. 

In the case of a liquid whose surface is freely exposed to the atmosphere, 
/' will denote the intensity of atmospheric pressure. 

Let h denote a height such that P — wh\ then P is the pressure due to a 



110 HYDROSTATICS AND PNEUMATICS. 

height h of the liquid. Hence a convenient method of taking the atmo- 
spheric pressure into account in the calculation of total pressure is to 
imagine that the atmosphere is removed, and that the depth of the liquid 
is increased by h, where h-Pjw. Thus the formula for total pressure when 
atmospheric pressure is taken into account is 

Aw{z-\-h), where h—Pjw. 

It is usual, however, to neglect atmospheric pressure in the calculation of 
the total pressure on an area pressed by a liquid. In any question, there- 
fore, of total pressure we shall neglect the term PA unless it is expressly 
stated that atmospheric pressure is to be taken into account. 

Ex. 1.' — A cube, each of whose edges is 2 feet long, stands on one face 
on the bottom of a vessel contuning water 4 feet deep. Find the total 
pressure on the upper face, and on one of the vertical faces of the cube. 

The upper face is horizontal, and at a depth 2 feet below the surface. 
Hence taking a foot as the unit of length, we have for the upper surface 

2=2, il =4, 

and w, the weight of a cubic foot of water, is 62 '5 lbs. Hence the whole 
pressure on the upper surface 

= wzA = 62*5 X 2 X 4, = 500 Ibwt. 

The depth of the centre of gravity of a vertical face is 3 feet, and, there- 
fore, for this face 

2=3, J =4. 

Hence the whole pressure on a vertical face is 

-wzA =62-5 X 3 X 4, = 750 Ibwt 

Ex. 2. — ^A square board, whose edge is 2 feet long, is immersed in water 
with one edge in the surface. If the board is inclined to the surface at an 
angle of 30°, find the total pressure on one side of it. 

Let the figure represent the vertical section through the centre of gravity 

of the board perpendicular 
— •_ ^ to the plane of the board. 




PQ representing the sur- 
Aace of the water, and AB 
the board. 6, the centre of 
. , ,, . , gravity of the board, is the 

middle pomt of AB, and if GH be drawn perpendiciUar to PQ, then GH 

IS the depth of the centre of gravity of the board. But 

GH = AG sin 30°, = ^AG, = JAB, 
=i foot. 

Hence the whole pressure on one side of the board 

=Jx4x 62-5, = 125 Ibwt 
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70. Whole pressure on the side of a vessel con- 
taining two liquids which do not mix. 

Let A B C D represent the side, plane or curved, of a vessel 
which contains two liquids. Let E F be the common surface 
of the two liquids, so that E F is horizontal, a k d 

and suppose that the upper liquid rises to 
the level A D. 

Let A^ denote the area of the upper part 
A E F D, and Ag the area of the lower part 
EBCF, of the side. Let s^ denote the 
specific gravity of the upper liquid, and «2 
the specific gravity of the lower liquid; and 
let w denote the weight of unit volume of 
water. Let H and G be the centres of gravity of the areas 
of the upper and lower parts, AEFD and FEBC, of the 
side respectively. Let H K, the depth of H below the surface 
of the upper liquid, be 5^, and L 6, the depth of G below the 
common surface E F, be »2- -^Iso let K L, the depth of the 
upper liquid, be h. Then 

whole pressure of upper liquid upon AEFD 
= area of A E F D x intensity of pressure at H, (Art. 69.) 

and whole pressure of lower liquid upon EBCF 
= area of E B C F x intensity of pressure at G. (Art. 69, Cor.) 

Now the intensity of pressure at H is the weight of a column 
of the upper liquid of height H K and of unit sectional area — 
that is, is w s^ z^. Also the intensity of pressure at G is equal 
to the sum of the weights of columns of unit sectional area of 
the upper and lower liquids whose heights are KL and LG 
respectively. Hence the intensity of pressure at G is (iv s^ h + 



ws. 



h)' 



Thus the sum of the pressiu'es exerted on the side of the 
vessel by the upper and lower liquid is 

A^WSiZi + A2{wS-^^h + WS2Z2)f 
= W^ (^1 Si^l 4-^2^1^ + -^2^2 ^2)> 

the required expression. 
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This investigation holds good whether the side of the vessel 
is curved or plane. 

If the side is plane^ then the whole pressure coincides with 
the resultant pressure. In the case, therefore, of a plane area 
the above expression gives the resultant pressure of the liquids 
on the side of the vesseL 

Ex. 1.— A cubical vessel, one metre high, is filled with mercury to a 
depth of 50 centimetres, and is then filled up with water. Find the 
pressure (i) on the base of the vessel, (ii) on a ride of the vessel, taking the 
specific gravity of mercury to be 13 '6. 

Take the centimetre as the unit of length, and the weight of one gramme 
as the unit of force. 

(i) To calculate the pressure on the base. 

The intensity of pressure at any point of the base 

—pressure of 50 cm. of mercury 

+ pressure of 50 cm. of water 

= 13*6 X 60 + 50, = 730 grammes weight per aq. cm. 

Hence the total (or resultant) pressure on the base 

= 730 X 100^ = 7300000 grammes weight. 

(ii) To calculate the pressure on a side. 

The area of the part of a side exposed to the pressure of the water is 
50 X 100 sq. cm., and the depth of its centre of gravity is 25 cm. The 
intensity of pressure at the centre of gravity is therefore the pressure due 
to 25 cm. of water, that is, is a pressure of 25 grammes weight per sq. cm. 
Hence the whole pressure on the part of the side exposed to the water is 

60 X 100 X 26, = 125000 grammes weight. 

•The area of the part of the side exposed to the pressure of mercury is also 

50 X 100, and the intensity of the pressure at the centre of gravity of this 

area is the sum of the pressure due to 50 cm. of water and the pressure 

due to 25 cm. of mercury, that is, is equal to (50 + 25x13*6) or 390 

grammes weight per sq. cm. Hence the total pressure on the lower^ half 

of a side is 

390 X 50 X 100, = 1950000 grammes weight. 

Hence, finally, the total (or resultant) pressure on the side of the vessel is 
= 125000 + 1950000, = 2075000 grammes weight. 

Ex. 2. — A. cubical vessel is filled with two liquids whose specific gravities 
are 1 and '8, the lower being, of course, the denser ; they do not mix and 
their volumes are equal. Find the ratio of the resultant pressure on the 
upper to that on the lower half of one of the vertical faces of the cube. 
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Let a represent the height of the vessel, and w the weight of unit volume 
of water. Then the depth of each liquid is a/2. 

Pressure on upper half of a face 

= area x intensity of pressure at centre of gravity of upper half of face 
=ax a/2 X 10 X '8 X a/4, = w a^jlO. 

Pressure on lower half of a face 

= area x intensity of pressure at centre of gravity of lower half of face 
--= a X a/2 X w (-8 X a/2 + a/4) = 13w a^j iO. 

Hence the ratio of the pressure on the upper half is to the pressure on the 
lower half 

= wa^llO : 13M;a»/40, = 4 : 13. 

Ex. 3. — A hollow sphere is full of liquid. Show that the total presmre 
on the surface of the sphere is three times tlie weight of the liquid. 

Let 10 denote the weight of unit volume of the liquid, and r the radius of 
the sphere. 

The average intensity of pressure on the surface of the sphere is equal to 

the intensity of pressure at the centre of gravity of the surface (Art. 69), 

and the centre of gravity of the surface is the centre of the sphere. The 

pressure at this point is the pressure due to the depth r of the liquid, that 

is, is a pressure of intensity r w. Hence the total pressure on the surface of 

the sphere 

= area of surface x intensity of pressure at centre 

= 4irr^xwr, = iirwi^ (1). (Art. 14.) 

But the weight of the liquid in the sphere 

= iTrw7^ (2). (Art. 14.) 

By comparing the expressions (1) and (2) we see that the total pressure 
of the liquid on the surface of the sphere is three times the weight of the 
liquid. 

EXAMPLES VIL 

[A cubic foot of water weighs 1000 oz.] 
{The Answers are given on page 334.) 

1. If the whole pressure over a surface whose area is 10 sq. feet is 20880 
lbs., find the measure of the average pressure when the unit of length is 
2 inches. 

2. Find the whole pressure on each side of a rectangular board 14 feet 
long and 6 feet broad immersed in water with its length horizontal, and 
with its upper edge 5 feet and its lower edge 9 feet below the surface of the 
water. 

3. The water in a canal lock, 12 feet wide, and 50 feet long, is 8 feet deep. 
Find the pressure on the gate and on the bottom of the lock. 

(863) H 
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4. Find the total pressures in Ibwt. on the bottom and on one of the sides 
of a cubical vessel, 3 feet deep, and filled with water. 

5. What do the results become in Example 4 if the atmospheric pressure 
of 15 lbs. per square inch is taken into account? 

6. A triangular area is immersed in a liquid with the base horizontal. 
The vertex is at a depth of 12 feet and its base of 9 feet. The area of the 
triangle is 6 square feet. If a cubic foot of the liquid weighs 70 lbs., find 
the total pressure on the triangle in Ibwt. 

7. Find in grammes weight the whole pressure on a rectangular area 8 
centimetres long and 5 centimetres broad, its highest and lowest corners 
being at depths of 4 centimetres and 6 centimetres respectively in mercury 
of sp. gr. 13*6. 

8. A tank, in the form of a cubical box, would hold 4 cwts. of water when 
quite full. Find the pressure on the base and on one of the sides of the 
tank when it is quite full of mercury of sp. gr. 13*6. 

9. A cylinder, whose base is a circle of 6 inches radius, and whose height 
is 14 feet, is filled with mercury of sp. gr. 13*6. Find in Ibwt. the total 
pressure (i) on the base, (ii) on the curved surface. 

10. A vessel, of which the base is a horizontal right-angled triangle such 
that the sides which contain the right angle are 6 centimetres and 9*1 centi- 
metres long respectively, and whose sides are rectangles 15 centimetres 
long, is filled with alcohol of sp. gr. *8. Find in grammes weight the 
pressures on the base, and on each of the sides. 

11. A rectangular vessel 12 inches deep, 10 inches long, and 7 inches 
wide, is half-filled with water, and is then filled to the top with oil of 
specific gravity '864. Find the total pressure in pounds weight upon the 
bottom, and upon each of the sides, the weight of a cubic inch of water 
being 250 grains. 

12. Into a cubical box, one foot high, water is poured until there is a 
depth of 4 inches, and the vessel is then filled up with oil of specific gravity 
*9. Find in Ibwt. the total pressure on the base, and on one of the sides of 
the vessel. 

13. Liquid of specific gravity 1*25 is poured into a cubical vessel, one 
foot high, until the depth is 8 inches, and on this liquid is poured 4 inches 
of another liquid of specific gravity 1*125. Find in Ibwt. the total pressure 
(i) on the base, (ii) on one of the sides of the vessel. 

14. A vessel with vertical sides has a horizontal base in the fonn of a 
regular hexagon. If each side of this hexagon is 1 inch, show to what 
height the vessel must be filled with a liquid in order that the total pressure 
on each vertical side may be equal to that on the base. 

15. Find the total pressure in grammes weight on a triangle of area 1 
square centimetres, whose corners are at depths 3, 4, and 6 centimetres 
respectively in water. 

16. A hollow cylinder full of water, and with both ends closed, stands 
with its axis first vertical, and then horizontal. Show that the total 
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pressure on the side of the cylinder in the first position is to the total 
pressure in the second position as the height is/ to the diameter of the base. 
Also show that the total pressure on the base in the first position is to 
the total pressure on either end in the second position as the height is to 
the radius of the base. 

17. A closed hollow cylinder, full of liquid, is placed with its axis (i) vertical, 
(ii) horizontaL Compare in each of these cases the total pressure on the 
curved surface with the total pressure on the base. 

18. Show that if the axis is vertical, and vertex upwards, the pressure on 
the base of a cone, full of liquid, is equal to three times the weight of liquid. 

Resultant Pressure an Plane Surfaces, Arts, 71 to 75. 

71. Resultant Pressure of a Fluid on a Plane 
Surface. Centre of Pressure. 

When a surface is exposed to the pressure of a fluid, the 
resultant pressure is the force which is the resultant of the 
pressures on the elements into which the surface may be 
divided. We have seen (Art. 68) that in the case of a plane 
surface, the magnitude of the resultant pressure is equal to 
the total pressure. Thus the resultant pressure of a heavy 
liquid on a plane surface is equal to wAz, where A is the area 
of the surface, z the depth of the centre of gravity of the sur- 
face below the surface of the liquid, and w the weight of unit 
volume of the liquid. 

The direction of the resultant pressure on a plane surface is 
perpendicular to the surface. 

To complete the determination of the resultant pressure of a 
fluid on a plane surface, we must find its point of application, 
that is, the point of the surface at which it acts. This point is 
called the Centre of Pressure. 

Def The centre of pressure of a plane sfiirface exposed to the 
pressure of a fluid is thai point of the surface at which the resultant 
pressure of the fluid on the surface acts. 

In the following Articles (Arts. 72 to 75) we consider the 
problem of finding the centre of pressure of areas immersed in 
heavy liquids. We shall assume in each case that there is no 
pressure on the surface of the liquid. 

There is one case in which the position of the centre of 
pressure is evident, viz., the case of a plane area exposed to a 



116 



HYDROSTATICS AND PNEUMATICS. 



uniform pressure, e.g. a plane area placed horizontally in a 
liquid. In this case the pressure on each element is propor- 
tional to the area of the element, and therefore the resultant 
pressure must act at the centre of gravity of the area. 

72. Centre of Pressure of a Rectangle immersed 
in a Liquid with One Side in the Surface of the 
Liquid. 

Let ABCD be a rectangle immersed vertically in a liquid, 
one edge AB of the rectangle being in the surface PQ of the 
liquid. It is required to find the centre of pressure. 

Let the area of the rectangle be divided by lines parallel to 
AB into an infinite number of elements in the form of very 
narrow strips of equal areas; and let HK and MN represent 
two such strips. Let EF be the straight line joining the 
middle points of the opposite sides AB and CD of the rect- 
angle, meeting HK and MN in L and R respectively. 

Let a denote the area of a strip, and w the weight of unit 
volume of the liquid. Then the pressures on the elements 
HK and MN are forces whose magnitudes are if a . EL and 
wa . ER respectively, whose points of application are L and R, 

Q the middle points respec- 
tively of the strips HK and 
MN, and whose lines of 
action are parallel, both 
being perpendicular to the 
plane of the rectangle. It 
follows that the pressures 
on the elements HK and 
MN are parallel forces 
proportional to the depths EL and ER respectively. 

Hence the resultant pressure on the rectangle is the re- 
sultant of a system of like parallel forces, acting each at the 
middle point of a strip of the rectangle, the magnitude of any 
force of the system being proportional to the depth of the 
strip below E. 

Now the areas of the parts of the strips HK and MN cut off 
by the lines EC and ED are, by similar triangles, proportional 
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to EL and ER. Thus the areas of the strips of the triangle 
ECD at the depths EL and ER are proportional to the pres- 
sures on the coiTesponding elements HK and MN of the rect- 
angle. 

Thus the problem of finding the point of application of the 
resultant pressure on the rectangle is reduced to that of finding 
at what point in EF the centre of gravity of the triangle ECD 
lies. But it is known (Art, 40) that its distance from E is 2/3 
of EF. We infer that the centre of pressure of the rectangle 
ABCD lies in EF at a distance from E equal to 2/3 of EF. 

This result will still be true if the plane of the rectangle be 
rotated about the edge AB into any position inclined to the 
vertical. For the pressures on the elements HK and MN will 
at all inclinations of the plane be proportional to EL and ER. 

Ex. — A rectangle ABCD is immersed vertically in a liquid, with two 
sides, AD and BC, horizontal. The height, AB, of the rectangle is A, and 
the depth of the upper horizontal side, AD, below PQ, the surface of the 
liquid, is h'. Find the centre of pressure of the rectangle. 

Produce BA and CD to meet PQ in E and F respectively. Then AB = A, 
and AE = h'. Let G be the middle point of EF, and N the middle point 
of BC. Then GN divides the three rectangles p e 6 F Q 

EADF, ABCD, and EBCF symmetrically. 
Hence the centres of pressures of these three 
rectangles all lie in the line GN. 

Let H, M, L be the centres of pressures of the 
rectangles EADF, ABCD, EBCF respectively. 
Then since the rectangles EADF and EBCF 
have each a side, viz. EF, in the surface of the 
liquid, the positions of H and L are known. By 
this Article 

GH = |GK, = |/i' ; GL = |GN, =^{h-^K), _ 

and it is required to find GM. Denoting GM B N C 

by If, we express that the sum of the moments about G of the resultant 
pressures on EADF and ABCD is equal to the moment of the resultant 
pressure on EBCF. Hence 

GL X whole pressure on EBCF 

= GH X whole pressure on EADF + GM x whole pressure on ABCD. 

The whole pressures on the areas EBCF, EADF, ABCD are propor- 
tional respectively to the products obtained by multiplying each of these 
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areas by the depth of its centre of gravity (Art. 71 ). The areas are pro- 
portional to {h + h')f h' and h respectively; and the depths of their centres 
of gravity are proportional to (A + A.'), A', {h + 2h') respectively. Hence the 
equation of moments leads to 

from which we get 

2 {h + h'f -h'^ J2 h^ + S fi^h'-hShh'^ 
^-3 h{h + 2h') '~3 h{h-\-'2h') ' 

= 2(h^ + Shh' + 3h'^)l3(h + 2h'), (1) 

which determines GM, the depth of the centre of pressure of the area 
ABCD. 

I( h' = ?if the formula for H becomes 

H-Uhid, (2) 

which determines the depth of the centre of pressure of a rectangle im- 
mersed vertically in a liquid with two edges horizontal, the upper hori- 
zontal edge being at a depth below the surface equal to A, the height of 
the rectangle. The student may easily verify this result by a direct appli- 
cation to this case of the equation of moments. 

73. Centre of Pressure of a Triangle immersed 
in a Liquid with One Edge in the Surface of the 
Liquid. 

Let ABC be a triangle immersed in a liquid with one side, 

BC, in the surface, PQ, of the 
-^ — ^ liquid. It is required to find the 
centre of pressure. 

Join A to D, the middle point 
of BC, and divide the area of the 
triangle into narrow strips, of 
equal breadths, by lines parallel 
to BC. Let MN and HK be' two 
strips at equal distances from A 
and D respectively, and let MN 
and HK meet AD in L and R respectively. Then AL is equal 
to DR, and AR is equal to DL. 

The strips MN and HK may be taken to be rectangles; and 
therefore their areas, since they are of equal breadths, are pro- 
portional to HK and MN. But by similar triangles HK and 
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MN are proportional to AR and AL. Hence 

area of HK : area of MN=AR:AL (1) 

Since D is the middle point of BC, it follows that AD bisects 
each of the lines drawn parallel to BC. Hence R and L are 
the middle points respectively of HK and MN, and the pressure 
on these elements may be taken to be forces acting at R and 
L. Let p and p' be the intensities of jpressure at R and L re- 
spectively. Then p and p' are proportional to the depths of R 
and L, and therefore proportional to DR and DL. Hence 

^:y = DR:DL (2) 

From equations (1) and (2) we get, by compounding ratios (re- 
membering that DR = AL and DL = AR), 

p X area of HK : p' x area of MN = 1:1, 
or 

p X area of HK =p' x area of MN. 

Hence the pressure on the element HK is equal to the pressure 
on the element MN, and the resultant of these two pressures 
will be a force acting at the middle point of RL. Let this 
point be denoted by 0, then is also the middle point of AD, 
for AL = DR. 

In this way by taking pairs of strips at equal distances from 
A and D respectively, we see that the resultant pressure on 
the triangle will be the resultant of a system of forces acting at 
0, that is, the resultant pressure on the triangle is a force 
acting at 0. Hence the centre of pressure of the triangle is 
0, the middle point of the median AD of the triangle. 

This investigation evidently holds good whatever be the 
inclination of the plane of the triangle to the vertical, for at 
all inclinations the pressures at R and L will be proportional 
to DR and DL. 

74. Centre of Pressure of a Triangle immersed 
in a Liquid with Vertex in the Surface and Base 
Horizontal. 

Let ABC be a triangle immersed in a liquid with the vertex 
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A in the surface of the liquid, and the base BG horizontal. It 

is required to find the centre of 
pressure. 

As in the preceding Article, let the 
area of the triangle be divided,' by 
lines parallel to 60, into an infinite 
number of narrow strips of equal 
breadths, and let HK be any one of 
these strips. Take D, the middle 
point of BC, and draw the median 
AD, cutting HK in L. Then AD bisects the areas of all the 
strips, and therefore the centre of pressure must lie in AD. 

The area of HK is proportional to AL, and the intensity of 
pressure at L is proportional to AL. Hence the pressure on 
the strip HK is proportional to AL*. It follows that the 
centre of pressure of the triangle will coincide with the centre 
of gravity of an infinite number of particles, arranged at equal 
distances along AD, the weight of each particle being propor- 
tional to the square of its distance from A. We proceed to 
find the centre of gravity of this system of particles by the 
method of integration (Chap. V.). 

Let A D be divided into n equal parts at the points Q, R, 

S,... Let AD = c, and let 
^i ^ ^ * Q c = nhy so that h is the length 

of each of the parts A Q, Q E, 
E S, . . . Let masses be placed at Q, E, S, . . . proportional to the 
squares on A Q, A E, A S, . . . that is, proportional to P, 2^, 3^, . . . 
respectively. The distances of these masses from A are h, 
2h, Shy... respectively Let x denote the distance of their 
centre of gravity from A, then by the formula 

* = 2 (mx) l^rrty... (Art. 39), 

we get 

x = {h 12 + 2A 22 + 3^.32+. ..)/(12 + 22 + 32+...), 
= /i 2 w^/2 w2, 

=. /,«> tlZ / ^("+1) (2«+l) (Art. 42) 
4 6 
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3h n{n + l) _3nh 1 + 1/n 



2 2n+l ' 2 2 + 1/71* 

Now nh=^c, and on making n infinite, 1/n becomes zero. 

Hence 

._3c 1 3 

^"T-2~=4'- 

Hence we have arrived at the result that the centre of 
pressure lies in A D, at a distance from A equal to 3/4 of A D. 

75. Formula for the Deptlj of the Centre of 
Pressure of any Plane Area. 

Let the area be divided, as in Art. 69, into elements. Then, using the 
notation of that Article, the centre of pressure will coincide with the centre 
of gravity of a system of particles, whose weights are proportional to 
ax Zij Oi z^fOsZif... and whose depths below the surface of the liquid are 
zi,Z2,Zfy... respectively. Hence, if H denote the depth of the centre of 
pressure, it follows from the formulae of Art. 39 that 

i/'=S (a>)/S (az) (1) 

Liet the plane of the area, produced if necessary, cut the surface of the 
liquid in the line P Q. Then if the plane of the area is vertical, ^i, 2:2» ^S) • - • 
are the lengths of the perpendiculars from the elements ai^a^a^,... respec- 
tively upon P Q, and the value of If, found from (1 ), will be the length of 
the perpendicular from the centre of pressure upon P Q. 

If the plane of the area is inclined to the vertical, the depths z^ 2*2, 2^3, .. . 
will be proportional to the perpendiculars from the elements upon P Q, and 
may be taken to represent these perpendiculars. The value of JET, found 
from (1), will then represent the length of the perpendicular from the centre 
of pressure upon P Q. 

Formula (1) may be written in another form. Let k denote the radius 
of gyration of the area about the line P Q, and let z denote the perpen- 
dicular from the centre of gravity of the area upon P Q. Then, A denoting 
the area, we have 

Ah^zzXiaz^), and ^5=2 (az); 
therefore . H— A Ic^jA z, 

= lc% (2) 

Either of the formulae (1) and (2) will determine a horizontal line in the 
area in which the centre of pressure must lie. In many cases it is easy, 
from considerations of symmetry, to find another line in the area in 
which this point must lie. The point of intersection of these two lines will 
be the centre of pressure. Thus, for example, in the cases discussed in 
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Arts. 73 and 74, it is evident that the centre of pressure lies in the median 
AD. 

We append some examples of the use of formula (2) : — 

(i) Rectangle with edge in the surface. 

Let h represent A D, the height of the rectangle. (See figure, Art. 72. ) 
Then 

ifc2=^73 (Art. 51), and z-hft. (Art. 40.) 
Hence H-h^jZ-hj^-^hlZ, 

which agrees with the result in Art. 72. 

(ii) Triangle with side in the surface. 

Let h denote the perpendicular from A upon B C. (See figure, Art. 73.) 
Then 

l<? = h^l^ (Art. 51), and 2=A/3. (Art. 40.) 

Hence H=h-l^^hl^,-hl% 

whifth agrees with the result in Art. 73. 

(iii) Triangle with vertex in surface and base horizontal. 

As in (ii), let h denote the perpendicular from A upon B C. (See figure, 
Art. 74.) In this case k is the radius of gyration of the triangle about P Q. 
The square of the radius of gyration about B C is A.^/6, about a parallel axis 
through the centre of gravity is 7i^/6 - (A/3)^, and therefore about P Q is 
/iV6 - {hjZf + (2^/3)2. (Art. 60.) Hence 

I? ^ h^l% - h^Q + 4^2/9, = AV2, 
and 3 = 2A/3. (Art. 40.) 

Hence H=J^lz, = h^l2-^2hlS, 

which agrees with the result in Art. 74. 

(iv) Circle just immersed. 

Let A, the highest point of a circle A D B, be in the surface P Q of a 

liquid. Then P Q is a tangent to the circle 
at A. Let C be the centre, and let the radius 
A C be denoted by a. 

It is evident from symmetry that the centre 
of pressure lies in the diameter A C B. Let 
it be 0; then it is required to find Hy the 
distance A O. 
Here P= square of the radius of gyration of 
circle about P Q, 
= 5a2/4, (Art. 51.) 
and 5=AC,=a. 

Hence B = ba^i -^ a, 

= 5a/4. 

Hence the centre of pressure lies in the radius drawn to the lowest point 
(i the circle, at a distance from the centre equal to 1/4 of the radius. 
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EXAMPLES VIII. 

{The Answers are given on page 334.) 

1. Show from general considerations that the centre of pressure of a 
plane area is always at a lower depth than the centre of gravity of the area. 

2. A rectangular hole A B C D, whose lower side C D is horizontal, is 
made in the side of a reservoir, and is closed by a door whose plane is 
vertical. The door can turn freely round a hinge coinciding with CD. 
Calculate the force that must be applied to AB to keep the door shut, 
taking A B to be 1 foot and A D to be 12 feet long, and supposing that the 
water rises to the level of A B. 

3. ABCD is a square, and O is the point of intersection of the diskgonals 
A C and B D. The square is placed with the edge A B in the surface of a 
liquid, and with its plane verticaL Find in terms of a, the side of the 
square, the depth below the surface of the centre of pressure of — 

(i) the triangle BOO, 
(ii) the triangle COD, 
(iii) the five-sided figure ABCDO, 
(iv) the five-sided figure ADOCB. 

4. If the square in the preceding Example is placed with the angular 
point A in the surface of the liquid, and the diagonal A C vertical, find the 
depth below the surface of the centre of pressure of — 

(i) the square, 

(ii) the triangle ABC, 
(iii) the triangle BOC, 
(iv) the triangle BCD, 

(v) the five-sided figure ABCDO. 

5. ABC D is a rectangle immersed vertically with the side AD in the 
surface of a liquid ; E is the middle point of A D, F and G are the middle 
points of the vertical sides AB and DC respectively. Find in terms of k, 
the height A B of the rectangle, the depth below A D of the centre of 
pressure of — 

(i) the triangle EFB, 

(ii) the triangle EGB, 
(iii) the triangle BGC, 
(iv) the quadrilateral EFBG, 

(v) the quadrilateral EBCG, 
(vi) the five-sided figure EFBCG. 

6. A circle is immersed in a liquid with its plane vertical, and its centre 
at a depth below the surface equal to the length of the diameter. Find in 
terms of a, the radius, the depth below the surface of the centre of pressure 
of the circle. 
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Resultant Pressure on Curved Surfaces^ Arts. 76 and 77, 

76. Resultant Pressure on a given part of a 
Closed Vessel filled with Weightless Fluid. 

A closed vessel is filled with weightless fluid ; it is required 
to determine the resultant pressure of the fluid on a part of 
the surface cut off by a given plane. 

[We may suppose the fluid to be a gas, such as steam, since the 
pressure exerted by a gas on the sides of the vessel which con- 
tains it is mainly due to the tendency of the gas to expand. 
Thus the pressure due to weight in a small mass of gas may 
be neglected, and we may therefore take a gas as an example 
of a weightless fluid.] 

Let A B C D be the vessel, and let B E D be a plane cutting 
off the part BAD of the surface. To find the resultant 
pressure of the fluid on B A D. 

Consider the equilibrium of the mass of fluid in ABD. This 
fluid is at rest under the action of the fluid pressure across the 

plane BED and the reaction of the sur- 
""*^\ face BAD on the fluid. Hence these 
►A \ forces must be equal and opposite. 

,\ Let p denote the intensity of pressure 

" I"-- ...\T -7 at any point of the fluid. Then, since 

\ / the fluid is without weight, the pressure 

\^ ^/ at every point is p. Hence the pressure 

c across the plane B E D is equal to p A, 

where A is the area of the plane, and acts at the centre 
of gravity of the plane BED in a direction perpendicular 
to the plane (Art. 71). If G is the centre of gravity of the 
plane BED, and GA is drawn perpendicular to the plane, 
meeting the surface B A D in A, then the pressure across the 
plane BED is a force equal to p A, and acts in the direction 
G A. The reaction of the surface B A D on the fluid is, as we 
have seen, an equal and opposite force. But the pressure of 
the fluid on the surface B A D is equal and opposite to the re- 
action of the surface on the fluid. It follows that the pressure 
of the fluid on the surface is a force p A acting at the point A 
in the direction from G to A. 
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Ex. — A hollow sphere is filled with fluid. Neglecting the weight of the 
fluid, find the resultant pressure on a given half of the surface. 

Taking the above figure to represent the sphere, let G be the centre and 
B E D a diametral plane. Then the resultant pressure of the fluid on the 
hemisphere BAD is a force acting at A, the vertex of the hemisphere, 
along the radius G A, equal in magnitude to pA^ where p is the pressure of 
the fluid, and A is the area of the diametral section BED. If r is the 
radius of the sphere, A =Trr^, and therefore the resultant pressure is irpr\ 

As a numerical example, suppose that j9 is 15 Ibwt. per square inch, and 
that r is 1 foot, = 12 inches. Then the resultant pressure on one half of the 
spherical surface is 

= 22/7 X 15 X 144, = 6788f Ibwt. 

77. Resultant Pressure of a Heavy Liquid on a 
Given Curved Surface. 

When a given curved surface is exposed to the pressure of a 
heavy liquid, the resultant pressure of the liquid on the surface 
may be found by finding the components of this pressure in 
any three directions at right angles, and compounding these 
components, when concun-mt, by the parallelogram law. 

It is convenient to choose as one of the directions the direc- 
tion of the vertical. The other two directions must then be 
taken to be the directions of two horizontal lines at right 
angles to each other, which may be chosen arbitrarily. 

The component in the vertical direction of the pressure on 
the surface is called the resultant vertical pressure of the 
liquid on the surface. It is found by projecting the given 
surface on the surface of the liquid. 

By drawing vertical lines through every point of the 
boundary of the curved surface to the surface of the liquid, we 
shall enclose a column of liquid standing on the given surface. 
This column will be in equilibrium under the action of (i) its 
weight, (ii) the pressure of the curved surface, (iii) the pressure 
on its sides of the surrounding liquid. (Art. 54.) The force 
(iii) acts horizontally, since the sides of the column are vertical, 
and Jias therefore no vertical component. It follows that the 
weight of the column, which is a vertical force, is balanced by 
the vertical component of the pressure of the surface on the 
liquid. But the pressure of the surface is equal and opposite to 
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the pressure of the liquid on the surface. Hence the resultant 
vertical pressure of the liquid on the surface is equal to the 
weight of the liquid in the column formed by drawing vertical 
lines through every point of the boundary of the surface, and 
acts through the centre of gravity of this column. 

In this statement regarding the resultant vertical pressure we 
have supposed that the vertical component of the pressure on 
each element of the surface acts downwards. In some cases this 
component acts upwards, and in some other cases it acts up- 
wards on some parts of the surface and downwards on other 
parts. (See Ex, 2 below.) 

Having shown how to find the resultant vertical pressure on 
the surface, it remains to consider how the resultant hoiizontal 
pressure on the surface may be found. 

The resultant pressure of the liquid on the surface in a given 
horizontal direction is found by drawing any plane perpen- 
dicular to the given direction, and projecting the surface on 
this plane We draw through each point of the boundary of 
the surface a line perpendicular to the plane so as to enclose 
by horizontal lines a part of the liquid^ bounded at one end by 
the curved surface and at the other by the plane. By consider- 
ing the equilibrium of this liquid, we see that the resiJtant 
horizontal pressure, in the given direction, of the liquid on the 
surface is equal to the pressure on the end which is plane. For 
the weight of the liquid acts vertically, and the pressures of the 
surrounding liquid all act perpendicular to the given direction. 
Hence the resultant horizontal pressure in the given direction 
on the curved surface is equal to the pressure on the plane, 
and may therefore be found By choosing two directions at 
right angles, we can find in this way the components of the 
resultant pressure in these two directions, and, if these forces 
meet in a point, the resultant horizontal pressure of the liquid 
on the surface will be found by compounding them by the 
parallelogram law. 

Finally, by compounding the resultant vertical pressure with 
the resultant horizontal pressure, we find the resultant pressure 
of the liquid on the surface. 
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In general, the determination of the resultant pressure of a liquid on a 
curved surface is a problem of great difficulty. In some of the simpler 
cases the resultant horizontal pressure is zero, and the problem is reduced 
to that of finding the resultant vertical pressure. In other cases, again, 
although the resultant horizontal pressure is not zero, it is easy to see what 
is the direction of this component of the resultant pressure, so that the 
problem is somewhat simplified. 

Ex. 1. — A hollow cylinder is placed with its axis vertical, and is filled 
with water. To find the resultant pressure of the water on either of the 
two parts into which the curved surface is divided by a plane through the 
axis of the cylinder. 

Let the figure represent one of the halves into which the cylinder is 
divided by a plane through the axis. ABCD represents this plane, and 
BFCDEA is one half of the curved surface of the cylinder. Consider the 
equilibrium of the water which fills this half of the cylinder. This water is 
in equilibrium under the action of four forces : — (i) its weight, (ii) the 
reaction of the base, (iii) the pressure which is exerted on the water in this 
half of the cylinder by the water in the other half of the cylinder, a force 
acting at H, the centre of pressure 
of the rectangle ABCD, perpen- 
dicular to the plane ABCD, (iv) 
the reaction of the curved surface 
BFCDEA. 

Of these four forces (i) and (ii) 
act vertically, (iii) and (iv) act 
horizontally. Hence the forces (i) 
and (ii) balance, and the forces 

(iii) and (iv) balance. Now the ^^^^ ^^"^ WTli 

force (iii) is the pressure across 
the plane ABCD, and is a force 
equal to wrl?^ where r is the 
radius and A the height of the cylinder (Art. 69). This force acts at H, 
the centre of pressure of the rectangle ABC, whose depth HG is 2^/3 
(Art. 72). The reaction of the curved surface is an equal and opposite 
force, and the resultant pressure of the water on the curved surface^ which 
is equal and opposite to the reaction of the curved surface on the water, 
is therefore a force vyrh?^ acting along the line drawn from H perpendicular 
to ABCD towards the curved surface. In the figure this line is HK. 

Ex. 2. — A hollow sphere is filled with liquid. Find the resultant pressures 
of the liquid on the two parts into which the surface is divided by the hori- 
zontal plane through the centre. 

Let ABCD be the sphere, and AEC the horizontal plane through the 
centre G of the spherical surface. It is required to find the resultant pres- 
sure of the liquid (i) upon the upper hemisphere ADC, (ii) upon the lower 
•hemisphere ABC. 
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Let P be a small element of the upper hemisphere ; then the pressure of 
the liquid on this element is a force perpendicular to the surface at P, that 
a force in the direction GP, whose magnitude depends, for different 

positions of P, upon the depth DQ of P 
below D, the highest point of the liquid. 
Now imagine a cylinder ACKH erected 
on the base A£C, of height AH equal to 
the radius of the sphere, and imagine that 
the space between the cylinder and the 
sphere is filled with liquid. Then the 
pressure exerted by this liquid on any 
element of the surface of the sphere would 
be equal and opposite to the pressure ex- 
erted by the liquid inside the sphere on 
the other side of the same element. For the 
pressure due to the liquid outside the sphere on an element of the surface 
at the point P would be a pressure due to the depth PM, acting in the direc- 
tion PG. It follows that the resultant pressure of the liquid inside the sphere 
on the upper hemisphere ADC is equal and opposite to the resultant pressure 
of the liquid between the cylinder and the sphere on the surface of the sphere. 
The resultant reaction of the sides of the cylinder on latter liquid is zero 
(apply result Ex. 1). The other forces acting on this liquid are (i) its 
weight, (ii) the reaction of the spherical surface ADC. Hence the reaction 
of the spherical surface is equal to the weight of the liquid between the 
sphere and the cylinder, and acts vertically upwards through the centre of 
gravity of this liquid. The pressure of this liquid on the sphere is an equal 
and opposite force, that is, is a force acting downwards. Hence, finally, 
the resultant pressure of the liquid inside the sphere on the hemisphere 
ADC is an upward force equal to the weight of the liquid between the 
cylinder and the sphere, and acts along the line GD. 

Let w denote the weight of unit volume of the liquid, and r the radius of 
the sphere. Then if ^i denote the resultant pressure of the liquid inside 
the sphere on the upper hemisphere ADC, 

i2i=: weight of liquid between the cylinder HACK and the sphere ADC, 
= {ttt^ . r - |7rr^)M>, (Art. 14) 

where W is the weight of liquid in the sphere (Art. 14). In finding the 
resultant pressure on the lower hemisphere ABC, R^ say, we may imagine 
that the upper hemispherical surface ADC is removed, and replaced by the 
cylinder HACK containing liquid to the level HDK. For, as we have 
just seen, the surface ADC presses down on the liquid inside the sphere 
with a force equal to the weight of the liquid between the sphere and the 
cylinder, and this pressure will not be altered by replacing the rigid surface 
of the hemisphere by the column of liquid between the cylinder and the 
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sphere. It follows that the resultant pressure of the liquid inside the 
sphere on the lower hemispherical surf&ce ABC is equal to the sum of the 
weights of the liquid in ABC and in the cylinder HACK. Hence 

i?2 = (|Tr3 + irra.r)ir, =^irr«w, - (Art. 14) 

Having thus found the resultant pressures on each of the two hemispheres, 
we may now find the resultant pressure of the liquid inside the sphere on 
the surface of the sphere. This resultant is evidently the resultant of the 
downward pressure on the lower hemisphere and the upward pressure on 
the upper hemisphere. Thus the resultant pressure on the surface of the 
sphere 

Hence the resultant pressure of the liquid on the surface of the sphere is 
equal to the weight of the liquid. This result may be obtained immediately 
by considering the equilibrium of the liquid in the sphere. 

Ex. 3. — ^A vessel in the form of a hollow cone with its axis vertical and 
vertex downwards, is filled with liquid. Find the resultant pressure of the 
liquid on the surface of the cone. 

Here the weight of the liquid is evidently equal and opposite to the 
reaction of the sides of the vessel on the liquid, and this reaction is equal 
and opposite to the pressure of the liquid on the 
sides. Hence the pressure of the liquid on the 
sides is equal to the weight of the liquid and acts 
vertically along the axis. 

This result may also be obtained by using the 
formula for whole pressure (Art. 69). The whole 
pressure of the liquid on the sides of the vessel 
is wAz, where w is the weight of unit volume of 
the liquid, A the area of the surface of the cone, 
and 2 the depth of the centre of gravity of this 
area below the surface of the liquid. 

Now 2=^/3, where h is the length of the axis DB of the cone. [This 
follows immediately by considering that the surface ABC of the cone may 
be divided into elements in the form of triangles, all having their vertices 
at B.] Also A=irr\/r^-\-h^ (Art. 14), where r is the radius AD of the base 
of the cone. Hence the whole pressure is 

Now the resultant pressure is the resultant of the vertical components of 

the pressures on the elements of the surface. If P is an element of the 

surface of the cone, the pressure at P acts along HP, a line drawn through 

P perpendicular to AB. Hence the vertical component of the pressure on 

the element at P will be found by multiplying the pressure on the element 
(853) I 
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at P by the cosine of the angle PHB (Art. 30), that is, by the sine of the 
angle ABD, that is, by rj yJr^^W. The same thing is true for every ele- 
ment of the surface, and therefore the resultant vertical pressure on the 
surface of the cone, which in this case is the resultant pressure, may be 
found by multiplying the whole pressure by r/ y/r^ + K^. The result is 
^wm^hy which is equal to the weight of liquid in the cone. 

Principle of Archimedes, Arts, 78 to 80. 

78. Resultant Pressure on a Body wholly or 
partly immersed in a Fluid. 

Prop. When a body is wholly or partly immersed iri, a fluid, the 
resultant pressure of the fluid on the body is an upward forc^, whose 
magnitude is equal to the weight of the fluid displaced, and whose 
lin£ of action is the vertical line through the centre of gravity of the 
fluid displaced. 

For if we imagine the body to be removed, and the mass of 
fluid which it displaces to be restored, the pressures of the 
surrounding fluid on the surface of this mass of fluid would be 
precisely the same as the fluid pressures on the surface of the 
body, and therefore the resultant pressure on the body is equal 
in all respects to the resultant pressure which would be exerted 
on the replaced fluid. But this mass of fluid would be in 
equilibrium under the action of (1) its weight and (2) the 
resultant pressure of the surrounding fluid (Art. 54). For 
equilibrium these two forces must be equal and opposite. 
Hence the resultant pressure of the surrounding fluid on the 
replaced fluid must be an upward force equal to the weight of 
this fluid, and must act in the vertical line through the centre 
of gravity of this fluid. 

It follows that the resultant pressure of the fluid on the hody 
is an upward force, whose magnitude is equal to the weight of 
the fluid displaced, and whose line of action is the vertical line 
through the centre of gravity of this fluid. 

This reasoning holds good whether the fluid is a liquid or a 
gas, and whether the body is wholly immersed or only partly 
immersed. The two cases of total and partial immersion are 
represented by the figure on page 107 and the accompanying 
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figure respectively. In the latter figure, which represents a 
body partly immersed in a liquid, the part ABC is the part of 
the surface of the body which is in cotitiwt with the liquid. 
The pressure of the liquid on the 
body is equal to the weight of the 
liquid ABC displaced, and act« ' 
vertically upwards through the 
centre of gravity of this liquid. 

This proposition is referred to 
as the principle of Archimedes. 
It gives (1) the ma^itnde, (2) 
the direction, (3) the line of action of the resnltant pressure 
of a finid on a body wholly or partly immersed in the 
fluid. 

It follows that 
if a body is wholly 
immersed in a 
fluid, and then 
left free to move, 
it will rise or sink 
in the fluid accor- 
ding as its weight 
is less than or 
greater than the 
weight of fluid 
which it displaces, 
and will remain 
at rest if its weight 

is just equal to this e,^„.„u. T^a«,l™ ot Prlndpl, rf Ar.hln,«i» 

weight of fluid. 

79. Experimental Verification of the Principle of 
Archimedes. 

From one of the scale-ponn of a balance tliere U aiispended a Bmall hollow 
cylinder, and from thia cylinder u BUapended a solid cylinder of inetnl, 
which juBt fits into the hollow cylinder. The volume of the solid cylinder 
IB therefore jnat eqnal to the volume of the space itiaide the hollow cylindec. 

The two cylinders aro counterpoiBed by weights placed in the other soale- 
pAD of the baJance. 
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The solid cylinder is now immersed in a beaker of water, and it is then 
found that the weights preponderate, and that the solid cylinder rises in 
the water. On pouring water slowly into the hollow cylinder, the solid 
cylinder slowly sinks again in the water, and a counterpoise is again obtained 
when the hollow cylinder is full of water, and the solid cylinder is wholly 
immersed. 

This experiment clearly shows that the water presses the solid cylinder 
upwards with a force equal to the weight of water which fills the hollow 
cylinder ; and this weight is equal to the weight of water which the solid 
cylinder displaces. 

80. The Hydrostatic Balance. 

If a body M would sink in a liquid, and if it be supported in 
the liquid by a fine thread attached to B, one of the scale-pans 
of a balance ACB, the weight of the mass which must be 
placed in the scale-pan A to counterpoise M is said to be the 
apparent weight of the body M in the liquid. It follows from the 

principle of Archimedes that the ap- 

l\ o K parent weight of the body in the liquid 

J \ / \b is less than the true weight of the body 

/^\ / \ by the weight of the liquid displaced by 

^*^ ^^ the body. 

The balance, when used for finding 
the apparent weight of a body in a liquid, 
is called the hydrostatic balance. Some 
of the methods by which the specific gravities of bodies are 
experimentally determined require the use of the hydrostatic 
balance. 

Since, by the principle of Archimedes, a body in air is 
pressed upwards by the air with a force equal to the weight of 
air which the body displaces, it follows that the result obtained 
on weighing a body in air is not the true weight of the body. 
For both the body and the mass which counterpoises it are 
pressed upwards by the atmosphere, and if their volumes are 
not equal, the upward forces exerted on them by the air are 
not equal. In order to find from the weight of a body in air 
the true weight, that is, the weight in vacuo, we must make 
corrections for the weights of air displaced by the body and the 
mass which counterpoises it. These corrections are v^ry small, 
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and will, unless the contrary is expressly stated, be neglected 
in this book. We shall therefore assume that the weight of a 
body in air is the true weight of the body. 

The following experiment illustrates the upward pressure of the atmos- 
phere. From one end of the beam of a form of the balance, known as the 
baroscope^ is suspended a small brass ball, and from the other end a larger 
ball of cork. The two balls exactly counterpoise each other in air, but when 
the balance is placed under the receiver of an air-pump, and the air with- 
drawn from the receiver, the balls no longer counterpoise each other, the 
ball of cork sinking and the other ball rising. When the air is readmitted 
to the receiver, the beam returns to the horizontal position. 

This experiment shows that, although the brass counterpoises the cork in 
air, the true weight of the cork is greater than the true weight of the brass. 
The apparent weight in air of either body is the true weight diminished by 
the weight of the air which the 
body displaces. As the cork dis- 
places more air than the brass, the 
upward pressure of the atmos- 
phere on it is greater than the up- 
ward pressure on the brass. 

Ex. 1. — Suppose the plane of 
the paper to be vertical; draw a 
square ABCD; take AE a third 
of AB and DF a third of the 
parallel side DC, and draw a line 
of indefinite length through EF; 
let that line represent the surface 
of water, and let the square repre- 
sent a cube (whose edge is a foot 
long) held in it, with AD under 
water; find the resultant of the 
fluid pressure on the cube. If now we suppose the cube turned round E, 
so that D comes into the surface of the water, find the resultant pressure 
in this case. (See figs, page 134.) 

In the first position, in which EF is the surface of the liquid, the resultant 
pressure of the water on the cube is equal to the weight of water AEFD 
which is displaced by the body, and acts vertically upwards through G 
(fig. 1), the centre of gravity of AEFD. The volume of the part of the 
cube which is immersed is evidently 1/3 of the volume of the cube, that is, 
is 1/3 of a cubic foot. Hence the resultant fluid pressure on the cube in thib 
position is equal to the weight of 1/3 of a cubic foot of water, and thiH 

= ixlOOO, =333ioz. 

When the cube is turned into the position in which ED is horizontal, the 
part of the volume of the cube which is immersed 
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= volume of EAD, =half volume of EADF, 
= 1/6 of a cubic foot. 

Hence the resultant pressure on the cube in this case 

= weight of 1/6 of a cubic foot of water, 
= 4 X 1000, =166|oz. 

This pressure acts upwards through the centre of gravity H (fig. 2) of EAD. 

Ex. 2. — A piece of metal, whose specific gravity is 8, weighs 10 lbs. in air. 
What will be its apparent weight in alcohol, whose specific gravity is "8? 

Since the specific gravity of the metal is 8, it follows that the weight 
of a volume of water equal to the volume of the body is J x 10, =5/4 lbs. 
Hence the weight of the same volume of alcohol is f x '8, = 1 lb. When, 
therefore, the metal is weighed in alcohol, it is pressed upward with a force 
equal to the weight of 1 lb. Hence the apparent weight in alcohol is 9 lbs. 

Ex. 3. — A body, which sinks in water, weighs a grammes in air and b 
grammes in water. Show that the volume of the body is a - 6 cubic centi- 
metres, and that its specific gravity is a/ (a - 5). 

The loss of weight in water is a - & grammes, and this is equal to the 
weight of a volume of water equal to the volume of the body. But a cubic 
centimetre of water weighs one gramme, and therefore the volume of a - 6 
grammes of water is a-b cubic centimetres. It follows that the volume of 
the body is a-b cubic centimetres. 

Also the specific gravity of the body is equal to the ratio of the weight of 
the body to the weight of an equal volume of water, and is therefore equal 
to the ratio of a to a - 6, that is, is equal to the fraction a/ (a - b). 

Ex. 4. — Assuming that atmospheric air at ordinary pressures and tem- 
peratures weighs '31 grain, and hydrogen '02 grain per cubic inch, what 
will be the weight of a bladder in which are 300 cubic inches of hydrogen, 
that will stay where it is placed, eg., on the table? 

The weight of the bladder, together with the weight of hydrogen which it 
contains, must not be less than the weight of air which it displaced. Hence 
if w denote the least weight of the bladder, we get 
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w + weight of 300 cubic inches of hydrogen 
= weight of 300 cubic inches of air, 
or W + 300X -02 = 300 X -31; 

from which w = 300 x -29 = 87 grains. 

EXAMPLES IX. 

[A cubic foot of water weighs 1000 oz. Take t= 22/7.] 
{The Answers are given on page 335.) 

A. 

1 . Find in pounds weight the resultant pressure on a vertical lock gate, 
14 feet broad, against which water rises to a depth of 9^ feet. 

2. A rectangle ABCD is placed in a liquid, whose specific gravity is 1*5, 
with the edge AB in the surface and the opposite edge CD 3 feet below 
the surface. If the lengths of the sides AB and AD are 4 feet and 5 feet 
respectively, determine in pounds weight the resultant pressure of the liquid 
on one side of the rectangle. 

3. A rectangular tank is full of .water, its length and depth being re- 
spectively 10 feet and 5 feet. A diagonal line is drawn along one of its 
vertical sides dividing it into two triangles. Find in pounds weight the 
magnitude of the resultant of the fluid pressures on each of these triangles. 
Why is the answer independent of the width of the reservoir? 

4. A rectangular board is immersed in water with one of its edges 
parallel to the surface, and at a depth below the surface equal to the 
height of the rectangle. Compare the whole pressures on the board when 
it is (i) horizontal, (ii) vertical and upwards, (iii) vertical and downwards. 

5. The depth of water in a vessel is 10 feet, the base being a circle of 1{ 
feet radius. Find in pounds weight the pressure on the base of the vessel. 

Why is the answer independent of the shape of the sides of the vessel? 

6. An equilateral triangle, each side of which is 1 foot, is immersed, 
vertex downwards, in water with the base horizontal, and at a depth of 19 
feet. If the plane of the triangle makes an angle of 30" with the vertical, 
find in pounds weight the whole pressure on one side of the triangle. 

7. Find in pounds weight the total pressure on a cube whose edge is one 
foot, immersed to an average depth of 1000 fathoms in the ocean, a cubic 
foot of sea- water weighing 1032 oz. 

What is the resultant pressure? 

8. Determine the thrust in pounds weight on every foot length of a 
vertical wall of a rectangular reservoir, due to water 160 feet deep, and 
determine the depth at which the resultant pressure may be supposed to 
act 

9. Determine the thrust in pounds weight due to a depth of 100 feet of 
water on every foot length of a reservoir wall, inclined to the horizon at a 
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slope of 1 in li, aod determine the line along which the resultant pressure 
may be supposed to act. 

10. A lock gate, 10 feet wide and 10 feet deep, has water on one sid^ 
8 feet deep and on the other 5 feet deep, in each case measured from the 
lower edge of the gate. Determine in pounds weight the resultant pressure 
on the lock gate and its point of application. 

11. A cylindrical vessel, whose base is a circle of 4 inches radius, and 
whose height is 10 inches, is placed with its axis vertical, and is partly 
filled with mercury and partly with water, the volumes of the two liquids 
being equal. 

Find in pounds weight (i) the pressure on the base, (ii) the total pressure 
on the sides of the vessel, taking the specific gravity of mercury to be 13*6. 
Show that the resuUant pressure on the sides of the vessel is zero. 

1 2. A hollow sphere, whose radius is 6 inches, is jnst filled with equal 
volumes of mercury and water. Find in pounds weight (i) the total pres- 
sure on the surface of the sphere, (ii) the resultant pressure on the upper 
half of the surface oi the sphere, (iii) the ruultant pressure on the lower 
half of the surface of the sphere, (iv) the resultant pressure on the whole 
surface of the sphere. 

13. A conical vessel with its base horizontal is filled partly with mercury 
and partly with water; internally the radius of the base is 6 inches, and 
the height 18 inches. If the volume of the mercury is seven times that of 
the water, find the pressure in pounds weight on the base^ having given 
that a cubic inch of water weighs 250 grains, and a cubic inch of mercury 
3400 grains. 

Also find the resultant pressure in pounds weight on the sides of the 
vessel. 

14. The mass of a wooden sphere, whose radius is 1 foot, is 250 lbs. If 
the sphere is totally immersed in water, and then left free to move, will it 
rise or sink in the water? 

15. What is the apparent weight (i) in water, (ii) in mercury, of a piece 
of platinum whose mass is 105 grammes and specific gravity 21, the specific 
gravity of mercury being 13*6 ? 

16. From the scale-pans of a balance are suspended a piece of gold and a 
piece of platinum respectively. The substances are immersed in water and 
there is equilibrium. Taking the specific gravities of gold and platinum to 
be 19*3 and 21 respectively, find the mass of the gold, the mass of the 
platinum being 210 grains. 

17. If in the preceding question the platinum were immersed in alcohol, 
specific gravity '8, the other conditions of the question being unaltered, 
what must be the mass of the gold? 

18. An empty balloon, with its car and appendages, weighs inair 1200 
lbs. If a cubic foot of air weighs IJ oz., how many cubic feet of a gas, 
whose density rdative to air is '52, must be introduced before the balloon 
will begin to ascend? 
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19. With the barometer at 760 mm., the mass of a litre of air is 1*3 
grammes, and of a litre of hydrogen is '089 gramme. The materials of a 
balloon weigh 50 kilogrammes ; what must be its volume in order that it 
may just rise when filled with hvdrogen ? 

B. 

20. A cylindrical vessel, open at the top ana containing water, is gradu- 
ally tilted, none of the water being spilt, till the pressure on the base is 
diminished by a half. What is the inclination of the cylinder to the 
vertical? 

The question plainly presupposes that the whole of the base of the 
cylinder remains under water. What, in terms of the radius of the base, 
is the smallest height of the cylinder and the smalleet quantity of water for 
which this condition would be fulfilled? 

21. A rectangular area ABCD is just immersed in water with the side 
AB in the surface. Find a point P in AB such that the pressure on the 
triangle APD may be one-fifth of the whole pressure on the rectangle. 

22. A triangle has its base horizontal and its vertex in the surface of a 
liquid. Divide it by lines parallel to the base into three parts on which 
the pressures are equal. 

23. A cylinder, with its axis vertical, is filled with liquid, and is divided 
by horizontal sections into 5 annnli, so that the total pressure on each is 
equal to the pressure on the base. If the radius of the base is 10 inches, 
determine the height of the cylinder and the breadth of the third annulus. 

24. A triangle ABC, whose plane is vertical, is wholly immersed in 
water in such a manner that the angle A is in the surface, and the bisector 
of the angle B b horizontal, and meets AC in D. Show that if ABzz|- of 
BC, the whole pressure on the triangle A6D is to the whole pressure on 
the triangle BCD as 9 is to 35. 

25. A hollow prism of triangular section is filled with liquid, and is laid 
on a horizontal plane with the base of the triangle in contact with the 
plane, (i) Prove that the pressure on the base is twice the weight of the 
liquid, (ii) Prove that the pressure on one of the faces is to the pressure 
on the base as the area of that face is to twice the area of the base, (iii) 
Find the resultant of the pressures on the base and the two faces. 

26. A conical vessel, 8 feet high, is filled with equal volumes of two 
liquids which do not mix. If the weight of a cubic foot of the denser 
liquid is tr, and of the other is J w, find the pressure on the base, supposed 
to be horizontal, and to be 1 sq. ft. in area. 

27. A vertical cylinder contains water to a depth equal to the diameter 
of the circular base. A sphere of four times the density of water and of 
the same radius as the cylinder is placed upon the liquid and fits the 
cylinder water-tight. Show that the pressure of water at its uppermost 
parts b now that due to a depth of water 7/3 of the diameter, and that the 
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increase of total pressure on the curved sides is 14 times the weight of water. 

28. A right-angled triangle is just immersed in water with its hypo- 
tenuse vertical ; the parts into which the triangle is divided by a horizontal 
line drawn through the right angle sustain equal fluid pressures. Show 
that the tangent of the smallest angle of the triangle is 2/ V^ + yJiT, 

29. ABGD is a rectangle immersed in a fluid with the side AB in the 
surface, and AC is one diagonal. Given that the depths of the centres of 
pressure of the whole rectangle and the triangle ABC are 2/3 and 1/2 of 
the depth of C respectively, find the depth of the centre of pressure of the 
triangle ADC. 

30. Prove that the thrust on every foot length of a vertical reservoir 
wall, a feet high, due to the pressure of water is w{ah + a^/2) pounds weight, 
acting at a height ^a(a + 3A)/(a + 2A) above the foot of the wall, where 
w denotes the weight in lbs. of a cubic foot of water, and h the head of 
water due to atmospheric pressure. 

31. A hollow cone, height A, radius of base r, is held with its axis ver- 
tical and vertex downwards, and is filled with liquid the weight of unit 
volume of which is w. Find the magnitudes of the resultant vertical 
pressure and resultant horizontal pressure respectively on one of the quarters 
into which the curved surface of the cone is divided by two planes at 
right angles drawn through the axis. By compounding these two forces 
find the magnitude of the resultant pressure. 

32. A hollow sphere, radius r, is filled with liquid, the weight of unit 
volume of which is w. Find the magnitude of the resultant fluid pressure 
on one of the halves into which the surface of the sphere is divided by 
a vertical plane through its centre. 

33. A vessel with a horizontal base, and sides of any form, contains 
liquid, (i) Show the resultant horizontal pressure on the sides is 2ero. 
(ii) Show that the pressure on the base is equal to the weight of a column 
of the liquid whose height is equal to the depth of the liquid, and whose 
sectional area is equal to the area of the base, (iii) Show in what cases 
the pressure on the base will be greater than, and in what cases less than, 
the weight of liquid in the vessel. 

34. An imaginary closed surface of any form is drawn through a mass of 
heavy fluid. Show that the resultant horizontal pressure of the surround- 
ing fluid on this surface is zero. 

What is the magnitude and line of action of the resultant pressure on the 
surface? 

35. A hemisphere of radius 1 foot is immersed in water with its base 
inclined at an angle of 60° to the horizon, and its centre is 6 feet deep. 
Find the magnitude of the resultant pressure of the water on the curved 
sui*face. 

36. A closed conical vessel whose height is twice the diameter of its base 
is just filled with water, and suspended by a string attached to a point in 
the circumference of the base. Prove that if the weight of the vessel be 
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neglected, the vertical component of the pressure of the water on the curved 
surface will be 13/12 of the weight of water in the vessel 

37. A solid cone is immersed in water with its lowest generatuig line 
horizontal, and with the centre of its. base at a depth c below the surface 
of the water. If r is the radius of the base of the cone, h the height, and 
w the weight of unit volume *ii water, find the horizontal and vertical 
components of the pressure on the curved surface. By compounding these 
two forces, find the magnitude of the resultant pressure on the curved 
surface. 

38. A closed cylinder, the diameter of whose base is equal to its length, is 
full of water, and hangs freely by a string fastened to a point in its upper 
rim. Prove that, the weight of the cylinder being neglected, the vertical 
and horizontal components of the resultant pressure on its curved surface 
are each half the weight of water. 



Chapter VIII. -DETERMINATION OF SPECIFIC 
GRAVITY BY EXPERIMENT. 

81. Methods of determining Specific Gravity. 

We have defined specific gravity of a substance to be the 
ratio of the density of the substance to the density of water, 
and we have shown (Art. 26) that the specific gravity is equal 
to the ratio of the mass (often called weight) of any volume 
of the substance to the mass of an equal volume of water. 

In all determinations of specific gravity it is therefore neces- 
sary to find (1) the mass of the whole volume or part of the 
volume of the substance, and (2) the mass of an equal volume 
of water. The mass of the substance may be found directly 
by the balance, so that the problem of finding the specific 
gravity is reduced to that of finding the mass of a volume of 
water equal to the volume of the substance. 

The mass of water equal in volume to the volume of the 
substance is found by the specific gravity bottle, or by the 
hydrostatic balance. By the use of the specific gravity bottle 
the mass of a definite volume of the substance and the mass 
of the same volume of water are directly determined. The 
method of using the hydrostatic balance for determining the 



inaae of a volume of water equal to the volume of a eubatance 
U based oil the principle of Archimedes (Art. 78). 

The volumes of some boM bodies of regular shape can be 
calculated when certain lengths in the bodies have been mea- 
sured. In such cases the absolute density of the body may be 
found by dividing the mass by the volume, and then the 
specific gravity is found by dividing the absolute density by 
the density of water. 

In a similar way the specific gravity of a liquid or a gas 



may be found by determining by experiment the mass of a 
measured volume of the liquid or gas. 

For the practical determination of the specific gravities of 
liquids instruments of various forms, called hydrometere, are 
often used. 

82. Use of the Specific Gravity Bottle. 

The specific gravity bottle is a small glass bottle fitted with 
a stopper. It may be used to determine the specific gravity of 
a liquid, or of a solid broken into small pieces, or of a powder 
insoluble in water. 

By the use of the specific gravity bottle and the ordinary 
balance we can find the mass of a definite volume of a liquid. 
For by finding the mass of the bottle, first when empty, and 
secondly when filled with the liquid, we can, by taking the 
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difference of these two masses, find the mass of the volume of 
liquid which fills the bottle. If great accuracy is required, 
certain precautions must be taken to prevent the presence of 
air bubbles. For these precautions the student must consult 
works on Practical Physics. , 

(i) To find the specific gravity of a liquid. 

In finding the specific gravity of a liquid by means of the 
specific gravity bottle, we determine by the balance the follow- 
ing three masses: — (1) The mass of the bottle when empty, 
(2) the mass of the bottle when filled with water, (3) the mass 
of the bottle when filled with the liquid. Let Wq^ Ji\^ W^ de- 
note respectively these masses. 

Then W^ - W^ is the mass of the volume of water which fills 
the bottle, 

and /Fg - W^ is the mass of the same volume of the liquid. 
Hence the specific gravity of the liquid is 

(ii) To find the specific: gravity of a solid in small pieces^ whose 
density is greater than that of water. 

We make the following determinations by means of the 
balance: — (1) We weigh the pieces of the solid in air; let the 
mass be JFq. (2) We weigh the specific bottle when filled with 
water; let the mass be W-^. (3) We put the pieces of the solid 
into the bottle, fill up the bottle with water, and weigh it; let 
the mass be W^. 

At the third weighing the solid displaces its own bulk of 
water. The quantity of water therefore in the bottle at the 
third weighing is less than the quantity at the second weigh- 
ing by the amount of water displaced by the solid. It follows 

that 

W2 - W^ is the excess of the mass of the solid over the 

mass of water which the solid displaces. Therefore 

is the mass of the water displaced by the solid, that is, is the 
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mass of water whose volume is equal to the volume of the 
solid. Hence the specific gravity of the solid is 

In working all examples of the determination of specific gravi- 
ties the student is recommended to obtain the result without 
quoting a formula. 

Ex. 1. — A glass bottle is weighed empty, filled with water, and filled 
with nitric acid. The masses in the three cases are 43*2, 108*4, and 141 
grammes respectively. Find the specific gravity of nitric acid. 

Mass of water which fills the bottle 

= 108*4 -43-2, =66*2 grammes. 

Mass of nitric acid which fills the bottle 

= 141 - 43*2, =97*8 grammes. 

Hence the specific gravity of nitric acid 

= 97-8/65*2, =1*5. 

Ex. 2. — A specific gravity bottle full of water weighs 1100 grains. 
When a quantity of sand, which weighs 355 grains in air, is^ put into the 
bottle, and the water thus displaced removed, it is found that the bottle 
and its contents weigh 1205 grains. Find the specific gravity of the sand. 

The excess of the mass of the sand over the mass of water which the 

solid displaces 

= 1205 - 1100, = 105 grains ; 

hence the mass of water whose volume is equal to the volume of the sand 

= 356 - 105 = 250 grains, 

and the specific gravity of the sand is 

= 365/250 = 1*42. 

83. Use of the Hydrostatic Balance. 

The use of the hydrostatic balance depends on the principle 
(Art. 78) that when a body is weighed in a fluid, the apparent 
loss in the weight of the body is equal to the weight of fluid 
which the body displaces. The hydrostatic balance may be 
used to determine the specific gravity of a liquid or of a solid. 

(i) To determine the specific gravity of a liquid. 

We take a solid which sinks both in water and in the liquid, 
and make the following determinations: — (1) We weigh the 



DETBBKIMATION C 

iMiiid in air ; let Jf^ be its weight. (2) We weigh the solid in 
water; let IV^ be its apparent weight. (3) We weigh the 
solid in the liquid; let JF„ be its apparent weight. Then 

!V- Jl\ is the apparent loss of weight in water, 
and therefore reprosents the weight of water whose volume is 
equal to the volume of the solid; and 




W- W^ is, in the same way, the weight of the same 
volume of the liquid. 
Hence the specific gravity of the Hquid is 

(ii) To deUrmine the specific gravity of a solid denser than -water. 

In this case it is only necessary to determine the weight of 
the body in air, fF say, and the apparent weight of the body in 
water, W say. Then 
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W- W represents the weight of water whose volume is 
equal to the volume of the body. 

Hence the specific gravity of the body is 

WI{W- W). 

(iii) To determine the specific gravity of a solid less dense than 
water. 

A solid which is less dense than water floats in water, and 
therefore its apparent weight in water is zero. In this case 
the specific gravity may be found by attaching to the body a 
piece of some dense material such as lead, called the sinker, 
which will make the body sink in water. 

Let W denote the weight of the body in air, y the apparent 

weight of the sinker in water, and W the apparent weight of 

the body and sinker together in water. Then the specific 

gravity of the body is 

W/{fF-fF' + y). 

To prove this, let us denote for a moment the weight of the 
sinker in air by x. Then 

W-\-x-W' = weight of water displaced by body and sinker, 
and x-y = weight of water displaced by the sinker alone. 

Hence, by subtraction, we get the result — 
JV- ^' + y = weight of water displaced by body alone. 

Dividing JV^ the weight of the body, by the last expression, 
we get, as the specific gravity of the body, 

We may arrive at this result in another way: — W is the 
weight of the body and sinker together in water, and y is the 
weight of the sinker alone in water ; therefore y-W'\^ the 
excess of the upward pressure of the water on the body over 
the weight of the body, that is, is the excess of the weight of 
water displaced by the body over the weight of the body. 
Hence W-\-{y- W), = W-W'-\-y, is the weight of water dis- 
placed by the body, and the result follows as before. 

(iv) To determine the specific gravity of a solid solvhle in waiefi\ 
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We weigh the body in air and in a liquid, of known specific 
gravity, in which the body is not sohible. 

Let W denote the weight of the body in air, and W the 
apparent weight in the liquid, and s the specific gravity of the 
liquid. 

Then W-Wh the weight of a volume of the liquid equal 
to the volume of the body, and therefore 

Specific gravity of body : specific gravity of liquid 

from which we get 

Specific gravity of hoAy = sW j {W - W). 

Ex. 1. — A body weighs 150 grains in air, and, when immersed in water 
by means of a sinker, the combination weighs 45 grains. The sinker alone 
weighs 75 grains in water. Find the specific gravity of the body. 

The excess of the weight of water whose volume is equal to the volume 
of the body over the weight of the body is 

= 76-45, =30 grains. 

Hence the weight of water displaced by the body 

= 150 + 30, =180 grains, 

and the specific gravity of the body is 150/180, =5/6. 

Ex. 2. — A solid weighs 30 grammes in water, and 40 grammes in a 
liquid whose specific gpravlty is '8. What is the volume of the body, and 
what is its mass? 

Let W denote the number of grammes in the body. Then 
W- 30= weight in grammes of water which body displaces, 
and 
W- 40 = weight in grammes of liquid of sp. gr. '8 which body displaces. 
Hence 

(IF-40)/(Tr-30)=-8, 
from which we get 

6(Tr-40) = 4(H^-80), 

giving W= 80 grammes. 

Also the weight of water displaced by body is TF-30, =50 grammes. 
But the volume of 1 gramme of water is 1 cubic centimetre. Hence the 
volume of water displaced by the body, that is, the volume of the body, is 
50 cubic centimetres. 

84. Corrections for Weighing in Air. 

We saw (Art 80) that when the mass of a body is determined by weigh- 
(853) K 
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ing it in air against a standard mass, the result obtained is not the true 
mass of the body. In order to obtain the true mass directly it would be 
necessary to weigh the body in vacuo. We may, however, arrive at the 
true mass by applying to the result of weighing the body in air a correction 
for the weights of air displaced by the body and by the standard mass which 
counterpoises it in air. In making this correction we use the following 
exact equation connecting the true weight of the body and the true weight 
of the standard mass which counterpoises it in air : — 

True weight of body - weight of air displaced by body 

= weight of standard mass - weight of air displaced by standard mass. 

Let Wo denote the true weight of the body, and W the apparent weight 
in air, so that W represents the true weight of the standard mass which 
counterpoises the body in air. Let k represent the ratio of the density of 
air to that of the body, and h' the ratio of the density of air to that of the 
standard mass. Then 

weight of air displaced by body^ArTTo, 

and weight of air displaced by standard ma88=X^ W, 

Hence from the above equation we get 

Wo-kWo=W-WJI^, 
from which Wo=W{l-kf)l{l- k), 

a formula from which TTo, the true weight of the body, may be calculated 

when Wf k and k' are known. 

Standard masses are usually composed of dense substances such as 

platinum or brass, so that k' is usually very smalL We may therefore 

obtain an approximate value of Wq by putting J^=0, The result is the 

formula 

Wo=WI{l-k). 

Ex. — ^A piece of cork, whose specific gravity is *24, is counterpoised by a 
standard brass mass of 4085 grains, whose specific gravity is 8. Assuming 
that, under the circumstances of the weighing, water is 817 times as dense 
as air, find the true mass of the cork. 

[ 1/817"! r 1/817-| 
1 =4085 1 L 
•24 J L 8 J 

from which Tro=4105*3 grains. 

85. The Common Hydrometer. 

Of instruments for determining specific gravities there are 
two classes: — (1) Hydrometers of variable immersion and con- 
stant weight, (2) hydrometers of constant immersion and 
variable weight. 
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In the accompanying figure are shown forms of the common 
hydrometer of variable immeraion, an instrument which is used 
for determining the specific gravity of a liquid. It consists of 
a long slender stem, fitted to a hollow cylinder or ball of glass, 
terminating in a bulb filled with 
mercury. When the instru- 
ment is placed in a liquid, it 
floats in a vertical position 
with the weighted end and 
part of the stem under the sur- 
face of the liquid. 

When the hydrometer floats 
in a liquid, the point of the 
stem which is in the surface 
depends on the specific gravity 
of the liquid. For the weight 
of the hydrometer is constant 
and equal in all cases to the 
weight of the liquid displaced. 
Hence the denser the liquid, 
the less must be the volume displaced, that is, the denser the 
liquid, the shorter will bo the part of the stem under the surface. 

The stem is graduated by the maker in such a way that, 
when the instrument floats in a liqiiid, the reading on the 
stem at the point to which the instrument sinks gives the 
specific gravity of the liquid. 

Ex. — A cominon hydrometer floata in a liquid, whose specific giavity is 'O, 
with G inches more of its etem below the surface than it vonld have if 
placed in water. What point of the stem will be in the surface when it 
floats in a liquid whose specific gravity ia '95t 

Let F denote the nninber of cubic inches of water displaced by the 
hydrometer when floating in water, and a the number of square inches in 
the area, taken to he uniform, of the section of the stem. Then when the 
hydrometer floats in the liquid whose specific gravity is '9, the volume of 
the liquid displaced is ( V+ &a) cubic inches. Hence, since the weiglits of 
water and liquid displaced are equal, we get 
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When the hydrometer floats in the liquid, whose specific gravity is *95, 
let X represent in inches the height of the point of the stem, which is in the 
surface above the point which is in the surface when the hydrometer floats 
in water. Then since the weight of the liquid displaced is equal to the 
weight of V cubic inches of water, 

V^{V-\-xa)=V. 

Putting in this equation F= 45a, 

we get 1 9 (45a •\-xa) — 45a x 20 ; 

therefore 1 9a5 = 45, 

or x=%l^. 

Hence, when the hydrometer is placed in a liquid of specific gravity *95, 
it will float with 2/^ inches more of its stem under the surface than when it 
is placed in water. 

86. Graduation of the Common Hydrometer. 

A formula may be investigated by which the point on the stem to which 
the instrument sinks in a given Hquid may be determined. 

Let A be the point on the stem which is in the surface when the hydro- 
meter floats in water, and let V denote the volume of the bulb and the part 
of the stem below A. Let a denote the area of the stem, taken 
to be uniform, and let w denote the weight of unit volume of 
water. It is required to determine the point of the stem which 
, g is in the surface when the instrument floats in a liquid whose 
specific gravity is s. 

First let 8 be less than unity ; then the point B to which the 
instrument sinks is above A. Let the length of BA be denoted 
by 05, and let w denote the weight of unit volume of water. Then, 
by the principle of Archimedes, the weight of the instrument is 
equal to irF, and also equal to (F+aaj) 8W. 

Hence (V+ax)8W-Vwy 

from which 05 = F ( 1/a - 1 ) / a, 

an equation which determines AB. 
Next let 8 be greater than unity, and let C be the point to which the 
instrument sinks in the liquid ; then C is below A. If x denotes AC, we 

get ( F- ax) 8 10= Vw, 

from which a; = F(l - 1/s) /a, 

an equation which determines AC. 

It is found convenient in practice to use two classes of hydrometers. 
One class is used for determining the specific gravities of liquids less dense 
than water. In an instrument of this class, the point A to which the 
liquid sinks in water is near the lower end of the stem. The part of the 
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Item above A ie graiiuated, the point A beii^ marked 1, and the readings 
decreasing from A upwards. In hydrometeni of the other class, vhieh ara 
used for iletenniniiig the speeilic gravity oF liquids denser than water, the 
point A to which the inatrument sinks in water is near the top uf the stem. 
The part of the stem below A ie graduated, the point A l>eing marked 1, 
and the reading increasing from A dowi]wards. 

Ex. — If V denote the wAoJe volume of an hydrometer, >, and «; the specific 
gravities of two liqnids in which the instrument floats with the lengths 



X| and Xi respectively above the surface, and if a denote the area of thii 
section of the stem, then sjai — i V^aXi)l{V-ar,j. 

For if ic denote the weight of unit volume of water, the weight of the 
instrument is t,wlV-axi), and is also equal to fiu(r-nxt). Equating 
Iheae expreasions, the result immediately follows. 

87. Nicholson's Hydrometer, 

Nicholson's Hydrometer ie a form of an hydrometer of con- 
stant immersion, which is sometimes used in laboratories for 
determining the specific gravities of liquids and of small solids. 

This instrument consists of a hoUow brass cylinder DE, to 
one end of which is fastened a veiy thin stem of steel C, sup- 
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porting a pan AB. An iron stirrup, fixed to the other end of 
the cylinder, supports another pan F. A fine mark is cut on 
the stem at some point P. 

(a) To find the specific gravity of a liquid by Nicholson's hydro- 
meter. 

Let W denote the weight of the instrument. 

Let the instrument float in water, and let W-^^ denote the 
weight which must be placed in the pan AB to make the in- 
strument sink to the mark P. 

Let the instrument float in the liquid, and let W^ denote the 

weight which must be placed in AB to sink the instrument to 

the mark. 

Then 

W+Wi is the weight of water displaced by the 

instrument, 

and W+ W^ is the weight of the liquid displaced by 

the instrument. 

« 

Since the volume is the same in the two cases, the specific 
gravity of the liquid is 

(b) To find the specific gravity of a small solid by Niclwlson's 
hydrometer.. 

Let the instrument float in water, and let W denote the 
weight which must be placed in the pan AB to make the 
instrument sink to the mark. 

Eemove the weight W^ and let the solid be placed in the, 
pan AB as in the left-hand figure. Let W^ be the weight 
which must now be placed in AB to make the instrument sink 
to the mark. 

Remove the solid and place it in the lower pan F, as in the 
right-hand figure. Let W^ denote the weight which must now 
be placed in the pan AB to make the instrument sink to the 
mark. 

Then the weight of the solid in air is 
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and the apparent weight of the solid in water is 

Hence the weight of an equal volume of water is (IT- W^) - 
{W- W^ or ^2 - W^ and the specific gravity of the solid is 

Ex. — It is found that the hydrometer sinks to the mark when a mass 
of 12 oz. is placed in the pan. A solid is placed in the upper pan, and it is 
found that the mass now required to sink the instrument to the mark is 
5 oz. The solid is placed in the lower pan, and it is found that the instru- 
ment sinks to the mark when a mass of 7 oz. is placed in the pan. Find 
the specific gravity of the solid. 

Here 

mass of solid = 12 -5, =7oz.; 

apparent weight of solid in water =12 -7) =5 oz.; 

mass of water displaced = 7-5, = 2 oz. 

Hence the specific gravity of the solid is 7/2, =8*5. 

EXAMPLES X. 
{The Answeri are given on page 885.) 

1. A solid weighs 12 oz. in air, 8 oz. in water, and 9 oz. in a certain 
liquid. Find the specific gravities of the solid and of the liquid. 

2. A quantity of pebbles weighing 111^ lbs. is put into a vessel of 1 
cubic foot capacity, which then requires 540 cubic inches of water to fill it 
completely. Find the weight of a cubic foot of the stone of which the 
pebbles consist, and also find the specific gravity of the stone. 

8. A solid weighs 120 grammes in air and 90 grammes in a liquid of 
specific gravity '9. Find the specific gravity of the solid. 

4. The weight of a piece of wood is 4 lbs. and of a piece of lead in water 
4 lbs., and of the lead and wood in water 8 lbs. What is the specific 
gravity of the wood? 

6. Find the specific gravity of a piece of cork from the following data : — 

Weight of cork in air =2 grammes. 
Weight of cork and sinker in water =4 grammes. 
Weight of sinker in water =12 grammes. 

6. A cork weighs in air 15 grains. The sinker weighs in water 90 grains, 
and the cork and sinker together weigh in water 45 grains. Hequired the 
specific gravity of the cork. 

7. A substance of which the specific gravity is 6 weighs 180 grains in air 
and 155 in a liquid. Required the specific gravity of this liquid. 
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8. A solid weighs 100 grains in water and 115 in a liquid of which the 
specific gravity is "8. What is the weight of the solid? 

9. The weight of a Nicholson's hydrometer is 8 oz. The weight required 
to sink it to the mark in water is 3^ oz., and in alcohol is 1 oz. Find the 
specific gravity of alcohol. 

10. The weight of a Nicholson's hydrometer is 10 oz. The weight re- 
quired to sink it to the mark in a liquid whose specific gravity is 1*2 is 
4 oz. What weight will be required to sink it to the mark in water? 

11. The weight required to sink a Nicholson's hydrometer in water to 
the mark is 4*2 oz. ; when a small body is put in the upper pan the weight 
required is 1*26 oz., and when the body is put in the lower pan the weight 
required is 2*73 oz. Find the specific gravity of the body. 

12. The standard weight in a Nicholson's hydrometer being 1200 grains, 
a body is placed in the upper pan, and it is found that 200 grains must be 
added to sink the hydrometer to the standard point. The body is now 
placed in the lower pan, and it is found that 450 grains must be placed in 
the upper pan to sink the instrument to the standard point. What is the 
specific gravity of the body? 

13. The standard weight in a Nicholson's hydrometer is 1250 grains; 
a small substance is placed in the upper pan, and it is found that 530 
grains are required to sink the instrument to the standard point, but when 
the substance is put into the lower pan 620 grains are required. What is 
the specific gravity of the substance? 

14. A Nicholson's hydrometer weighs 12 oz. The addition of 3 oz. to 
the upper pan causes it to be sunk in one liquid to the marked point, while 
7^ oz. are required to produce the like result in another liquid. Compare 
the specific gravities of the liquids. 

15. The apparent weight of a piece of platinum in water is 60 grammes, 
and the absolute weight of another piece of platinum twice as big as the 
former is 126 grammes. Determine the specific gravity of platinum. 

16. A piece of wax weighs 4^ grammes in air. A piece of platinum, 
whose volume is one-tenth of a cubic centimetre and specific gravity 21, is 
attached to the wax, and the two together weigh in water 2^ grammes. 
Find the specific gravity of the wax. 

17. A piece of lead weighs 50 grammes in air, and when suspended in a 
liquid whose density is 1*2 grammes per cubic centimetre it weighs 44*6 
grammes. Determine the density of the lead. 

18. A specific-gravity bottle full of water weighs 44 granunes, and when 
some pieces of iron, weighing 10 grammes in air, are introduced into the 
bottle and the bottle is again filled up with water, the combined weight is 
52*7 grammes. What is the specific gravity of the iron? 

19. A body of density '8 weighing 100 grammes in air is attached to a 
lead sinker weighing 50 grammes in water, and the two are completely 
immersed in water. What weight is required in the opposite scale for 
equilibrium? 
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20. An iron shell is found to lose half its weight when weighed in water; 
what part of its volume is hollow? (specific gravity of iron = 7*2). 

21. The stem of a common hydrometer is cylindrical, and the highest 
graduation corresponds to a specific gravity of 1, while the lowest corre- 
sponds to a specific gravity of 1*2. What specific gravity corresponds to 
the point which is exactly midway between these two divisions? 

22. An hydrometer is found to sink to points marked A, B, C on its 
stem when placed in water and in two other liquids (j3 and 7 say) re- 
spectively, the specific gravity of 7 being *9. If B is half-way between A 
and C, what is the specific gravity of the liquid /3? 

23. A body weighs a grammes in water and 6 grammes in a liquid of 
specific gravity s. Find its true weight and volume. 

24. If the same body have weights Wo, Wi, W^, ... in vacuo and in various 
liquids respectively, compare the specific gravities of these liquids. 

25. Pieces of ice are floating in water, and gradually melt. Will the 
surface of the water be affected? 

26. A piece of wood and a piece of brass exactly counterbalance each 
other in a perfectly just balance, the weighing being made in air. If the 
mass of the piece of brass is 1450 grains, what is the mass of the wood, 
given that the specific gravities of the wood and brass are *85 and 8 respec- 
tively, and that 800 cubic inches of air weigh as much as 1 cubic inch of 
water at standard temperature? 



Chapter IX.— FLOATING BODIES. 

Bodies floating freely, Arts, 88 to 90. 

88. Conditions of Equilibrium of a Body Im- 
mersed in a Fluid. 

When a body is wholly or partly immersed in a fluid, the 
resultant action of the fluid on the body is a force equal to the 
weight of the fluid displaced, acting vertically upwards through 
the centre of gravity of the fluid displaced. The weight of 
the body is a force acting vertically downwards through the 
centre of gravity of the body. If the body is perfectly free 
to move, it will be in equilibrium only when the resultant 
fluid pressure is a force equal and opposite to the weight of 
the body. 

Hence the following are the conditions that a body shall 
float freely in a liquid : — 
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(1) The weight of the body miist be equal to the weight of 
the fluid displaced. 

(2) The centre of gravity of the body and the centre of 
gravity of the fluid displaced must be in the same vertical line. 

Also it is evident that, if the weight of the body is less than 
the weight of the Jluid displaced, the body will rise in the fluid; 
and if gi-eater, the body will sink in the fluid. Thus a balloon 
rises in the air because the total weight of the balloon is less 
than the weight of air displaced, and for a similar reason a 
bubble of air rises in water. On the other hand, a piece of 
metal, such as iron or lead, sinks in water because its weight is 
greater than the weight of water which it displaces. 

It follows that when a body, ABCD (see upper figure, 
page 131), whose weight is less than the weight of an equal 
volume of any liquid, is placed in the liquid, the body will 
float in a position in which part only of its bulk, ABC, is below 
the surface of the liquid. In this position the weight of the 
body is equal to the weight of the part ABC of the liquid 
displaced. 

Again, if the weight of a body, wholly immersed in a liquid, 
is just equal to the weight of its own volume of the liquid, 
the body will float at any depth. 

In the case of a body of uniform density, these results may 
be expressed in the following way : — If the specific gravity of a 
body, wholly immersed in a liquid, is greater than the specific 
gravity of the liquid, the body will sink in the liquid; if the 
specific gravities of the body and of the liquid are equal, the 
body will float at any depth; and if the specific gravity of the 
body is less than the specific gravity of the liquid, the body will 
rise in the liquid, and will come to rest in a position in which 
part of its volume is immersed in the liquid, and the remainder 
above the surface. 

89. Body Floating with a Part Immersed in each 
of Two Fluids. 

When a body is placed with part of its volume immersed in 
one fluid, and the remainder in another fluid, each of the fluids 
exerts an upward force on the body. The amount of force 
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exerted by either fluid is equal to the weight of the volume 
of fluid displaced, and acts through the centre of gravity of this 
volume. 

It follows that when a body floats freely with part of its 
volume immersed in each of two fluids, the weight of the body 
must be equal to the sum of the weights of the fluids displaced, 
and the centre of gravity of the body must be in the same 
vertical line with the point which is the centre of gravity of 
the two fluids displaced. 

A similar proposition holds in the case in which a body floats 
freely with part of its volume immersed in each of more than 
two fluids. 

A body floating partly immersed in water, and freely ex- 
posed to the atmosphere, is an example of a body floating 
immersed partly in water and partly in air. In this case the 
weight of the body is equal to the sum of the weights of water 
and air displaced. 

Since the weight of any volume of air is very small compared 
with the weight of the same volume of water, the part of the 
weight of a solid supported by the upward pressure of the 
air is very small compared with the part supported by the 
upward pressure of the water. In the calculations of this 
chapter we shall neglect the upward pressure of the air on a 
solid floating partly immersed in a liquid. 

90. Ratio of Part Immersed to Whole Volume. 

A body of known specific gravity floats partly immersed in 
a liquid of known specific gravity. To find what part of the 
volume of the body is immersed in the liquid. 

The body floats in the position in which its weight is equal 
to the weight of the liquid displaced. 

Let V denote the whole volume of a body, s the specific 
gravity of the body, supposed to be of uniform density, V^ the 
volume of the part immersed, and Sj the specific gravity of the 
liquid. Also let w denote the weight of unit volume of water. 

The weight of the body is wVs, and the weight of the liquid 
displaced is wV^s-^', and these are equal. 
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Hence wV^s^^wVs ; 

therefore V^$^=Vs^ 

or V^IV^sjSy 

If W denote the mass of the body, and JV^ the mass of the 
part of the body below the surface, then W^jfV is equal to 
VJV^ and therefore 

Cor. — If the Kquid is water, s^ = 1, and the equation becomes 

Thus, the specific gravities of cork, pine, and oak being J, ^, 
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and 1 respectively, it follows that a piece of cork will float in 
water with a quarter of its bulk immersed, a piece of pine 
with half of its bulk immersed, and a piece of oak with the 
whole of its volume immersed. Pieces of ebony and lignum- 
vitae, whose specific gravities are each greater than unity, 
would sink in water. 

Ex. 1. — An iceberg is floating in sea-water, and it is estimated that the mass 
of ice above the surface is 10000 tons. Taking the specific gravities of ice 
and sea- water to be respectively "92 and 1*026, find the total mass of the 
iceberg. 

Taking the formula 

TFi/TF=«/«i» 



let W represent in tons the total mass of the iceberg, and W\ the mass of 



FLOATING BODIES. 157 

the part immersed. We have here 8 = '92, «i = 1*026, W- Wi = 10000. Hence 

TFi=TFx •92/1-026, 
and Pri=TF- 10000. 

Equating these expressions for TTi, we get 

Wx -92/1 026= W- 10000, 
or Wx -92= TFx 1026 - 10260. 

Hence Tr= 10260 /(I -026 - -92). 

= 96792 tons. 

Ex. 2. — The specific gravity of lead is 11*4, and that of cork is '24. If 
a piece of cork weighs 8 lbs., find how much lead must be attached to it to 
make it sink in water. 

Let X represent the least number of pounds of lead required. Then the 
sum of the weights of water displaced by the lead and the cork must just 
be equal to (a; + 3) lbs. 

The weight of water displaced by the lead is a;/ll*4 lbs., and the weight 
of water displaced by the cork is 3/'24 lbs. 

Hence 

a; + 3=a;/ll-4 + 3/-24. 

Solving this equation, we find 

a'= 10-4 lbs. 

Hence a piece of lead which weighs more than 10*4 lbs. would, when 
attached to the cork, make the cork sink in water. 

Ex. 3. — A cube whose edge is a, and sp. gr. «, floats in a liquid whose 
sp. gr. is ns; another liquid, which does not mix with the former, and 
whose sp. gr. is s/n, is poured on the former liquid. What depth of the 
second liquid will be just sufficient to cover the cube ? 

Let X be the depth required. Then the cube floats with a vertical edge 
immersed to a depth a -a; in the liquid whose sp. gr. is n«, and the re- 
mainder, X, of the edge in the liquid whose sp. gr. is s/n. The volumes 
of the two liquids displaced are proportional to these lengths. The weights 
of the volumes of the liquids displaced and of the cube are proportional to 
(a - ar)rw, x . «/n, as respectively. 

By the principle of Archimedes, 

a8=(a-x)iM + xs/n, 
from which x=:an/(n + 1), the required depth of the second liquid. 

Bodies floating partly supported, Arts. 91 to 93, 

91. Tension of the Thread supporting a Body 
Immersed in a Liquid. 
A body, which would sink in a liquid, is wholly or partly 
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immersed in the liquid, and is supported by means of a thread. 
It is required to find the tension of the thread. 

Let JV denote the weight of the body, R the resultant 

pressure of the liquid on the body, and T the 

tension of the thread. 




Then 
and therefore 



T+R=}F, 



which gives a general expression for T. 

(i) Let the body be wholly immersed. 

Let s and s^ denote the specific gravities of 
the body, supposed to be of uniform density, 
and of the liquid respectively, then 

RjW^sJs. 
Hence in this case 

7= ;r- Ws^js, 

-W{s^s,)l8 (1), 

(u) Let the body be partly immersed. 

Let Fand V^ denote the whole volume of the body and the 
volume immersed respectively. 
Then 

RjlV^V^s^IVs, 



giving 



r= W- JFV^sJVs 
^JV{Vs^V^s^)IV8. 



(2) 



Cor. If the body, instead of being supported in the liquid 
by a thread, rests on the base of the vessel containing the 
liquid, the formula (1) or the formula (2) will give the pres- 
sure exerted by the body on the base of the vessel, according 
as the body is wholly or partly immersed. 

92. Tension of the Thread which keeps a Body, 
Immersed in a Liquid, from Rising in the Liquid. 

A body, which would rise in a liquid, is wholly or partly 
immersed in the liquid, and is kept from rising by means of 
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a. thread fastened to a point beloT the euriace. It Is required 
to find the tension of the thread. 

Using the notation of the preceding Article, we see that the 
body is kept at rest by the downward 
forces T and fT and the upward force £. 

Hence 

T+ W=R, 
and therefore 

T=B-W. 

(i) Let the hody be wkolly immersed. 

Then 

and therefore 

T=fF'iiJs-fF, 

= rr(3,-s)is (1) 

(ii) Let the body ha parSy immersed. 
Then 

Blfr= V^sJVs, 
and therefore 

T=W>J'iS^-Vs)IVs (2) 

Cor. 1.— The value of T in formula (2) will be zero if V-^s-^^ 
= Vs. This agrees with the result of Art. 90, 

Cor. 2. — The formula for T in equation (1) is the formula for 
the force required to submerge in a hquid a body whose specific 
gravity is less than that of a liquid. 

93. Conditions of Equilibrium of a Solid Floating 
Partly Immersed in a Liquid, and Free to Turn 
about a Fixed Point in all directions. 

The body is acted on by three forces — ite weight, the up- 
ward pressure on it of the liquid, and the reaction of the fixed 
point. The weight of the body and the upward pressure of 
the liquid both act vertically, and therefore, by the theory of 
parallel forces, the reaction of the fixed point on the body must 
also act vertically, and the three forces must satisfy the con- 
ditions of equilibrium of three parallel forces. Hence the fol- 
lowing are the conditions of equilibrium: — 
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(i) The centres of gravity of the body and of the liquid dis- 
placed must be in the same vertical plane through the fixed 
point. 

(ii) The moments about the fixed point of the weight of the 
body and of the weight of the liquid displaced must be equal 
(Art. 37). 

If a body floats partly immersed in a liquid, and if it is 
partly supported by a string, the string must be vertical. 
Also conditions (i) and (ii) must hold, the expression the fixed 
point being changed into the point of attachment of the string to 
the body. 

Ex. 1. — A body whose mass is 12 lbs. and specific gravity 2*5 is placed 
in a vessel, with a horizontal base, containing water. What pressure is 
exerted on the base by the body, supposing the body to be completely 
covered with water? 

The resultant pressure of the water on the body is a force acting vertically 
upwards equal to 

12/2-5, =24/5, =4flbwt. 

Hence the pressure of the body on the base of the vessel is 

12-4f =7ilbwt. 

Ex. 2. — An ounce of silver, totally immersed in water, is supported by a 
string. If the water and the vessel which contains it originally weighed 30 
ounces, what mass will counterbalance them after the ounce of silver is 
suspended in the water, and what is the tension of the string? 

The upward pressure of the water on the ounce of silver 

= 1/10-5, =2/21 ozwt. 

Hence the tension of the string 

= 1-2/21, = 19/21 ozwt. 

The silver exerts on the water a force equal and opposite to the force 
exerted by the water on the silver. Hence the weight of the vessel and 
water is apparently increased by the presence of the silver by the amount 
2/21 oz. Thus after the silver is suspended in the water, the mass required 
to counterpoise the vessel and water is 30^ oz. 

Ex. 3. — A uniform rod AB can turn about a smooth hinge at A, which 
is immersed at a depth AB/2 below the surface of a liquid whose specific 
gravity is three times that of the rod. Find the position of stable equi- 
librium. 

Let the figure represent the position of stable equilibrium, the angle 
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which AB makes with the vertical AD in this position being denoted by ; 
and let C be the point of the rod which is in the surface PQ of the liquid. 

The forces keeping the rod in equilibrium are (i) the weight, W say, of 
the rod, acting vertically down- 
wards at G, the middle point of 
AB; (ii) the resultant pressure of 
the liquid on the rod, R say, act 
ing vertically upwards at H, the 
middle point of AC ; and (iii) the ^ 
reaction at the hinge A. Since 
the rod is in equilibrium the mo. 
ments about A of the forces IF and 
R must be equal. 

If 8 denotes the specific gravity 
of the rod, then 3« is the specific 
gravity of the liquid. Let A denote 
the sectional area of the rod, and 
w the weight of unit volume of water. Then 

TV= AB ,A ,B,Wj and i2= AC . il . 3^ . tc, 

and the moments of W and R about the point A are 

W . AG sin di=.\A.'& . J. . 5 . k; . sin 0. 

R . AH sin ^,=iAC^ ,A ,Z8,w,smdy 




and 



respectively. Equating these moments, and cancelling factors common to 
both sides of the resulting equation, we get 

AB2=3AC2. 
But 

AC = AB/coB 0, = AB/2 cos 0, (by conditions of the problem) 

and therefore 

AB2=3AB2/4 cob2 0, 
giving 

cos2 0=314, and cos 0= V3/2. 

Hence 0, the angle BAD, is an angle of 80". 



EXAMPLES XL 

{T?ie Answers are given on page 836.) 

A- 

1. A cube whose specific gravity is '75 floats in water with four edges 
vertical ; how much of one of its vertical edges is under water? 

If its edges are 2 feet long, what is the magnitude of the resultant fluid 
pressure on the immersed part of one of its vertical faces ? 

(863) L 
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2. A cylinder is 2 feet high, and the radius of its base is 3 feet; its 
specific gravity is *7 ; it floats in water with its axis vertical. Find (i) how 
much of its axis will be under water, (ii) the force required to raise it one 
inch, (iii) the force required to depress it one inch. 

3. A uniform cylinder floats in water with 1 inch of its length above the 
surface. In a liquid whose specific gravity is 1*5 it has 3 inches above 
the surface. What is the length of the cylinder? What is its specific 
gravity? 

4. A body, which can just float when wholly immersed in water, floats 
in another liquid with 1/11 of its volume above the surface. What is the 
specific gravity of the liquid? 

5. A body floats with 1/10 of its volume above the surface of water. 
What fraction of its volume will project above the surface if it were float- 
ing in a liquid of specific gravity 1 '25 1 

6. A piece of iron, weighing 275 grammes, floats in mercury of specific 
gravity 13 "59 with 5/9 of its volume immersed. Determine the volume of 
the iron in cubic centimetres and its density in grammes per cubic centi- 
metre. 

7. The weight of a cubical box is 1/4 of that of the water which fills it. 
When half filled with water, it sinks in water to a depth of 10 inches. 
Find the depth to which it sinks when filled with water. 

8. A common hydrometer, floating in a liquid whose specific gravity is 
1*1, has 5 inches of its stem above the surface. When it floats in a liquid 
whose specific gravity is 1*2 it has 6 inches of its stem above the surface. 
How much of the stem will be above the surface when it floats in a liquid 
whose specific gravity is. 1*3? 

9. A cylinder of wood, weighing 12 lbs., floats in water with 3/4 of its 
bulk immersed. When 5 lbs. of metal are tied to it, the two together can 
just float. Find the specific gravities of the wood and of the metal. 

10. A cubic inch of lead of specific gravity 11*4 is attached to a cubic foot 
of ice of specific gravity '92. Find whether the combination will float or 
sink in water. 

11. A man who weighs 12 stones can just float in water with a certain 
quantity of cork (specific gravity *24) attached to him. Find the weight 
of the cork, assuming that the man's specific gravity is 1*12. 

12. A cylindrical piece of basalt (specific grayity 3), whose height is 
6 inches and the radius of whose base is 7 inches, is floating in mercury, 
(specific gravity 13*6). What force will be required to submerge it? 

13. A certain body just floats in water. On placing it in sulphuric acid 
of specific gravity 1*85, it requires the addition of 42*5 grammes to immerse 
it. Find its volume. 

14. A body, which weighs 12 lbs., floats in a liquid with 1/3 of its volume 
above the surface. What is the least pressure that must be applied to keep 
the body wholly submerged? 

15. A canal is carried over a road by means of a bridge. Will there be 
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any increase in the pressure on the bridge when a heavily-laden barge is 
passing over the bridge? 

16. A hollow cylinder of length one foot, and internal diameter one inch, 
is closed by a thin plate whose weight in vxUer is \ oz. The cylinder is then 
immersed vertically in water with the closed end downwards to a depth of 
7 inches, and a liquid is gently poured into the cylinder. If the plate just 
falls off when the liquid inside is at the same level as the water outside, find 
the specific gravity of the liquid. (ir=22/7.) 

17. A vessel of water, in which a piece of cork is floating, is placed under 
the receiver of an air-pump. Does the cork rise or sink in the water when 
the pump is worked? 

18. A piece of wockd floats partly immersed in water, and oil is poured 
on the water until the wood is completely covered. Will there be any 
increase or decrease in the portion of the wood below the surface of the 
water? 

19. A vessel contains water and mercury (specific gravity 13*6), and a 
body floats half in the mercury and half in the water. Find its specific 
gravity. • 

20. A piece of metal of specific gravity 7*5 floats in mercury of specific 
gravity 13 '6. Water is poured on the mercury till it just covers the piece 
of metaL What fraction of the metal is now immersed in the mercury? 

21. A solid of specific gravity 2*5 weighs apparently 20 grammes when 
immersed in water. Find its apparent weight when immersed in acid of 
specific gravity 1'2. 

What will be its apparent weight when AoZ/ immersed in water? ■ 

22. A cubic inch of iron weighs 1/4 of a pound. If a cubic foot of iron 
is suspended by a string and half immersed in alcohol (specific gravity *8), 
what will be the tension of the string? 

23. If the specific gravity of iron be 7'6, what will be the apparent weight 
of a cwt. of iron when weighed in water, and how many pounds of wood of 
specific gravity '6 will be required to be attached to the iron so as just to 
float it? 

24. The force required to keep one of two bodies submerged in alcohol, 
(specific gravity *8), is the same as that necessary to support another body 
immersed in it. The volumes of the bodies are 11 and 9 cubic centimetres 
respectively, and the weight of the first is 12*1 grammes. Find the specific 
gravities of the bodies. 

25. A 7-lb. iron ball (specific gravity 7*6) is suspended from one end of 
an equal-armed lever, and immersed in water. What weight must be hung 
from the other end of the lever in order to counterpoise it? 

26. A body whose volume is 5 cubic feet, and specific gravity 1 *2, hangs 
by a string suspended in water, which completely covers it. What force 
exerted along the string is required to support the body ? 

27. A body, whose specific gravity is 1*4, and volume 3 cubic feet, is 
placed in a vessel in which there is enough water to cover it. What 
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pressure does the body produce on the points of the bottom of the vessel at 
which it is supported? 

28. A body, weighing 12 lbs., and having a specific gravity of 75, is 
fastened by a thread to the bottom of a vesseL When water is poured in, 
so that the body is completely covered, to what tension is the thread ex- 
posed? 

29. The specific gravity of iron is 7*6. A piece of iron, which weighs 50 
lbs., is supported by a string with 3/4 of its volume immersed in water. 
What is the tension of the string? 

30. A piece of wood (sp. gr. '86) is weighed in air with platinum weights 
(sp. gr. 21*5), and appears to weigh 234 grammes. What is the true weight 
in vacuo, taking the density of air to be 1/770 of the density of water? 

B. 

31. A ship, weighing 1000 tons, goes from fresh water to salt water. If 
the area of the section of the ship at the water-line be 15,000 square feet, 
and her sides vertical where they cut the water, find how much she will rise, 
taking the specific gravity of salt water to be 1*026. 

32. A steamer, in going from salt to fresh water, is observed to sink 
2 inches, but after burning 50 tons of coal to rise 1 inch. Prove that thd 
steamer's original displacement was 6500 tons, assuming that the steamer is 
wall-sided near the water-line, and that the density of salt water is to the 
density of fresh water as 65 to 64. 

33. A steamer, loading 30 tons to the inch in the neighbourhood of the 
water-line in a fresh-water dock, is found, after a 10-dn.ys' voyage, burning 
60 tons of coal per day, to have risen 2 feet in salt water at the end of the 
voyage. Prove that the original displacement of the steamer was 5720 
tons, taking a cubic foot of fresh water to weigh 62*5 lbs., and a cubic foot 
of salt water 64 lbs. 

34. A hollow cylindrical vessel floats upright in a liquid with 1/6 of its 
length immersed. When 20 lbs. of water are poured into it, 5/6 of its 
length are immersed, and the liquids inside and outside stand at the same 
level. Find the weight of the cylinder, and the specific gravity of the 
liquid, neglecting the thickness of the material of which the vessel is com- 
posed. 

35. A box, made of six equal square boards whose thickness is small 
compared with the length of a side, floats in water. Compare the depth of 
the part immersed when the box is water-tight with what it would be if 
the box were not water-tight. 

Apply your result to the case in which the edge of the cube is 20 inches, 
the thickness of the boards is 1/4 of an inch, and the specific gravity of the 
wood is 5/6. 

36. A cube floats in a liquid of uniform density with one edge below the 
surface^ and three in the surface. Show that the specific gravity of the 
liquid is six times that of the cube, 
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37. A triangular lamina ABC floats vertically in a liquid with the angle 
B in the surface, and the angle A not immersed. Prove that AC is vertical, 
and compare the densities of the liquid and the lamina. 

38. A cylinder of wood of specific gravity «, height h, and area of cross^ 
section A, is floated with its axis vertical in a cylindrical tub, containing 
liquid whose specific gravity is 8*. If A' denote the area of the cross section 
of the tub, show that the level of the liquid in the tub will rise hsAjs'A't 
when the cylinder of wood is introduced. 

Find, in terms of the given quantities, the least depth of liquid in the . 
tub which would just float the cylinder. 

39. A sphere of density /}, and radius r, rests in a cylindrical vessel, 
radius 2r, whose base is horizontal. VVhat volume of liquid of density 2p 
must be poured into the vessel to make the sphere float? 

40. A cube whose edge is a, and specific gravity 8, floats with four edges 
vertical in a- liquid whose specific gravity is ns. Another liquid, whose 
specific gravity is wi«, where m<nf which does not mix with the former, is 
poured on the former liquid so as to cover the cube. Compare the volumes 
of the liquids displaced by the cube. 

41. Two liquids which do not mix are placed in the same vessel. The 
density of the lower is /), and that of the upper is np. A cylinder, whose 
density is m/), floats in them with its axis vertical, and is completely sub- 
merged. Find the condition that it may be half in the upper and half in 
the lower liquid. 

42. A right circular cone, of uniform density /?, floats just immersed with 
its axis vertical and vertex downwards in a vessel containing two liquids 
which do not mix, and whose densities are mp and np respectively, where 
m>n. Show that the plane separating the two liquids divides the axis of 
the cone in the ratio 

•^(r/i-n)/(l-n) -1:1. 

43. The external and internal surfaces of a wooden bowl are concentric 
hemispheres of radii a and 6 respectively. It is filled with water, and then 
covered by a circular lid made of the same wood of radius a and thickness 
a-b. Being now set floating in water, the bowl is found to be immersed 
with the lower face of the lid in the surface. Find the specific gravity of 
the wood. 

44. A spherical shell, made of material of specific gravity 8, floats half im- 
mersed in water. Find the ratio of the internal radius to the external radius. 

45. A uniform rod AB can turn freely about a hinge at A which is 
immersed at a depth AB/2\/3 below the surface of a liquid whose density 
is three times that of the rod. Find the position in which the rod will 
remain at rest. 

46. If, in the preceding Example, the depth of A were AB/2, show that 
when the rod is in equilibrium a weight equal to 1/4 of the weight of the 
rod, if attached to 6, will depress the rod 15°. 
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Chapter X.— STABILITY OF FLOATING BODIES. 

94. Statement of the General Problem. 

If a body, which is floating in a position of equilibrium 
either wholly or partly immersed in a liquid, is slightly dis- 
placed from that position, and then left free to move, it may 
behave in one of three ways: — (i) It may, after some oscilla- 
tions, come to rest in the position from which it was disturbed; 
(ii) it may move still farther from that position; (iii) it may 
remain at rest in the displaced position. 

In the first case the body is said to be floating in stable 
equilibrium, in the second case in unstable equilibrium, and in 
the third case in neutral equilibrium. 

To determine the nature of the equilibrium of a floating 
body we must consider what will be the effect of the forces 
acting on the body in a displaced position. These forces are 
the weight of the body, acting vertically downwards through 
the centre of gravity of the body, and the resultant pressure 
of the liquid on the body, a force acting vertically upwards 
through the centre of gravity of the liquid displaced. The 
equilibrium of the body is stable or unstable according as these 
forces tend to bring the body back to its original position, or 
to cause it to move still farther from that position; and the 
equilibrium is neutral if these forces are in equilibrium. 

In all the figures of this chapter the centre of gravity of the 
floating body is marked G; and the centre of gravity of the 
liquid displaced by the body is marked H. This latter point 
is called the centre of buoyancy. 

95. Body Floating Wholly Immersed. 

First suppose that the body is of the same uniform density 
as the liquid. Then the body will float wholly immersed at 
any depth, and every position will be a position of equilibrium. 
For in this case the weight of the body is equal to the weight 
of liquid displaced, and the points H and G coincide. Hence 
in every position of the body, as long as it is totally immersed, 
the upward pressure of the liquid will be equal and opposite 
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to the weight of the body. The body will therefore remain at 
rest in every position. 

Next suppose that the weight of the body is equal to the 
weight of its own volume of the liquid, and that G, the centre 
of gravity of the body, does not coincide with H, the centre of 
gravity of the liquid which it displaces. The body will float, 
wholly immersed, at any depth, but only in a position in which 
H and G, which are fixed points in the body, are in the same 
vertical line (Art. 88). Hence there are two positions of equi- 
librium, one in which H is vertically below G, the other in 
which G is vertically below H. 

Of these two positions it is easy to see that the latter is 
stable and the former unstable. For if the body is disturbed 

from either of these two posi- ^. ^ ----^ .^^= =:.-_- , -,-^^ . ... — 

tions, the forces P and Q (say), ^^^^g^ 
the weights of the body and S~^^^ 
of the liquid displaced, acting ^^f# 
at G and H respectively, will ^^Izij 
form a system of two unlike ir "~-^J 
equal parallel forces, that is, ~ ^~' 



will form a couple. And it is evident from the figure that this 
couple always tends to turn the body into the position in 
which G is vertically below H. This position, therefore, is 
the only position of stable equilibrium, that is, the only position 
in which the body would remain permanently at rest. 

When ft body, weight PT, which floats wholly immersed in a liquid, is 
displaced into a position in which GH is inclined to the vertical at an 
angle 0, the moment of the couple tending to turn the body back to the 
position of stable equilibrium 

= W X perpendicular distance between the vertical lines through G 

and H, 
= W.GK.Bine. 

96. Body Floating Partly Immersed. 

When a body floats partly immersed in a liquid, the line 
HG is vertical in a position of equilibrium. It is required to 
determine the nature of the equilibrium when the body is dis- 
placed from this position into a position in which HG is in- 
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clined to the vertical. This case derives great importance from 
its application to the stability of ships when rolling or pitching 
in a sea-way. We shall see that in this case the equilibrium 
may be stable although G is above H. 

We shall simplify the problem by supposing that the volume 

of the liquid displaced 
is not altered by the 
displacement of the 
body, and that the 
centre of buoyancy in 
" the displaced position 

ct the body lies in the vertical plane through the original and 
displaced positions of the centre of gravity of the body. These 
conditions will be fulfilled in all cases which we shall consider. 
Let W denote the weight of the body. When the body is 
displaced so that HG, which is a line fixed in tlie body, is in- 
clined to the vertical, the centre of buoyancy changes its 
position from H to some point which we shall denote by H'. 
The position of this point will evidently depend on the form of 
that part of the body which is now under the surface of the 
liquid. In the displaced position the forces acting on the body 
are (1) W, the weight of the body, acting vertically downwards 
through G, and (2) the resultant pressure of the liquid on the 
body, acting vertically upwards through H'. Since by supposi- 
tion the volume of the liquid displaced remains unchanged, the 
resultant pressure of the liquid will still be equal to JF, Thus 
the body in the displaced position is acted on by two equal 
parallel and unlike forces. These forces therefore form a 
couple, whose force is W, and whose moment is ^ x perpen- 
dicular distance between the vertical lines through G and H'. 
The equilibrium is stable or unstable according as this couple 
tends to turn the body back to the original position of equilib- 
rium or to turn it farther from that position. 

The two cases of stable and unstable equilibrium are illustrated 
in the accompanying figures 1 and 2 respectively. In figure 1 
the couple, formed by }F acting vertically downwards at G and 
W acting vertically upwards at H', tends to restore the body to 
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the position of equilibrium. In figure 2 this couple tends to 
make the body move farther from that position. The direction 
in which the couple tends to turn the body is indicated in each 
figure by an arrow-head. 
Let the vertical through 
H' meet the line HG in 
the point M, and let the 
angle GMH' be denoted 
by 6, so that is the 
displacement in angle of 
the body, then, in the 
case sJwwn in figure 1, the moment of the couple tending to 
turn the body back (called the righting moment) is 

= Wx perpendicular from G upon H'M, 
= }F. GM . sin 0. 





Ex. 1. — A right prism has a rectangtJar cross section ABCD; its specific 
gravity is '5; it floats in water with its axis horizontal, and with the 
shorter sides AB and CD of its cross section vertical; it is displaced so 
that the diagonal BD is on the surface of the water ; find the moment of 
the couple tending to bring it back to its original position of equilibrium. 

The figure represents a section of the prism made by a plane through its 
centre of gravity, G, perpendicular to its axis. The point G is the middle 
point of the diagonal BD, which is in the surface PQ of the water. 

The volume of the water displaced is half the volume of the prism, and 
therefore, since the spe- 
cific gravity of the prism 
is 1/2, the weight of 
water displaced is equal 
to the weight of the prism. 
Hence in the position 
under consideration the 
prism is acted on by two 
forces, viz., (i) its own 
weight, W say, acting 
vertically downwards 
through G, (ii) the reoultant pressure of the water on the part of the prism 
immersed, a force equal to IF, acting vertically upwards through H, the 
centre of gravity of the water displaced. It is evident that H is the centre 
of gravity of the triangle BCD. 

These two forces form a couple tending to restore the body to the posi- 
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tion in which AB and CD are vertical. If the vertical throagh H meets 
BD in the point E, the moment of this couple is W . GE. 

Let AD=a, and AB = &, then GE can be expressed in terms of a and h. 
Let CF be the vertical through G ; then 

GE = i GF (since GH = i GC) 

= 4 (GD-DF), =4 (GD - DCyPB), 

= 4 (i V«' + ^ -_^hJa' + 6«), 

Hence the moment of the couple tending to bring the prism back to the 
original position of equilibrium is W{a^ - 1^)1 %^a^ + 6*. 

Ex. 2. — A uniform rod AB, length a, density /}, is free to turn about a 
smooth hinge at A, which is immersed to a depth 6 in a liquid whose 
density is np, where n>l. If 10 denotes the weight of unit length of the 
rod, find the algebraical sum of the moments of the forces acting on the rod 
in the position in which it is inclined to the vertical at an angle 9, and find 
the position in which the rod will remain at rest. 

[There is a position of -equilibrium in which the rod is vertical with the 
end B below the hinge. This position is evidently unstable, for if the rod 
is slightly disturbed from this position, the upward pressure of the liquid 
will tend to make the rod move farther away from the equilibrium position. 
For, since n > 1, this upward force is greater than the weight of the rod, and 
therefore, since the upward pressure of the liquid and the weight of the rod 
act in opposite directions in the same straight line, the resultant of these 
two forces will be an upward force tending to raise the rod into a position 
in which it is partly immersed.] 

Take the figure of page 161 to represent the rod in the position in which 
it is partly immersed and inclined to the vertical at an angle 0, 

Then 6 - angle D AC, AB = a, AC = AD/cos 6, = fc/cos 6. The forces act- 
ing on the rod are (i) the weight of the rod, W say, acting vertically down- 
wards through G, the middle point of AB ; (ii) the resultant pressure of the 
liquid, R say, acting vertically upwards through H, the middle point of AC ; 
and (iii) the reaction of the hinge on the rod. 

The force (iii) has no moment about A, and the algebraical sum of the 
moments of the forces W and JR about A 

= {W,AG-R,AH)Bme, 
= i{Wa- Rb/ooR 6) sin 6, 

On putting W~ioa^ and R=nw . AG, =nw&/cos 0, this expression becomes 

i «; (a* - nft^/cos* $) sin ft 

If this expression is positive, the forces tend to increase $; if it is zero, 
the rod will be in equilibrium ; and if it is negative, the forces will tend to 
diminish 0. 
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Let a be the value of B which satisfies the equation 

a2-n62/co82^=0, 

that is, let c? cos^ a — n5^, 

or cos a = 6 y/nfck, 

then a is the inclination of the rod to the vertical in the position of equilib- 
rium. 

It can be shown that this position is one of stable equilibrium. For if 
the rod is slightly depressed from this position into a position in which the 
inclination to the vertical is 0, so that > a, then cos < cos a (by trigono- 
metry), and therefore nb^jcof? 6 > n6'/cos' a, that is, nb^/ooa^ 6 > a^. Hence 
a? - n6^/cos^ 6 is negative, and the forces in the displaced position tend to 
raise the rod to the equilibrium position. Also if the rod be slightly raised 
from the position of equilibrium, so that ^< a, then cos >cos a (by 
trigonometry), and nft^/cos' < fib'^/cos^ a, that is, »6^/cos* < a*. Hence 
a'-n5^/co8^ is positive, and the forces in the displaced position tend to 
depress the rod to the equilibrium position. Hence the position in which 
the rod is inclined to the vertical at the angle a, where cos a = 6 yjn/a, is the 
position of stable equilibrium. 

By putting 6= a/2, n = 3, we get the problem of Ex. 3. Art. 93. In this 
case a is the angle whose cosine is V^/^* that is, the angle 30°. This agrees 
with the solution of the problem obtained in the example referred to. 

[We have supposed that b y/n is less than a. If b \/n is equal to a, or 
greater than a, the only position of stable equilibrium is the position in 
which the rod is vertical, and the centre of gravity of the rod above the 
fixed point. For in the position in which the rod is inclined to the vertical 
at an angle 0, the algebraical sum of the moments of the forces tending to 
diminish B is 

ii(;(n67cos2^-a2)8in^. 

It is easy to see that this is positive for all values of 0. For n^ is equal 
to, or greater than, a^, and cos^ is always less than 1 ; therefore nl^/cos^ 
is always greater than a^. Hence in every position of the rod, the forces 
acting on the rod tend to turn the rod into the position in which it is ver- 
tical.] 

Ex. 3. — A uniform rod, length a, specific gravity <, is fastened by one end 
to a point at a height b above the surface of water into which the other end 
dips. The rod can turn freely about the point. Under what circumstances 
wiU it remain at rest in a vertical position? 

Let sw denote the weight of unit length of the rod. 

When the rod is inclined to the vertical at an angle 9, the moment of the 
forces tending to diminish is 

iw[sa^'-{a^-l^Bef^0)]Bm0, 
If this is positive, the forces will tend to turn the rod into the position in 
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which it is vertical. Hence the rod will remain at rest in the vertical posi- 
tion if, when is a small angle, 

sa^ >a^-h^ sec^ 0, 

Now when ^ is a small angle, sec ff= 1, very nearly. Hence the rod will 
remain at rest in the vertical position if 

This condition will be satisfied if a>l; for then sa^>a\ and therefore 
>a2-62. 
The condition will also be satisfied if s=l. 
If 8< 1, the condition will be satisfied only when 



that is, when h — OT>a\Jl'-a, 

Hence we conclude that the rod will remain at rest in the vertical posi- 
tion if the specific gravity of the rod is equal to, or greater than, imity. If, 
however, the specific gravity of the rod is leas than unity, the rod will 
remain at rest in the vertical position only when h is equal to, or greater 

than, a^l-8, 

EXAMPLES XII. 

{The Answers are given on page 836.) 

■ 1. A solid sphere, whose centre is C and centre of gravity G, and whose 
weight, W, is equal to the weight of its own volume of water, is totally 
immersed in water with the line CG inclined to the vertical at an angle 0. 
Express, in terms of TF, CG, and 9, the moment of the couple tending to 
turn the sphere into the position of stable equilibrium. 

If Tr=100 Ibwt., and CG = 3 feet, give numerical results for the follow- 
ing cases:— (i) ^=30^ (ii) ^ = 45°, (iii) ^=60°, (iv) ^^90°. 

2. A body is composed of two cylinders of wood, of equal cross section, 
joined end to end with their axes in the same straight line. The lengths of 
the cylinders are 8 feet and 6 feet, and the specific gravities are 3/4 and 4/3 
respectively. Show that the combination will float totally immersed in 
water. 

If the body is displaced from the position of stable equilibrium through 
an angle of 30°, find the moment of the couple tending to bring it back to 
its position of equilibrium, the weight of the body being XOOO lbs. 

3. A body is made up of a hemisphere, whosa radius is I foot and specific 
gravity 5/4, surmounted by a cone, whose axis is 2^ feet and specific gravity 
4/5. The radius of the hemisphere is equal to the radius of the base of the 
cone, and the axes of the hemisphere and the cone are in the same straight 
line. Show that this combination will float totally immersed in water. 

If the body is displaced from its position of stable equilibrium through 
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an angle of 60^ find the moment of the couple tending to bring it back to 
the position of stable equilibrium, the weight of the body being 4000 lbs. 

4. A uniform rod AB, whose length is 9 feet and specific gravity 4/9, is 
hinged at the end A to a point fixed at a depth 6 feet below the surface of 
water. Show that the rod will float upright, and that the force at the 
hinge will be half the weight of the rod. 

5. A thin uniform rod, weighing 1000 grains, whose specific gravity is 
2/3, has a weight, which is to be treated as a particle, fastened to one end. 
Show that if the weight is sufficient to make the rod float vertically in 
water, it must not be less than 225 grains. 

6. A uniform rod, length a, is free to turn round one end which is 
attached to a point fixed at a height b above the surface of a liquid into 
which the rod dips. If the specific gravity of the liquid is n times that of 
the rod, n>l, show that if 6 = a v/1 -1/n, the rod will remain at rest in 
the vertical position (see Ex. 3, page 171)) and the reaction of the fixed 
point on the rod will be equal to 



where W is the weight of the rod. 

If ^=1000 grains, and n = 3, the reaction of the fixed point is 449 grains 
very nearly. 

7. A uniform rod of weight W is partly immersed in a liquid whose 
specific gravity is n times that of the rod, and is partly supported by a 
string attached to the upper end. The string passes over a smooth pulley, 
and carries a weight W, which is less than W, Show that the rod will re- 
main at rest in the vertical position if W is ubt less than 



Wy/n-l{y/n- y/n-l\. 

97. The Metacentre. 

Def. If a body is floating partly immersed in a liquid, and if it 
receives a small displacement, the point of intersection of the vertiaU 
line through tJie centre of bturyancy in the displaced position with the 
line in-4he body which was the vertical line through the centre of 
gravity of the body in the position of equilibrium, is called the meta- 
centre. 

In this definition the word displacement must be taken to 
mean a displacement such as is considered in the preceding 
Article, that is, a displacement such that the volume of liquid 
displaced is not altered, and that the centre of buoyancy in the 
displaced position lies in the vertical plane through the original 
and displaced positions of the centre of gravity of the body. 

Thus in the figures of page 1 69 the vertical through H', the 
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position of the centre of buoyancy in the displaced position of 
the body, meets the line HG, which was the vertical line 
through the centre of gravity in the position of equilibrium, 
in the point M, so that the position of M when the angle 
HMH' is very small is, by definition, the position of the meta- 
centre. 

It will appear from examination of the figures 1 and 2, that 
for small displacements the equilibrium will be stable or un- 
stable according as M is abovB or below G. For if M is above 
G, the couple formed by the weight of the body and the re- 
sultant pressure of the liquid will tend to restore the body to 
the position of equilibrium; and if M is below G, this couple 
will tend to increase the inclination of GH to the vertical. If 
M coincides with G, the forces acting on the body in the dis- 
placed position will be a system of two equal and opjKJsite 
forces, and the body will remain at rest in this position. The 
original position will therefore be one of neutral equilibrium. 

Hence, for small displacements the equilibrium of a floating 
body will be stable, unstable, or neutral according as the meta- 
centre is above, below, or coincides vnth the centre of gravity of 
the body. 

98. Transverse and Longitudinal Metacentres in a Ship. 

In the case of a ship there are two displacements in which the vertical 
through H meets the line HG, one being a transverse displacement, and 
the other a longitudinal displacement. A transverse displacement is one 
produced by rolling, and a longitudinal displacement is one produced by 
pitching. Thus there is a metacentre for transverse displacements and a 
metacentre for longitudinal displacements. We shall call the metacentre 
for transverse displacements the metacentre of the ship ; and the height of 
this point above the centre of gravity we shall call the metacentric height of 
the ship. 

In the definition of the metacentre we have supposed that the displace- 
ment is very small. In general, the position of the point M will depend on 
the angle of displacement, but in ships the form of the part under water is 
such that the position of the point M is nearly the same for all displace- 
ments. 

In the case in which M is above G, the moment of the couple tending to 
restore the ship to its position of equilibrium is, by Art. 96, W . GM sin 6, 
where W represents the weight of the ship (called the displacement of the 
ship), and is the angle through which the ship has been displaced. Every- 
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thing else being the same, this moment varies as GM, the height of the 
metacentre above the centre of gravity. It follows that stability is gained 
by lowering the centre of gravity of the ship, and so increasing the meta- 
centric height. Hence the advantage of the use of ballast in ships.* 

If M is below G-, the ship is said to have a negative metacentric height^ 
and it would be unstable. This is the case with some ships, which are 
stable only when laden with cargo or ballast. In commercial phraseology, 
such ships " cannot shift without ballast." 

99. Inclining a Ship to determine its Metacentric Height. 

The height of the metacentre of a ship above its centre of gravity may 
be found by the following experiment, which is known in naval architecture 
as " the inclining experiment " : — 

A weight of several tons, which is already on board the ship, whose total 
displacement is known, is moved across the deck through 
a measured distance. The ship, in consequence of the 
change of position of its centre of gravity due to this 
change in the position of the weight, floats in a position of 
equilibrium in which it is inclined at a small angle to 
the upright. The inclination of the ship to the vertical in 
this position is determined by the measured deflection of 
a pendulum. From these data the metacentric height of 
the ship can be determined. 

In the figure G and H are the positions in the body h, 
of the centre of gravity of the body and of the centre of 
buoyancy respectively before the weight is moved. G' and 
H' are the positions of the same two points after the weight is moved, and 
M is the metacentre. 

In the original position of equilibrium HGM is vertical, and in the in- 
clined position of equilibrium H'G'M is vertical. 

Let W be the total displacement of the ship, w the weight moved, a the 
distance through which it is moved, and 6 the small angle which the ship 
in the inclined position makes with the vertical, that is, the angle HMH'. 

The weight w is moved through the distance a perpendicular to GM, 
and therefore (Ex. 3, page 56) the centre of gravity of the ship is in con- 
sequence moved through the distance aw/W in a parallel direction. Hence 
GG' is perpendicular to MG, and equal to aw/W, 

Now. 

GG'=GMtan^; 
therefore 

GMtan^zzaw/TF, 
from which 

GM = aw/Prtan $, 

a formula which gives the metacentric height in terms of known quantities. 

* The metacentric height is usually a small number of feet. Cleopatra's Needle was 
brought to England in a circular pontoon whose metacentric height was 6 inches. 
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If is a small angle, we may write for tan the radian measure of 0»* 
Thus we have approximately 

0^.= aw I we. 

The angle may be measured directly, or it may be founc\ very approxi- 
mately, by measuring the distance through which the end of a pendulum 
of known length ;poves due to the inclination of the ship to the vertical. 
Thus, if the end of a pendulum of length I moves through a distance 6, the 
radian ttieasure of is approximately equal to b/l. Hence the formula for 
GM may be written in the form 

GM=aZw/Tf6. 

Ex. — A ship of 7000 tons displacement has a weight of 30 tons moved 50 

feet across the deck, and a deviation of 12 inches in 15 feet is produced. 

What is the metacentric height? 

Here 

»r=7000, w==30, a=60, 1=15, 6 = 1. 

Hence 

GM = 60 X 30 X 15/7000 x 1, = 45/14, 

= 3,3^ feet. 

100. Position of the Metacentre in the case of a 
Sphere Floating Partly Immersed. 

If that part of the floating body which is under the surface 
of the liquid is in the form of a portion of a spherical surface, 
the metacentre will coincide with the centre of the sphere. 

For the pressure on every element of the spherical surface, 
being perpendicular to the surface, acts along the radius, and 
therefore the resultant pressure of the liquid is, in every posi- 
tion of the floating body, a vertical force passing through the 
centre of the sphere. 

Hence in the position of equilibrium the centre of gravity 
lies in the vertical line through the centre of the sphere. 
Therefore the centre of the sphere is the point in which the 
vertical through H' meets the line HG (see figures, page 169), 
that is, the centre of the sphere is, by definition, the meta- 
centre. 

From this we deduce two results : — 

(i) When a sphere, whose centre of gravity coincides with 
its centre of figure, floats partly immersed in a liquid, the 

* See the Author's Trigonometry, page 157. 
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equilibrium is neutral. For in this case the centre of gravity 
coincides with the metacentre. 

(ii) When a sphere, whose centre of gravity does not coin- 
cide with its centre of figure, floats partly immersed in a liquid, 
the only position in which the sphere will remain at rest is 
that in which the centre of gravity of the sphere is vertically 
below its centre of figure. For the condition for a position of 
stable equilibrium is that the centre of gravity be vertically 
below the metacentre. 

This result applies to the cases of a loaded sphere, a sphere 
containing a cavity, and a body in the form of a portion of a 
uniform sphere. 

lOL Formula for HM. 

If a body, which is floating partly immersed in a liquid, 
receives a displacement such as is considered in Art. 97, the 
position of the metacentre for that displacement is determined 
by the following formula, which we assume without proof:* — 

This formula gives the height of M, the metacentre, above 
H, the centre of buoyancy in the position of equilibrium, in 
terms of 

V^ the volume of the liquid displaced by the body; 
A, the area of the horizontal section of the body at the 
surface at the liquid; 

and k^ the radius of g3rration of this area about the axis in this 
plane about which the body is displaced. 

Now the equilibrium is stable or unstable according as M is 
above or below G, that is, according as HM is greater or less 
than HG. (We suppose H to be below G.) 

Hence the equilibrium is 

stable if AkyF>HG, 

and unstable if Akyv<HG. 

Thus we can determine the character of the equilibrium of a 

* For a proof of this formula the advanced student may consult the article on 
"Hydrodynamics" in the Eticydopcedia Britanniea, vol. xii. 

(853) M 



floating body for a given diaplacement when the valueB of 
F, A, k and the positions of H and G, are known, 

Ex. 1. — Show that a, uniform cylinder of wood, whoee apeciflc grnvit; is 
2/3, will float in wnter in stable equilibrium with ita axis vertical if the 
rftdiuB of ita cross sectioa is greater than two-thirds of its height. 

Let ABCD represent a section of ths cylinder made by a plane through 
the axis in the position in which the cylinder is floating with its axis 
verticaL It Is required to 
prore that if the radius is 
greater than two-thirds of 
the height of the cylinder, 
this position will be stable. 
Let the length of BF, 
the axis, be denoted by A, 
and the length of AE, the 
radina, by r. The centre 
of gravity of the cylinder, 
Q, is the middle point of 
EF, and the centre of 
buoyancy. H, is the middle point of LF, the part of the axis which is im. 
mersed. We shall apply the formnla tor HM to prove that, for a displace- 
ment about an axis through L perpendicular to the plane of the diagram, the 
equilibrium will be stable if r is greater than 2A/3. 

Since the speoiSc gravity of the cylinder is 2/3, it follows that 

LF = 2ft/8. (Art. 90.) 

Hence HG = FG-FH, =A/a-A/8, 

= hl6. 
Also HM^Jt^/F, 

where A is the area of the cross section of the cylinder, it the radina of 
gyration of this area about an axis in its plane passing through ita centre, 
and V ia the Tolnme of water displaced. 

Now 7=Jj<LF, -2Ahl3, 

and i?=r'H. (Ex. (ii) page 77.) 

Hence HM = (ir^li)l {2Ak!3), =3»^/Bft. 

The metacentre will be above the centre of gravity if 
HM>H6; 

that ia, if 3r'/8fi>i/B; 

that is. if r^^a^/S; 

that is, if r>2A/8. 
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Hence the equilibrium will be stable if r>2A/3. 

£x. 2. — Find the position of the metacentre of a cone, floating in water 
with its axis vertical and vertex 
downwards, in terms of its dimen. 
sions and specific gravity, and find 
the condition for stability. 

Let ABC be a section of the cone 
made by a plane through the axis 
AD. Let h represent the length of 
the axis AD, r the radius BD of 
the base, h' the length of the part 
AF of the axis immersed, r' the 
radius Pf of the water-line section, and 8 the specific gravity of the cone. 




Then 

Now 
and 

therefore 
from which 

Hence 



= Sr'^lihf, (since Je^ = f^ji). 
r'lh'—rjh (by similar triangles) ; 
r'^h! = f^h8 (Art 90); 

h'=hy8, 
HM = 3/74A', -Zf^h'l^h?, 
=3r2^a/4A, 



which determines the height of the metacentre about the centre of buoyancy. 

Also HG=AG-AH, =3(A-A')/4, 

= 3A(l-<y«)/4. 

The equilibrium will be stable if 

HM>HG; 

that is, if Zr^^sjih > 3A (1 - ^'s) / 4 ; 

that is, if r2/A2 > (i _ ^s) / ^s. 

As a numerical example, suppose that «=*729, then ^8=% and the 
equilibrium will be stable if t^/h^ is greater than (1 - '9) / '9, that is, greater 
than 1/9, or if r/A is greater than 1/3, But r/h is the tangent of BAD, half 
the vertical angle of the cone. Hence for this value of 8 the equilibrium 
will be stable if the tangent of half the vertical angle of the cone is greater 
than 1/3. 

EXAMPLES XIII. 

{The Answers are given on page 836.) 

1. A ship of 4000 tons displacement, when fully laden with coals, has a 
metacentric height of 2^ feet. Suppose 100 tons of coal to be shifted so 
that its centre of gravity moves 18 feet transversely, what would be the 
angle of heel of the vessel, if she were upright before the coal shifted? 

[Given tan 10° = -1763, tan 11° = -1944.] 
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2. The displacement of a vessel is 400 tons, and the trensverse metacentre 

is 5} feet above the centre of baoyancy. If a weight of 12 tons, already on 

board, is moved 8 feet across the deck, find the inclination of the vessel to 

the npright, the centre of gravity of the vessel being 3 feet above the centre 

of buoyancy. 

[Given tan 5" = '087 nearly.] 

3. If a cnbe, whose specific gravity is '5, is placed in water with four 
edges vertical, show that its position is one ci unstable equilibrium. 

4. A cube of wood floats in water. Prove that it cannot rest with a face 
horizontal if the density of the wood lies between *21 and '79 times that of 
water. 

5. Show that a piism on a square base will float in water with its axis 
vertical if a side of the base exceeds V^' (^ ~ ') times the height, where s 
is the specific gravity of the prism. 

6. Show that a cylinder, whose specific gravity is *8, will float in water 
with its axis vertical if the ratio of the radius to the length of the axis is 
greater than the ratio of 2 y/2 to 5. 

7. A cylinder floats in water with its axis verticaL Show that if « is the 
specific gravity of the cylinder, r the radius of its base, and h its height, the 
length of HM is r^liJu, and of HG is A (1 -»)/2. 

Hence show that when « = 9/ll, the condition for stable equilibrium is 
that the ratio of the radius of the base to the length of the axis shall be 
greater than 6/11. 

8. Show that a conical wooden buoy, whose specific gravity is 8/27, cannot 
float in water with its axis vertical and vertex downwards unless its semi- 
vertical angle exceeds the angle whose tangent is '707. 

9. Show that a conical wooden buoy of specific gravity s cannot float in 
water with its axis vertical and vertex downwards unless its semi- vertical 
angle exceeds the angle whose tangent is 

10. The thickness of the material of a hollow cylinder is small in com- 
parison with the radius ; it is open at both ends ; find the greatest height 
it can have if it is to float with its axis vertical. 

11. The thickness of the material of a hollow cylinder with open ends is 
small in comparison with the radius ; a fine ring is fastened round one end 
of it, whose weight is a ninth part of the weight of the cylinder ; the specific 
gravity of the material of the cylinder is -8. Show that it will float in 
stable equilibrium with the axis vertical and the ring out of the water if its 
height is less than 90/ V1520 or 2,^ of the radius. 

12. A rectangular beam, density er, floats in a liquid density p. The 
edges are 2a, 26, 2c, the latter being vertical in the position of equilibrium 
Discuss the stability of the equilibrium for a slight displacement in which 
the edges 2a remain horizontal 
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Chapter XL— PNEUMATICS. ATMOSPHERIC 

PRESSURE. 

Properties of GaseSy Arts. 102 to 105, 

102. Liquids and Gases. 

There are some properties which are common to the two 
classes of fluids — liquids and gases. Like a liquid, a gas has 
weighty has no tendency to maintain a definite shape, that is, 
has no elasticity of shape, and after compression due to increase 
of pressure, returns to its original volume when the original 
pressure is restored, that is, has perfect elasticity of volume. 

At a given point in a mass of gas the pressure is the same in 
all directions, and is measured in the same way as the pressure 
at a point in a liquid. Also the pressure will vary from point 
to point of a mass of gas at rest according to the laws of 
Art. 57. 

On the other hand, there are certain properties exhibited by 
gases, which are not possessed by liquids. In the first place, 
a gas tends to expand indefinitely , so that it can be kept only in a 
closed space. The bounding surface which encloses a gas may 
be a rigid surface, e.g. the surface of a boiler enclosing a mass 
of steam, or the surface of a liquid, e.g. the film of liquid in a 
soap bubble filled with hydrogen. In the case of the air in a 
diving-bell sunk in water, we have an example of a gas bounded 
partly by rigid surfaces and partly by the surface of a liquid. 
In all cases, a gas exerts pressure on the surfaces which 
enclose it, and the surfaces react with equal and opposite 
forces on the gas. 

Again, gases are compressible, while liquids offer great resist- 
ance to compression. Thus, while the volume of a given mass 
of liquid is always nearly the same, the volume of a given 
mass of a gas depends on the pressure to which it is subjected. 

Pneumatics treats of the properties of gases, and in particu- 
lar of the relations between the volume, the pressure, and the 
temperature of a given mass of gas. Some of the properties of 
atmospheric air, which may be taken as the type of gases, are 
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illustrated by the simple experiments described in the follow- 
ing two Articles : — 

103. Weight of Air. 

That air has weight may be demonstrated by the experiment of weighing 
a glass globe, first, when the globe has been exhausted of air by means of 
the air-pump, and secondly, after the air has been re-admitted to the globe. 
It is found that the weight of the globe when full of air exceeds its weight 
when exhausted, the difference between the two weights representing the 
weight of air which fills the globe. The same method may be employed to 

determine the weight of a known volume of 
any other gas. 

In carrying out the experiment a globe, fur- 
nished with a stop-cock, is taken, and, when 
exhausted of air, is suspended from one of the 
scale-pans of a balance. The weight which 
counterpoises the globe is the weight of the 
globe when empty. The stop-cock is now 
opened, and the globe becomes filled with air. 
The weight which now counterpoises the globe 
is the weight of the globe when full of air. 
The difference between the two weights is the 
weight of air which fills the globe. 

The student must notice that in each of the 
weighings the weight which counterpoises the 
globe is the apparent weight of the globe, and 
is, by the principle of Archimedes, less than 
the true weight by the weight of the volume 
of air displaced by the globe. The difference 
between the apparent weights is equal to the difference between the true 
weights ; and since the difference between the true weights is equal to the 
weight of air in the globe, it follows that the difference between the 
apparent weights is also equal to the weight of air in the globe. 

It is found by experiment that the weight of a given volume of air at 
ordinary temperatures and pressures is equal to about 1/773 of the weight 
of the same volume of water. 

104. Expansibility of Air. 

The expansibility of air may be illustrated by placing a closed bladder, 
containing some air, under the receiver of an air-pump, and working the 
pump. As the air is withdrawn from the receiver, the pressure of the air 
on the outer surface of the bladder is reduced, the air inside the bladder 
expands, and the bladder becomes inflated. On re-admitting the air to 
the receiver, the bladder shrinks to its original condition. 
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Expanding Bladder. 



This experiment shows that air tends to expand, and that the volume of 
a given mass of air depends on the pressure to which the air is subjected. 
Also the return of the bladder to 
its original condition when the 
original pressure is restored, illus- 
trates the statement that the elas- 
ticity of volume of a gas is perfect. 

105. Pressure of a Gas 
in a Closed Vessel. 

Since a gas has weight, 
it follows from the prin- 
ciples of Hydrostatics that 
in a mass of gas in equili- 
brium the intensity of pres- 
sure will vary from point to point It was proved in Art. 57 
that the difference of intensities of pressure at two points 
in any fluid is equal to the weight of a column of the 
fluid, whose section is unit area, and whose height is equal 
to the difierence of levels of the two points. In the case of a 
gas enclosed in a vessel the difference of level of any two 
points will always be small, and therefore, since the weight of 
gases is small, we may without sensible error neglect the differ- 
ences of pressure due to weight. Thus since the density of air 
at ordinary pressure is only about 1/773 of the density of 
water, it follows that the difference of the intensities of pres- 
sure at two points in air, whose levels differ by a foot, is equal 
to the pressure due to a height of 1/773 of a foot of water, 
that is, is equal to the very small pressure of about 57/10^ 
Ibwt. per square inch. 

In the case, therefore, of a gas enclosed in a vessel, we shall 
always neglect differences of pressure due to difference of level. 
It follows that the pressure of the gas will be the same at all 
points, and will be measured by the force exerted by the gas 
on unit area of the surface of the vessel. This is called the 
pressure of the ^as in the vessel. Thus the pressure of steam 
in a boiler is measured by the force, usually expressed in 
pounds weight, exerted by the steam on a square inch of the 
surface of the boiler. 
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Methods of determining by experiment the pressure of » gas 
will be explained in the next chapter. 

JpTessure of the Atmosphere, Arts. 106 lo 115. 

106. The Atmosphere. 

The atmosphere Huirounding the earth is an example of a 
gas which is not enclosed in a vessel. In this case the gas is 
prevented from expanding indefinitely by the force of gravity 
which attracts it to the surface of the earth. 

The atmosphere exerts on the surface of all bodies a pressure 
whose intensity at pointe near the sea-level is about 15 Ibwt. 
per square inch. This pressure is due to the weight of the 
column of air, of sectional area one square inch, extending 
from the surface of the earth to the limits of the atmosphere. 
It follows from the principles of Hydrostatics that this pressure 
must become less as we rise above the sea-level (Art. 57), the 
difference of pressures at two points at different levels repre- 
senting the weight of a column of air of unit sectional area and 
height equal to the difference of levels of the two points. This 
is in accordance with the results of observations taken in bal- 
loon ascents and in the ascenta of mountains. Thus at the top 
of Mont Blanc the atmospheric pressure has been found to be 
only 3/5 of the atmospheiic pressure at the sea-level. 

107. Experiments illustrating Atmospheric Pres- 
sure. 

Expiritneat 1. — Fill a glus with water, close the mnuth of the glass with 
a card, and press the caid agunst the glass with the 
finger. On inverting the glass, and removing the finger, 
it wiU be found that the pressnra of the atmosphere acting 
upwards on the card will support the weight of the card 
Bad of the water in the glass. 

Experiment S.—A loi^ glass cylioder, ABCD (see figure, 
page 185), which is open at the end BC but closed at 
the end AD, is immersed in water. When the ojlinder 
f is full of water, it is partly withdrawn from the water 
into the position shown in the figure, in which the end 
E.p«ln.eirti ^'^ ■' ^^^°'" *''^ aurface, PQ, of the water. It is found 

that the cjlinder remains full of water, so that inside 
the cylinder there is a column of water whnaa height above the water out- 
tide is equal to the height of the upper end, AD, above FQ, the surface of 
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the water outside. This column, AEFD, of water is supported by the 
pressure of the atmosphere on the surface PQ, this pressure being trans- 
mitted through the water to the open end 
BC of the cylinder. 

Experiments. — An other experiment which 
shows clearly the pressure of the atmosphere 




Experiment S. 




Experiment 3. 



on the surface of bodies may be performed by means of an air-pump. A 
piece of some thin elastic material, such as the material of a child's balloon, 
is tied over one end of an open glass cylinder. The cylinder is then placed 
with its other end on the plate of an air-pump, and the air within it is 
gradually withdrawn by working the pump. The 
pressure of the air inside the cylinder is thus reduced 
below the pressure of the external air, and after the 
pump has been worked for some time, the difference 
between the external and internal pressures becomes 
so great that the elastic covering bursts. 

Experiment J^ — Two hemispheres, one of which is 
furnished with a stop-cock, are fitted together, and 
the air within them is then withdrawn by means 
of an air-pump. The stop-cock is closed, and it is 
found that the hemispheres cannot be separated 
without the application of considet^ble force. The 
explanation of this is that the hemispheres are pressed 
together by the pressure of the external air, and there 
is no internal pressure. If the stop-cock is now 
opened, the air will rush into and fill the space en- 
closed by the hemispheres, and the internal pressure 
will become equal to the external pressure. It will then be found that 
the cylinders may be easily separated. This experiment is known as the 
experiment of the Magdeburg hemispheres. 




Experiment 4. 
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108. Torricelli's Experiment. 

The following experiment is known as the Torricellian ex- 
periment. It was first performed by Torricelli, an Italian 
philosopher, in 1643. 

A glass tube more than 32 inches long, open at one end and 
closed at the other end, is held in a vertical position and filled 

with mercury. The tube 
is then inverted, the open 
end being closed with the 
finger to prevent the 
escape of the mercury, 
and is placed in a vertical 
position in a basin of 
mercury, with its lower 
end below the surface of 
the mercury. On remov- 
ing the finger from the 
end of the tube it is found 
that the mercury subsides 
from the top of the tube, 
the surface descending to 
some point from 28 to 31 
inches above the surface of the mercury in the basin. The 
space above the surface of the mercury in the tube contains 
no air, and is almost a perfect vacuum. It is often referred to 
as the Torricellian vacuum* 

The column of mercury in the tube is supported by the 
pressure of the atmosphere, acting on the surface of the mer- 
cury in the cistern. This pressure is transmitted through the 
mercury to the open end of the tube, and supports the weight 
of the column of mercury in the tube. 

That the weight of the column of mercury in the tube is 
supported by the atmospheric pressure may be demonstrated 
by placing the tube and cistern of mercury under the receiver 
of an air-pump, and working the pump. As the air is with- 
drawn from the receiver, the pressure on the surface of mercury 





The space is not a perfect vacuum, as it contalus vapour of morcury. (Art. 141.) 



in the cistern is reduced, and the mercury falls in the tube. 
On readmitting the air to the receiver, the mercury rises again, 
and stands at its former level. 

The supposition that it is the atmospheric pressure that sup- 
ports the column of mercury in the tube is also in accordance 
with the observed diminution in the length of 
the column, as the experiment is performed at 
points htghei' and higher above the sea-level. 

109. The Mercurial Barometer. 

Def — A baromeler is an instrument for mea- 
suring the pressure of Ike atmosphere. 

The account of the Tonicellian experiment, 
given in the preceding article, may be taken 
as a description of the method of constructing 
a mercurial barometer in its simplest form. 
This form of the barometer consists essentially 
of a tube, filled with mercury, inverted in a 
vertical position with ita open end under the 
surface of mercury in an open cistern. In the 
construction of barometers for the purpose of 
determining with great accuracy the atmos- 
pheric pressure, certain precautions must be 
taken in order to expel bubbles of air from the 
mercury and to thoroughly clean the sides of 
the barometer tube. 

The height to which the column of mercury 
stands in the tube is called the height of the 
barometer. This height varies from time to 
time at the same place, and from place to place at the same time. 

110. Intensity of Atmospheric Pressure. 

The intensity of atmospheric pressure may be calculated 
when the height of the mei-cmial barometer and the weight of 
a given volume of mercury are known. 

Let p denote the intensity of atmospheric pressure, A 
the height of the mercurial barometer, and w the weight of 
unit volume of mercury. Also, let a denote the area of the 
section of the tube. 
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The volume of the column of mercury in the tube is aA, and 
its weight is wah. This weight is supported by the pressure of 
intensity ^, exerted over the area of the section, a, of the tuba 

Hence 

pa = v?aK 
from which 

p = wh (1) 

This formula gives the intensity of atmospheric pressure in 
gravilational units. If h is the height of the barometer in 
inches, and w the weight in pounds of a cubic inch of mercury, 
then wh is the atmospheric pressure in pounds weight per 
square inch. If h is the height in centimetres, and • to the 
weight in grammes of a cubic centimetre of mercury, then wh 
is the atmospheric pressure in grammes weight per square cen- 
timetre. 

If p is the density, or mass of unit volume, of mercury, and 
g the acceleration of gravity at the place of observation, then 
20 is equal to gp absolute units of force. Hence the intensity 
of atmospheric pressure is given in absolute units by the formula 

p=gph (2) 

In formula (2), if h is expressed in inches, p in pounds per 
cubic inch, and g in foot-second units, then p will be expressed 
in poundals per square inch. If h is expressed in centimetres, 
p in grammes per cubic centimetre, and g in centimetre-second 
units, then p will be in dynes per square centimetre. 

It follows from formula (2) that, if g and p are taken to be 
constant, the pressure of the atmosphere will be measured by 
h, the height of the barometer. Since g varies slightly from 
point to point on the earth's surface, and since p varies with 
the temperature, it is not strictly true that the same height of 
the barometer represents at all places on the earth's surface, 
and at all temperatures, the same atmospheric pressure. 

111. Corrections to be applied to a Reading of the Barometer. 

The height of the barometer is read off on a scale attached to the 

barometric tube. To this reading certain corrections must be applied 
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before it can be taken to be an exact measure of the atmospherio pressure. 
The most important of these corrections are — 

1. The correction for capillarity. 

2. The correction for temperature. 

3. The correction for variation in the value of g. 

Correction for capUZarity. — In all tubes of small bore containing mercury, 
the column is subject to a slight depression due to capillarity.* The amount 
of this depression varies with the diameter of the tube, being greater the 
smaller the diameter. Tables have been constructed which give the 
amounts of depression for tubes of different diameters. For a tube of 1/5 of 
an inch in diameter, the depression is about 3/50 of an inch.t A reading of 
the height of the barometer is corrected for capillarity by adding to the 
reading the depression given in the table for tubes of the diameter equal to 
that of the barometric tube. 

Corrections for temperature and for variation in the value of g. — If h is 
the height of the column of mercury, corrected for capillarity, at a place 
where the intensity of gravity is g^ and if p is the density of mercury at the 
temperature of the air when the reading is taken, then the atmospheric 
pressure is gph absolute units of force per unit of area. Now g varies 
slightly from place to place on the earth's surface, and p changes slightly 
due to changes of temperature. It follows that, in comparing the atmo- 
spheric pressures at different places, under different conditions of tem- 
perature, by means of the heights of the barometers, we must take into 
account the fact that the same length of column does not represent at all 
places, and at all temperatures, the same pressure. The height of the 
barometer must first be reduced to standard temperature at the standard 
place, that is, we must find what would be the length at some standard 
temperature of the column whose uetght at some standard place would be 
equal to the weight of the barometric column at the place of observation. 

The standard temperature is generally taken to be the freezing tem- 
perature, and the height of the barometer is reduced to that temperature. 
If <" C. is the observed temperature, h the observed height of the barometer, 
and if h' denote the length of column which the mass of mercury in the 
tube would occupy at freezing temperature, then it is found by experiment 
that 

A' = A{l-18r/10«} (1) 

Next let g be the acceleration of gravity at the place of observation, and g' 
the acceleration of gravity at the standard place, usually taken to be sea- 
level at latitude 45°. Also, let h" denote the length of column at freezing 
temperature, whose weight at the latter place would be equal to the weight 

• See Chapter xviii. 

t See Deschanel's Natural Philosophy, Part T., page 160, for a table of capillary 
depressions in barometric tubes. 
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ot' the length h! at the place of observation. Then, since the densities and 
weights of the columns are equal, 

from which h"=gh'lg. (2) 

Substituting in this formula, the value of h' in terms of h from equation 

(1), we get finally 

hr=gh(l-lSt/l(fi)lg' (3) 

The value of h"t which is obtained from equation (3), is the height of the 
barometer reduced to zero temperature at the standard placa The atmo- 
spheric pressures at different places, and under different conditions of tem- 
perature, are proportional to the heights of the barometer reduced to 
standard temperature at the standard place. 

Ex. 1. — What is the intensity of pressure of the atmosphere in pounds 
weight per squaj% inch when the height of the mercurial barometer is 30 
inches? 

The specific gravity of mercury is 13*6, and a cubic foot of water weighs 
62-5 lbs. 

The pressure per square inch is equal to the weight of a column of 
mercury, one square inch in section, and 30 inches high. 

Hence the pressure is equal to the weight of 30 cubic inches of mercury, 

and this 

30 



12x12x12 
= 14-8 Ibwt. 



X 62-6 X 13-6, 



Ex. 2. — Find the intensity of atmospheric pressure in dynes per square 
centimetre at a place where g is 981 cm./sec.^, when the height of the 
bai-ometer is 760 millimetres, taking the specific gravity of mei'cury to be 
13-6. 

The intensity of pressure in dynes per square centimetre is equal to the 
weight in dynes of a column of mercury whose sectional area is one square 
centimetre and height 760 millimetres. The volume of this column is 76 
cubic centimetres ; its mass is 76 x 13*6 grammes ; and its weight at the 
given place is 76 x 13*6x981 dynes. Hence the intensity of atmospheric 
pressure is, in dynes per square centimetre, 

= 76x13*6x981 
= 10«x 1-014 nearly. 

Hence the atmospheric pressure is approximately equal to the pressure of 
one million dynes per square centimetre. 

Ex. 3. — If a denotes the sectional area, taken to be uniform, of the tube 
in the cistern barometer, and A the area of the surface of mercury in the 
cistern, show that when the surface of the mercury in the tube rises through 
an additional height ^ the surface of mercury in the cistern will fall 
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tbruugh a distance ah/A, and tfaat the mercurial colnmn wiU be lengthened 
by the omuunt h {A +a)IA. 

If it denote the amount by which the Hurface of meicury in the cistern 
fall)) when the aurfikce of mercury in the tube riaee through a height h, then 
the inoreBae of volume of the mercury in the tube is ah, and the diminution 
in the volume of the mercury in the cistern ie Alt ; mid these are equal 

Henoe Ak=ah, 

horn which Ic^aKjA. 

Also, the increase in the length of the mercurial colnmn in the tube 

112. The Siphon Barometer. 

The siphon barometer oonsista of a bent tnbe with ita two limbs, which 
are Btraight and paralleL of unequal lengths. The longer limb, which is as 
long as the tube of the ordinary barometer, 
is closed, and the ahorter limb ia open to the 
atmosphere. The tube is fixed with ita lirabe 
vertical, and contuns mercniy, the space 
above the mercury in the longer limb being a 
Torricellian vacuum. 

The mercury stands higher in the closed 
branch than in the open branch. The pies- 
sure of the atmosphere, acting on the surface 
of mercury in the open branch, supports the 
weight of the column of mercury, whose 
height is equal to the difftrenee of the levels 
in the two llroba. 



113. The Aneroid Barometer. 

In the aneroid barometer no fluid is used, the variation)) of atmoiqiheric 
pressure being measured by the rise and fall of the top of a closed metallic 
box. The top of the box. which is partially exhausted of air, is made of 
thin material, and rises and falls according as the atmospheric pressuc* 



192 HYDROSTATICS AND PNEUMATICS. 

diminishes or increases. By a combination of levers any motion of the top 
of this box A is communicated to, and causes rotation in, a drum F. A 
pointer H turns with the drum, so that any rise or fall of the top of the box 
actuates the pointer. The amount of a movement of the pointer is indicated 
on a dial plate placed below the pointer. The instrument is graduated by 
the maker by comparing its indications of a mercurial barometer at different 
times. 

114. Heights of Barometers filled with difTerent 
Liquids. 

Barometers may be constructed by employing water, glycer- 
ine, or other liquid, instead of mercury. At the same place 
and time the heights of barometers filled with different liquids 
will be different. 

It is easy to prove that the heights of two barometers filled 
with different liquids are inversely proportional to the specific 
gravities of the liquids. 

Let Aj and h^ denote the heights of two barometers filled 
with liquids of specific gravities s^ and s^ respectively, and let 
w denote the weight of unit volume of water. Then the 
weights of unit volumes of the liquids are ws^ and ws.2 respec- 
tively. Hence by Article 110 the intensity of atmospheric 
pressure is equal to wh^s^^ and also to wh,2%. 

Hence 

from which h^s^ = h<^2? 

or Aj : h2 = S2 : s^. 

Hence the height of the barometric column is inversely proportional 
to the specific gravity of the liquid employed. Since the specific 
gravity of mercury is much higher than that of any other 
liquid, it follows that the length of the column is much shorter 
in the mercurial barometer than in a barometer filled with 
water, glycerine, or other liquid. 

Thus the height of the water barometer would be equal to 
13*6 X height of mercurial barometer. Taking the height of 
the mercurial barometer at 30 inches, we find that the height 
of the water barometer would be 

= 13-6 X 30 inches, = 34 feet. 
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115. Pressure of an Atmosphere. 

In stating the results of experiments in which very great 
pressures are employed, as in recent experiments on the 
liquefaction of gases, it is usual to take, as the unit of 
pressure, the pressure of the atmosphere, which is referred 
to as the pressure of an atmosphere. As the atmospheric 
pressure varies from place to place, and from time to time, the 
pressure of an atmosphere is not an invariable unit. We may, 
however, take 30 inches, or 76 centimetres, as the standard 
height of the barometer, so that the expression ^^ pressure of an 
atmosphere'^ may be taken to be a pressure of 15 Ibwt. per 
square inch. 

It has been proposed to use, as the pressure of an atmosphere, 
the pressure of a million dynes per square centimetre. This 
pressure does not differ much from the pressure of 76 centi- 
metres of mercury — see Ex. 2, page 190, and is, of course, 
absolutely invariable. 

Ex. 1. — Taking the specific gravity of mercury at 13*6, what would be 
the height of an oil barometer, when the mercury barometer stands at 29 
inches, the specific gravity of the oil being *845? 

Let X be the height in inches of the oil barometer, and let w represent 
the weight of a cubic inch of water. Then the intensity of atmospheric 
pressure in Ibwt. per sq. inch is as x lo x '845, and also equal to 29 x w x 13*6. 
Equating these expressions, we get 

a; X w X -845 = 29 X w X 1 3-6 ; 
from which a;r=29 x 13'6/*845 inches, 

= 38-9 feet. 

Ex. 2. — A vertical tube is full of water, and its lower end stands in water, 
the surface of which is 8^ feet below the top of the tube. What is the 
pressure of the water against the top of the tube in pounds weight per 
square inch, taking the height of the water barometer to be 33i feet? 

In the figure on page 185 let ABCD be the tube, the open end BC being 
below the surface PQ of the water, so that the height of AE is 8J feet. 
Consider the equilibrium of the column EADF of water. This column is 
at rest under the action of three vertical forces : (i) its weight, (ii) the up- 
ward pressure of the atmosphere across the section EF, this pressure being 
transmitted from the surface PQ through the liquid ; (iii) the reaction of 
the top of the tube AD, a force acting downwards equal and opposite to the 
pressure exerted on the top of the tube by the liquid inside the tube. The 
(8S3) Jf 
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sum of the downward forces (i) and (iii) must be equal to the upward force 
(ii). 

The force (ii) is equal to the weight of a column of water, of the same 
sectional area as the tube, and of a height equal to 33^ feet. The force (i) 
is the weight of 8^ feet of this colunm. Hence the force (iii) is equal to 
the weight of (334 - 8i), = 25, feet of this column. Therefore, the pressure 
of the water inside the tube on the top of the tube is an upward force equal 
to the weight of a column of water, of the same sectional area of the tube, 
and of a height equal to 25 feet. Hence the pressure per square inch will 
be the weight of a column of water, one square inch in section, and 25 feet 
high. 

Taking the weight of a cubic foot of water to be 62'5 Ibwt., we find the 
pressure on the top of the tube to be 

= 25x12x62-5/1728, 

= 10*85 Ibwt per square inch. 

Ex. 3. — A tube, partly filled with mercury, is inverted in a vertical posi- 
tion with its open end below the surface of mercury in a basin. If the 
mercury stands to a height of 20 inches, what is the pressure of air above 
the mercury in the tube, the height of the barometer being 30 inches? 

The air at the top of the tube exerts a downward force on the mercury 
in the tube, and this force, together with the weight of the column of mer- 
cury, is equal to the upward pressure of the atmosphere exerted across a 
section of the tube. 

Let p denote the intensity of pressure of the air above the mercury, this 
pressure being expressed in terms of a height of mercury (Art. 66), then 

p + 20 = 30, 
giving p = 10. 

Hence the intensity of pressure of the air above the column of mercury 
is that due to a depth of 10 inches of mercury. 

Since a pressure of 30 inches of mercury is equivalent to a pressure of 
14*8 Ibwt. per square inch (Ex. 1, page 190), it follows that the intensity of 
pressure of the air above the mercury is 14*8/3, =4*94 Ibwt. per square 
inch. 

EXAMPLES XIV. 

[A cubic foot of water weighs 1000 oz.] 
{The Answers are given on page 336.) 

1. Supposing that a barometer is set up in a position not exactly vertical, 
would this affect the reading? 

2. Would the reading of a barometer be affected by inequalities in the 
sectional area of the tube? 

3. The upper ends of two long vertical glass tubes are connected together 
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and to the receiver of an air-pump. The lower end of one dips into a 
beaker of water, that of the other into a beaker of sulphate of copper. On 
working the air-pump, the liquids rise in the two tubes, but to different 
heights. Explain the cause of this. 

4. Taking the atmospheric pressure at 15 Ibwt. per square inch, find the 
pressure on the bottom of a tank, filled with water, the depth of the tank 
being 2 feet, and the area of the bottom of the tank, 2 square yards. 

5. Find the pressure in Ibwt. per square inch at a point 20 feet below 
the surface of water, freely exposed to the atmospheric pressure of 15 Ibwt. 
per square inch. 

6. Determine the pressure in Ibwt. per square inch, and also in atmo- 
spheres, at a depth of 30 feet of water exposed to atmospheric pressure, 
taking the atmospheric pressure at 15 Ibwt. per square inch. 

7. Determine the greatest depth in fathoms at which a submarine diver 
can work in sea water, supposing he can bear a pressure of 5 atmospheres, 
taking an atmosphere to be a pressure of 15 lbs. per square inch, and a 
cubic foot of sea water to weigh 64 lbs. 

8. A tube filled with water is inverted with its open end in water, no air 
having got in, and the top of the tube is 20 feet above the surface of the 
external water. If the water barometer stands at 34 feet, what is the 
pressure in lbs. per square foot at a point on the inside of the top of the 
tube? 

What would be the consequence of making a small hole through the top 
of the tube? 

9. A vessel, exhausted of air, is closed by a valve in the form of a square 
whose side is one foot long. The valve can turn round one edge. If the 
atmospheric pressure is 15 Ibwt. per square inch, what is the force which 
must be applied at the centre of the valve to open it? 

Also, what is the force which must be applied at the middle point of the 
edge opposite to that about which the valve can turn, in order to open it? 

10. If the valve in the preceding example is in the form of a circle, 
6 inches in diameter, which can turn about a hinge at a point A in its cir- 
cumference, what is the force which must be applied at the point B, the 
other extremity of the diameter through A, in order to open the valve, the 
atmospheric pressure being 15 Ibwt. per square inch? 

11. A square valve, which can turn round an edge, closes an exhausted 
receiver. If the area of the valve is 100 square inches, what is the force 
that must be applied to its middle point in order to open it, when the mer- 
curial barometer stands at 30 inches? [Take the specific gravity of mer- 
cury to be 13*6.] 

12. If the hemispheres (in Experiment 4, page 185) are completely ex- 
hausted, find the force required to separate them, taking the diameter of 
the hemispheres to be 6 inches, and the atmospheric pressure to be 15 Ibwt. 
per square inch. 

13. A barometer tube, whose internal diameter is f of an inch, weighs, 
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when empty, 4 lbs. If the mercury in the tube stands at a height of 30 
inches, 6nd the whole vertical pressure of the tube on its supports, taking 
the specific gravity of mercury to be 13'6. 

14. The heights of the barometer, corrected for capillarity, at two places, 
A and B, are 30'25 and 25*95 inches respectively, the temperatures of the 
air at the times of the observations being 20° C. and 5° C. respectively. 
The accelerations of gravity at A and B are 32*2 and 32*08 respectively. 
Express correct to 3 places of decimals, the ratio of atmospheric pressure 
at A to the atmospheric pressure at B at the times of the observations. 

15. Show that the whole mass of the atmosphere is the same as that of 
an ocean of pure water about 33 feet deep. 

Taking the radius of the earth to be 21 million feet, show that the mass 
of the atmo^here is about 5 x lO^'* tons. 



Chapter XIL— BOYLE'S LAW. 

116. Laws of Gases. 

The variations in the volume of a gas due to variations of 
pressure or temperature are subject to two laws, known as 
Boyle^s Law and Charles^ Law respectively. 

Boyle's Law states the relation between the pressure and 
the volume of a gas, when the temperature is constant. The truth 
of this law for atmospheric air appears to have been discovered 
independently by two natural philosophers, Boyle in England 
and Marriotte in France, who lived in the latter part of the 
17th century. The question of priority is one on which 
English writers and continental writers are not agreed. By 
the latter the law is usually referred to as the Law of Mar- 
riotte. 

Charles' Law states the relation between the volume and 
tempeiature of a gas which expands or contracts under constant 
pessure. This law is sometimes assigned to Dalton, but it ap- 
pears to have been first discovered by Charles. We shall 
always speak of it as the Law of Charles. 

In this chapter we shall consider Boyle's Law and its appli- 
cations. It must be understood that all the results we shall 
arrive at are obtained on the supposition that changes of tem- 
perature are not considered. 
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117. Boyle's Law. 

The presmre of a given mass of a gas is inversely proportional 
to its volume^ as long as the temperature is kept cmistant. 

This statement of Boyle's Law may be expressed in symbols. 
Let p denote the pressure of the gas when the volume is v, and 
p' the pressure when the volume is changed to v. Then Boyle's 
Law is expressed by the proportion — 



v; 



p :p =v 
from which pv -p'v\ 

Hence the product of the volume and pressure is the same 
in the two cases. It follows that for the same mass of gas, the 
product of the volume and the pressure is the same in all 
cases. Hence we say that Boyle's Law leads to the equation 

pv = a, 

where C is a quantity which is constant for the same mass of 
the same gas. will be different for different gases and for 
different masses of the same gas. 

The following deduction from Boyle's Law is very im- 
portant — 

Wlien the temperature is constant, the pressures of two masses, etjiKfl 
or unequal, of the same gas are proportional to their densities. 

Let p and p denote the density and pressure respectively of 
a mass of gas, and let p and p' have the same meanings for 
another mass of the same 
gas. Let the volume of the 
latter mass of gas be changed 
so that the density is changed 
from p to p, and let x and y 
denote the original and al- 
tered volumes. [The vol- 
umes of the two masses of 
gas may be represented 
diagrammiitically, as in the accompanying figure.] Tho two 
masses will then be masses of the same gas of the same density 
p, and they will therefore have the same pressure p. By Boyle's 
Law — 

py=p'^ (1) 
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But since there is no change in the mass of the gas whose 
volume is changed, we have, by Art. 23, 

py=p^ (2) 

From equations (1) and (2) we get 

pIp =p'Ip\ 

which was to be proved. 

Thus, for example, if there is a mass of air in a closed vessel, 
and if, by pushing in a piston, we reduce the volume of the 
vessel by a half, the density of the air in the vessel will be 
doubled, and therefore by Boyle's Law the pressure will also 
be doubled Again, if, without altering the volume of the 
vessel, we introduce into the vessel a mass of air equal to the 
mass already in the vessel, the density will be doubled, and 
the pressure will also be doubled. 

118. Experimental verification of Boyle's 
Law. 

The Law of Boyle may be verified for atmospheric air by 
the following experiments. In Experiment 1 the verification is 
for pressures greater than the atmospheric pressure, and in 
Experiment 2 for pressures less than atmospheric pressure. 

ExperiToent 1. — In this experiment a bent glass tube AB of 
uniform bore is used, the branches of the tube being straight 
and parallel, but of unequal lengths. The tube is fixed with 
its branches vertical. Both branches of the tube being open, 
a small quantity of mercury is poured into the tube so as to fill 
the curved portion MM of the tube, and the shorter end A is 
then sealed up. We have then imprisoned in MA a quantity 
of air at the pressure of the atmosphere as indicated by the 
height of the barometer at the time and place of the experi- 
ment. 

Mercury is again poured into the tube at the open end B 

until the level of the mercury in the closed branch AM of the 

tube rises to the point N, midway between A and' M, so that 

the volume of the imprisoned air is now half its original volume. 

Suppose that Q is the point at which the mercury stands in the 

M. jtf open branch when the mercury has risen to N in the closed 

^I^JF branch. Let P be the point on the open branch on a level 

with N. 

Since N and P are on the same level in the same liquid, the pressure at 

N is equal to the pressure at P. Now the pressure at P is equal to the 

pressure of the column of mercury PQ, together with the atmospheric pres- 
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snre on the open surface Q. Hence the pressure at N, that is, the pressure 
of the air confined in AN, is equal to the sum of the atmospheric pressure 
and the pressure of the column PQ of mercury. 

Now it is found that PQ is equal to the height of the barometer, that is, 
the pressure at P or at N is double the atmospheric pressure. Hence the 
air, which under atmospheric pressure occupied the volume AM, under 
double the atmospheric pressure occupies the volume AN, which is just 
half the original volume. 

Hence by doubling the pressure the volume is halved. In the same way 
we should find that by increasing the pressure to three times the atmo- 
spheric pressure, the air in AM would be compressed to one-third of its 
original bulk; and so on. Hence the volume varies inversely as the 
pressure. 

The law is thus verified for pressures greater than 
atmospheric pressure. 

Experiment 2. — A long, straight glass tube of 
uniform bore, closed at one end and open at the 
other, is taken and partly filled with mercury. The 
tube is inverted and held vertically in a vessel con- 
taining mercury, so that it then contains air at a 
pressure less than atmospheric pressure. The tube is 
pushed down until the levels of the mercury in the 
tube and the vessel are the same. In this position 
the column of air in the tube is at atmospheric pres- 
sure. The length of this column is measured. Let 
I denote the length. The tube is then raised until 
the length of the column of air is 22. It is then 
found that the mercury has risen in the tube, and 
stands at a height equal to half the height of the 
barometer at the time of the experiment. The pres- 
sure of the imprisoned air is therefore half the at- 
mospheric pressure, and its volume is double the 
volume it occupied when its pressure was equal to 
the atmospheric pressure. It follows that, by allow- 
ing the air to expand until its volume is doubled, 
the pressure is reduced by one-half. On drawing 
out the tube until the length of the column of air 
is 3Z, we allow the air to expand to a volume which 
is three times the volume it occupied at atmospheric pressure. It is then 
found that the mercury stands inside the tube at a height equal to two-thirds 
of the height of the barometer. The pressure of air is, therefore, equal to 
one-third of the atmospheric pressure, so that when the volume of air is 
increased in the ratio of 3 to 1, the pressure is reduced to one-third of the 
original pressure. In a similar way the law may be verified for greater 
volumes. 
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In this way the law is verified for pressures less than airiospheric pressure. 

All experiments for verifying Boyle's Law must be cazried out slowly. 
For when the volume of a mass of gas is increased or diminished, a change 
in the temperature of the gas is produced. Compression of a gas is always 
accompanied by a rise, and expansion by a fall, of temperature. In per- 
forming experiments, therefore, on the compression and expansion of gases 
in which the temperature is to be kept constant, time must be allowed for 
the gas, after a compression or an expansion, to return to the temperature 
of the atmosphere. 

119. Departures from Boyle's Law. 

Modem experiments have shown that, for changes of pressure which are 
not very great, the changes in volume in the case of all gases are very 
approximately in accordance with the law of Boyle, but that there is no 
gas which obeys this law exactly when the pressures are very great. . 

It has also been shown that some gases are more compressible than 

others. For example, it has been found that carbonic acid gas suffers 

greater compression than common air when subjected to great pressure. If 

equal volumes of air and of carbonic acid gas are measured off at atmospheric 

pressure, and each subjected to a pressure of 25 atmospheres, 

Ol the volume of the carbonic acid gas will be only about 4/5 

of the volume of the air. 

120. Faulty Barometer. 

If some air gets into the tube of a barometer, 
it will rise in the tube and occupy the space above 
the merciiry. This air will exert pressure down- 
wards on the column EB of mercury, and the mer- 
cuiy will therefore stand lower than in a perfect 
barometer. 

By an application of Boyle's Law we can ob- 
tain a formula for the correction to be applied to 
a reading of a faulty barometer. 

Let c represent the length of the tube of a 
faulty barometer above the surface ABCD of the 
mercury in the cistern, and let h be the height of 
the barometer when the true height of the baro- 
meter is H, It is required to determine the true 
height of the barometer when the reading of the 
faulty barometer is h\ 
We assume that the area of the section of the tube of the 
faulty barometer is unifonn, so that the volume of the air 
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above the mercury is proportional to the length of the tube 
which it occupies. When the faulty barometer stands at a 
height A, the length of the column of air in the tube is c-h^ 
and the pressure of this air is measured hy H-h. When the 
reading of the faulty barometer is h', the air occupies a length 
c-h' oi the tube. If x denotes what is then the true height of 
the barometer, the pressure of air in the tube is measured by 
X - h', and this is the correction to be applied to the reading h\ 
Thus the pressures of the air in the tube are measured by 
H-h and x-h' when the volumes are measured hy c-h and 
c-h' respectively. Hence by Boyle's Law — 

{x-h'){c-h') = {H-h){c-h), 
from which x-h' -{H-h) (c- h)/{c - h'). 

This gives a formula for the correction, x - h\ to be applied 

to the reading h\ Also, ic, the true height, is given by the 

formula — 

x = h' + {H-h){c-h)l{c-K). 

Ex. 1. — A vessel of 3 cubic feet capacity, containing air at 2 atmo- 
spheres' pressure, is put into communication with a vessel of 18 cubic feet 
capacity, containing air at J of the atmospheric pressure. What is now 
the pressure of air in the two vessels? 

The air in the first vessel, if allowed to expand until the pressure is 
equal to the atmospheric pressure, would occupy 2x3, =6 cubic feet The 
air in the second vessel, if compressed until the pressure is equal to the 
atmospheric pressure, would occupy J x 18, =4J cubic feet. Hence the air 
in the two vessels would, at atmospheric pressure, occupy (6 + 4^), =10J 
cubic feet. When the two vessels are put into communication this air 
actually occupies (3 + 18), =21 cubic feet. The quantity of air, therefore, 
which would occupy 10^ cubic feet at atmospheric pressure, occupies 21 
cubic feet. Hence the pressure of the air is 

10^/21, = J X pressure of an atmosphere. 

Ex. 2. — An open vessel contains air at a place where the barometric 
pressure is 30 inches of mercury. It is carried to the top of a mountain, 
where the barometric pressure is 20 inches of mercury. Compare the 
masses of air in the vessel at the two places. 

At the higher station the air in the vessel is at a pressure of 20 inches of 
mercury. Imagine the vessel to be closed and the volume to be reduced 
untU the pressure of air is increased to that of 30 inches of mercury. The 
reduced volume would, by Boyle's Law, be 2/3 of the original volume. But 
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the pressure, and therefore also the density, of air in the vessel would now 
be the same as at the lower station. The densities being the same, the 
masses will be proportional to the volumes. Hence the mass of air in the 
vessel at the higher station would be 2/3 of the mass at the lower station. 

Ex. 3. — A barometer into which a little air has got into the upper part 
is found to record 28 inches when the true barometric height is 30 inches. 
If the volume of the space above the mercury be 7i cubic inches, what 
would be the volume of the air within it at atmospheric pressured 

The pressure of the air above the mercury is a pressure of (30 - 28), —2 
inches of mercury. At this pressure the volume of the air is 7^ cubic 
inches. Therefore, if v denote the volume which this air would occupy at 
the atmospheric pressure of 30 inches, we have by Boyle's Law — 

30v=2x7J; 
from which v—i cubic inch. 

Hence at atmospheric pressure the air would occupy a volume of i cubic 
inch. 

121. Dalton's Law for a Mixture of Gases. 

It is a well-known experimental result that when two gases, 
between which no chemical action takes place, are put into 
communication, they form a mixture of uniform density. For 
example, common air is a mixture of oxygen and nitrogen. 

The following law regarding the pressure of a mixture of 
gas was enunciated by Dalton as the result of experiment : — 

The pressure of a mixture of ttvo or more gases is equal to the 
sum of the pressures that would be p'oduced by each of the con- 
stituents of the mixture if the other constitueiU or constituents were 
not present. 

Dalton's Law includes the law of Boyle as a special case. 
For it follows from Dalton's Law that if any number, n say, 
of equal masses of the same gas are introduced into a vessel, the 
pressure would be n times the pressure exerted by one of the 
masses when the other masses are not present in the vessel. 
Now the density of the gas when the n masses are in the 
vessel would evidently be n times the density when one only 
of the masses is in the vessel. Hence it follows from Dalton^s 
Law that when the density of a gas is increased n times, the 
pressure is also increased, w times; and this is precisely the 
law of Boyle. 
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From Dalton's Law we can obtain a solution of the following 
problem : — 

Two volumes, v and v\ of the same gas, or of two gases 
which do not act chemically on each other, are mixed together, 
title mixture occupying a volume u. If p and p' denote respec- 
tively the pressures before mixture, it is required to find the 
pressure of the mixture. 

Let X and y denote respectively the pressures which the two 
masses of gas would separately produce when occupying the 
volume u. Then by Boyle's Law — 

luc =pv, and uy =p'v\ 
from which x=pv/Uj and y=p'v'/u. 

But by Dalton's Law the pressure of the mixture isx + y. 
Hence the pressure of the mixtuie, F say, is given by 

P =pv/u +p'v'lu^ 
= {pv +p'v')/u. 

Ex. — If 1000 cubic inches of air under a pressure of 20 lbs. per square 
inch are mixed with 800 cubic inches of air under a pressure of 15 lbs. per 
square inch, find the pressure of the mixture if it has a volume of 1500 
cubic inches. 

Here t;= 1000, v' = 800, t4 = 1500, 

p=:20 p' = 15, 

and it is required to find P. 

P=(pv+pV)IUf 

- (20 X 1000 + 15 X 800)/1500 

= 21^ lbs. per square inch. 

122. Manometers. 

A manometer or pressure-gauge is an instrument for measur- 
ing the pressure of a gas. 

Thus the gauge by means of which the pressure of steam in 
a boiler is usually measured is a manometer whose action 
depends on the elasticity of some metal. 

Of manometers whose action depends on pneumatic prin- 
ciples there are two classes: (i) open manometers; (ii) closed 
or compressed-air manometers. 

The open mercurial manometer is an instrument in which 
the pressure of a gas is measured in terms of the height of the 
column of mercury which would produce this pressure. 

One form of the open manometer consists of a closed vessel 
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containing Bome mercury. Through the top of the vessel a. 
vertical tube } passes air-tight, the upper end of the tube be- 
ing open to the atmosphere, and the lower end 
being below the surface of mercury in the vessel. 
To measure the pressure of a gas by means 
of this gauge, the gas is admitted at the opening 
a to the space above the mercury. When the 
pressure of the gas exceeds the atmospheric 
pressure the mercury will be forced up the tube 
b, and the height to which the mercury stands in 
the tube above the level of the surface of mer- 
cury in the vessel is a measure of the excess of 
the pressure of the gas above the atmospheric 
pressure. Thus if s denote the difference of 
levels of the mercury in the tube b and in the 
vessel, and if H denote the height of the mercu- 
rial barometer, the excess of the pressure of the 
gas over the pressure of the atmosphere is a 
pressure of z/H atmospheres, that is, the pressure of the gas 
is a pressure of {zlH+ 1) atmospheres, 
1-23, Siphon Manometer. 

The siphon manometer is another form of the open pressure- 
gauge. 

In this manometer, of which the 
accompanying diagram is a sketch, 
the mercury is contained in a siphon 
tube of uniform bore, whose branches 
are straight and parallel, and fixed in 
a vertical position. The branch CA 
is open at the top to the atmosphere, 
and the top of the other branch CB 
is in communication with the gas. 

When the pressure of the gas is 
equal to the pressure of the atmos- 
phere the mercury stands at the same 
level, the level ah in the figure, in both branches. When the 
pressure of the ga« exceeds atmospheric pressure the mercury 
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stands higher in the branch CA than in the branch CB, and 
the excess of the pressure of the gas over the pressure of the 
atmosphere is equal to the pressure of the column of mercury, 
whose height is the difTerence of the levels of A and B, the 
surfaces of the mercury in the two branches. This difference 
of level is evidently equal to twice the height of A above the 
level ab. 

If z denote the height of A above the level ah, and if the 
height of the mercurial barometer, the pressure due to the 
difference of levels is a pressure of 2s/W atmospheres. Hence 
the pressure of the gas is (2x/H+ 1) atmospheres. 

124. Compressed-air Manometer. 

If the bmnch CA of the siphon manometer is closed, the 
gai^e will become a form of the compreseed-air manometer. 
In this instrument there is a quantity of air imprisoned above 
the surface of the mercury in the branch A. The action of 
the instrument depends on the diminution of volume of this 
enclosed air due to increase of pressure. 

The gauge is constructed by the maker so that when the 
pressure of the gas in the branch above B is equal to the 
atmospheric pressure the mercury stands at 
the same level, the level mu in the figui'e, in 
both branches. When the pressure of the 
gas exceeds the atmospheric pressure the 
mercury falls in the branch B through a cer- 
tain distance below the level mn, and rises 
in the branch A through an equal distance. 
The pressure of the gas exceeds the pressure 
of the air above A by the pressure due to 
the column of mercury whose height is 
equal to the difference of levels of A and B, 
the surfaces of the mercury in the two branches, or, what is the 
same thing, equal to twice the height of A above the level jnn. 

By an application of Boyle's Law a foimula may be obtained 
for the pressure of the air above A for a given height of A 
above the level mn. By adding to this pressure the pressure 
due to the column of mercury whose height is equal to the 
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difference of levels of A and B, we may obtain a formula for 
the pressure of the gas above B for a given height of A above 
mn. 

Let c represent the length of aw, which is the length of the 
column of air above A when the pressure of this air is equal to 
the atmospheric pressure. Let z denote the height of A above 
the level ww, and let p denote in atmospheres what is then the 
pressure of the air. Then the volumes of the air at the pres- 
sure 1 and p are measured by c and c-z respectively. 

Hence by Boyle's Law — 

p{c -z) = c, 
from which p = c/{c - z). 

Let H denote the height of the mercurial barometer. Then 
the pressure due to the difference of levels, 2Zy of the mercury 
in the two branches is 2z/H of an atmosphere. Hence, finally, 
the pressure of the gas above B 

=p+2z/H, 

= {c/{c -z)-{- 2z/H} atmospheres. 

Ex. 1. — If the siphon manometer is to read pressures up to three atmo- 
spheres, what quantity of mercury will be required, the area of the section 
of the tube being a quarter of a square inch ? 

When the pressure of the gas in the siphon manometer is a pressure of 
three atmospheres, the difference of levels of A and B (see 6gure, p. 204) is 
double the height of the barometer. Hence there must be at least as much 
mercury in the tube as will occupy a length of the tube equal to twice the 
height of the barometer. Taking the height of the barometer to be 30 
inches, the mercury must fill a length of 60 inches of the tube. Since the 
section of the tube is a quarter of a square inch, this gives a volume of 

60 X J, = 15 cubic inches. 

If the volume of mercury in the tube were less than 15 cubic inches, the 
pressure of gas would force out the mercury at the open end of the branch 
CA. 

Ex. 2. — If, in the compressed-air manometer, the length of the column of 
air at atmospheric pressure is 20 inches, what is the pressure of the gas in 
the branch B (see figure. Art. 124) when the column of air occupies a length 
of 10 inches of the tube, the height of the barometer being 30 inches ? 

Since the air has its volume reduced from 20 to 10, its pressure is 
doubled. Hence its pressure is a pressure of two atmospheres. Also, 
since the mercury in one branch rises 10 inches, the difference of levels in 
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the two branches is 20 inches, and the pressure of 20 inches of mercury is 
equal to 2/3 of an atmosphere. 

Hence the pressure of the gas in the branch B is equal to the pressure of 
2f atmospheres. 

Ex. 3. — A tube of uniform bore, stopped at one end, and of a length 
e(|ual to the height of the barometer, is put vertically with its open end 
downwards into mercury. At what depth must the 
open end be below the surface of the mercury if the 
mercury fills one-quarter of the tube? 

. Let AB be the tube placed vertically with its open 
end B under PDQ, the surface of the mercury, p 
Let h represent the height of the mercurial bare- 
meter, and let z denote DB, the depth of the open 
end B of the tube below the surface of the mercury. 

The mercury rises to 0, where BO = A/4, and the 
length of the. column of air AG is 3A/4. The pres- | 

sure of this air is equal to the pressure in the mer- 
cury at the depth of G. This pressure is that due to the height (h + GD) of 
mercury, that is to the height {h + z- A/4), =:(8A/4 + £) of mercury. 

Hence the air which occupies a length A of the tube at atmospheric 
pressure, that is at the pressure measured by A, occupies a length 3A/4 at 
the pressure measured by 3A/4+2. Therefore, by Boyle's LawT— 



?(f +^)=A«. 



from which z = 7A/1 2. 

Hence the depth of the open end of the tube below the surface of the 
mercury is 7/12 of the height of the barometer, that is, 7/12 of the length of 
the tube. 

EXAMPLES XV. 
[In all questions the temperature is supposed to be constant.] 

{The Answers are given on pcLge 337.) 

1. A hollow cylinder, fitted with a piston, contains air at a pressure of 15 
lbs. per square inch when the piston is 12 inches from the bottom; if more 
air is forced in till there is three times as much air as at first, and if the 
piston is allowed to rise 4 inches, what is now the pressure of air per square 
inch? 

2. Assuming that one hundred cubic inches of air weigh 32 grains when 
the barometer stands at 30 inches, find the weight of air that gets out of a 
room when the barometer falls from 30 inches to 29*5 inches, the room being 
30 feet long, 20 feet wide, and 15 feet high. 

8. If 310 cubic centimetres of a gas, measured at a pressure of 750 milli- 
metres of mercury, are subjected to a pressure of 800 millimetres of mercury, 
what will be the resulting volmne of the gas? 
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4. Find the weight of a cubic foot of air at a pressure of 16 lbs. on the 
square inch, being given that a cubic foot weighs 360 grains at a pressure of 
13 lbs. on the square inch. 

5. An open vessel contains one gramme of air at a place where the baro- 
meter stands at 750 millimetres. It is then taken to a place where the 
barometer stands at 700 millimetres. What is now the mass of air in the 
vessel? 

6. A cubic inch of air under a pressure of 15 lbs. per square inch is mixed 
with two cubic inches of air under a pressure of 45 lbs. per square inch. If 
the mixture occupies 3^ cubic inches, what is the pressure of the mixture? 

7. Two vessels of equal volumes ctmtain air, the pressure in one being 10 
lbs. per square inch, and in the other 30 lbs. per square inch. One-third of 
the air in the first is transferred to the second. What is now the pressure 
of air in each vessel? 

8. A tube 17 inches long, closed at the top, dips vertically into a basin of 
mercury. The mercury outside rises to the middle point of the tube, and 
inside it stands 6 inches higher, leaving the rest of the tube filled with air. 
How far must the tube be drawn out that the contained air may expand so 
as to fill another half-inch of the tube, the height of the barometer being 
30 inches? 

9. A quantity of air confined in a graduated tube over mercury measures 
20 cubic centimetres when the surface of mercury in the tube stands at 46 
centimetres above the surface of mercury in the basin. When the surface 
of mercury in the tube stands at 10*8 centimetres higher than the mercury 
in the basin, the volume of the confined air is 9 cubic centimetres. Show 
what is the height in centimetres of the mercurial barometer at the time. 

10. A U-shaped tube of uniform bore is sealed at one end. The tube 
contains mercury, which rises to the same height on each side of the bend, 
and which confines in the closed limb a quantity of air occupying a length 
of 10 inches of the tube. The tube is then put under the receiver of an air- 
pump, and the pump is worked until the air in the tube occupies a length 
of 12 inches. Show what is now the pressure of air in the receiver and in 
the tube respectively, the original pressure of air having been equal to that 
of 30 inches of mercury. 

11. The mercury stands at the same level in the open branch and in the 
closed branch of a bent tube of uniform section — both branches being verti- 
cal — when the air confined in the closed branch is at a pressure of 30 inches 
of mercury, which is that of the external air. Express in atmospheres the 
pressure which, acting on the surface of the mercury in the open branch, 
compresses the confined air to one-third of its original volume, and at the 
same time maintains a difference of 6 inches in the levels of the two mer- 
curial columns. 

12. A U-shaped tube with vertical branches, one closed and the other 
open, contains mercury, and air above the mercury in the closed branch. 
When the height of the mercurial barometer is 30 inches the two surfaces 



BOTLfi's LAW. 209 

of mercury in the tabe are in the same horizontal line, and the enoloeed air 
occupies 29 inches of the length of the tnbe. The barometer falls, and the 
enclosed air is observed to occupy 30 inches of the length of the tube. How 
much has the barometer fallen? 

13. A bent tube, having both ends open, is filled with mercury, and fixed 
so that each end is 6J inches above the level of the mercury. One end is 
then closed so as to be air-tight, and the other is gently filled up with mer- 
cury, when it is found that the mercury at the dosed end rises one inoh. 
Find the height of the mercurial barometer. 

14. The height of the top of a uniform barometer-tube is 38 inches above 
the mercury in the tank, but on account of air in the tube the barometer 
registers 28*6 inches when the atmospheric pressure is equivalent to 29 
inches of mercury. What will be the true height of the barometer when 
the height registered Is 29*93 inches? 

15. The mercury in a barometer- tube stands at 30 inches, and has a 
vacuum of 7 inches above the mercury, the cross section of the tube being 
1 square inch in area. If a cubic inch of the external air is let into the tube 
so as to fill the vacuum space, how many inches will the mercury in the tube 
fall? 

16. A barometer stands at 80 inches, the vacuum above the mercury 
being perfect. The area of the cross section of the tube is J of a square 
inch. If a quarter of a cubic inch of air is now allowed to get into the baro- 
meter, and if the column of mercury falls 4 inches, what was the volume of 
the original vacuum? 

17. The height of the water barometer is 83^ feet. A bubble of air has 
a volume of one cubic inch at a depth of 100 feet below the surface of pure 
water. What will be its volume on reaching the surface? 

18. A cubic foot of water weighs 1000 oz. A cylindrical test-tube is held 
in a vertical position, and immersed mouth downwards in water. When 
the middle point of the tube is at a depth of 32*75 feet it is found that the 
water has risen half-way up the tube. Find the atmospheric pressure in 
pounds weight per square inch. 

19. A bubble of air, whose volume is one cubic inoh, rises from the 
bottom of the sea 260 metres deep. Find the volume of the bubble on 
reaching the surface if the barometer reads 760 millimetres. The specific 
gravities of sea-water and of mercury may be taken to be 1*02 and 13*6 
respectively. 

20. A uniform tube, 2 feet long, and closed at one end, is at the beginning 
full of air. The tube is lowered, mouth downwards, into the sea 25 fathoms, 
and afterwards 150 fathoms. Find the height to which the water will rise 
in the tube in each case. 

[Five and a half fathoms of sea-water give one atmosphere of pressure.] 
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Work done by a Gas expanding at Constant Temperature, 

Arts. 125 to 128, 

125. Statement of the problem. 

A gas is contained in a closed vessel, and is allowed to ex- 
pand from one given volume to another given volume; it is 
required to find the amount of work done by the gas during 
the expansion, the temperature being constant 

We may suppose that the gas is allowed to push out a piston 

fitted, as in the accompany- 
ing sketch, into a cylindrical 
opening in the side of the 
p p' vessel. As the piston is 

pushed out, the volume of 
Q Q' the gas increases, and the 

pressure of the gas does 
work on the piston. 
The problem may be va^ 
ried by supposing that work is done by an external force in 
pushing in the piston against the pressure of the gas. In this 
case work will be done on the gas by the external force which 
pushes in the piston. 

In a gas expansion is always accompanied by a fall of tem- 
perature, and compression by a rise of temperature. If we 
wish to leave out all consideration of change of temperature, 
we must suppose that the expansion or compression takes 
place so slowly that time is allowed, after each small com- 
pression or expansion, for the gas to regain its original tem- 
perature. 

126. Work done by a Gas during a very Small 
Expansion. 

Let V denote the volume of a mass of gas in a vessel, and let 
p denote its pressure. Imagine that the gas is allowed to ex- 
pand, at constant temperature, to the volume v\ where v' is 
greater than v by an infinitesimal amount. Then the amount 
of work done by the gas during the expansion is 

p {v' - v). 
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We know from Boyle's Law that the pressure of a gas dimin- 
ishes as the volume increases, and therefore in this case the 
pressure of the gas will diminish as the volume increases from 
V to v'. But since the change of volume is very small, the 
change of pressure will be very small, and may be neglected in 
the calculation of the work done during the expansion. 

Let PQ (see figure, preceding article) be the position of the 
piston when the volume of the gas is v, and P'Q' the position 
when the volume is increased to v\ so that the volume of PQQT' 
is equal to t>' - ». Let A denote the number of units of area in 
the section of the cylinder in which the piston moves. 

The whole force exerted by the gas on the piston is Ap, and 
the work done by this force while the piston is forced out 
through the distance PP' is 

Ap . PP'. 

But ^ . PP' = volume of PQQ'F, 

=zv' -V, 

Hence the work done =p (v' - v), 

which was to be proved. 

In the same way we may show that the work done on a gas 
whose pressure is j?, when the volume is reduced from v' U) v 
at constant temperature, where v'-v is infinitesimal, is also 
equal to j? (v' - v). 

In applying this formula to a numerical example, care must 
be taken to express the pressure and the volume in appropriate 
units. If the work is to be expressed in foot-pounds,^ must 
be expressed in pounds weight per square foot, and v and v' 
must be expressed in cubic feet. 

Ex. — Taking the atmospheric pressure as a pressure of 15 Ibwt. per square 
inch, find the number of foot-pounds of work done against atmospheric 
pressure when a piston accurately fitting the sides of a cylinder is drawn up 
to leave a vacuum of 12000 cubic inches. 

Let A denote the section of the cylinder in square feet, and x the distance 
in feet through which the piston is drawn up, so that — 

^a; = 12000/1728. 

The pressure of the atmosphere is 15 Ibwt. per square inch, or 15 x 144 
Ibwt. per square foot Hence the constant pressure against which the 
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piston is raised is 15 x 144 x il Ibwt. The work done against this pressure 
in raising the piston x feet is — 

15xl44xil XX foot-pounds. 
But since il a; =12000/1728, the work done is 

= 15x144x12000/1728, 
= 15000 foot-pounds. 

127. Approximate Calculation of the Work done 
by a Gas during a Finite Expansion. 

It follows from Boyle's Law that in the case in which the 
change of volume is finite, i,e. not very small, we cannot 
neglect the change of pressure. Hence the formula given in 
the preceding article for the work done during an infinitesimal 
expansion cannot be applied directly to calculate the work 
done when v' -vis finite. 

We may, however, obtain an approximate value for the 
amount of work done during a finite expansion from volume v 
to volume v' by supposing that the expansion takes place by 
a large number of stages, in each of which the increment of 
volume is very small. In each stage of the expansion the 
pressure may be taken to be constant, and equal to half the sum 
of the initial and final pressures during that stage. These 
pressures may be calculated from Boyle's Law, and by mul- 
tiplying half their sum by the increment of volume we shall 
obtain a product which represents approximately the work done 
during that stage of the expansion. By adding up the amounts 
of work done during each of the stages of the expansion in 
succession, we shall obtain a sum which is approximately equal 
to the amount of work done during the expansion from the 
initial to the final volume. 

This method of calculating the work done during a finite 
expansion is equivalent to the following construction for an 
area which represents approximately the amount of work done 
by the expanding gas. 

Take OX and OY, two lines meeting at right angles at 0; 
measure along OX lengths OA and OB to represent on any con- 
venient scale the initial and final volumes of the gas; divide AB 
into a number of small elements AM, MN, NP. . . ; and through 
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the points of division draw, perpendicular to AB, lengths AA', 

MM', NN'...BB' to represent the pressure of the gas when 

the volume is OA, OM, ON... OB respectively. Draw the 

straight lines A'M', M'N'... 

R'B'. Then the work done 

by the gas in expanding 

from the volume OA to the 

volume OB is approximately 

equal to the number of units 

of area in the figure bounded 

by AB, the ordinates AA' 

and BB', and the straight 

lines A'M',M'N',...R'B'. 

To prove this it is suffi- 
cient to show that the area 
of the trapezium A'AMM' 
represents the work done 
by the gas in expanding 

from the volume OA to the volume OM. It follows from 
the preceding article that the amount of work done in this 
expansion is equal to AA' x AM on the supposition that the 
pressure is constant and equal to AA', and is equal to MM' x 
AM on the supposition that the pressure is constant and equal 
to MM'. We may take half the sum of the amounts obtained 
on these two suppositions as an approximation to the amount 
of work actually done by the varying pressure. Thus the 
amount of work done while the gas expands from the volume 
OA to the volume OM is approximately 

= ^ AA' X AM + J MM'x AM, 

= HAA' + MM')xAM, 

= area of the figure A'AMM'. 

A similar proof holds for the figures M'N, N'P..., and, 
therefore, the work done during the finite expansion from OA 
to OB is the sum of the areas of the figures A'M, M'N'... 
R'B, that is, is equal to the area bounded by AB, the or- 
dinates AA' and BB', and the straight lines A'M', M'N',... 
R'B'. 
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Ex. — A cylinder, fitted with a piston, contains 8 cubic feet of compressed 
air at a pressure of 45 Ibwt. per square inch. If the air expands until its 
volume is 10 cubic feet, find approximately the number of foot-pounds of 
work done during the expansion by the pressure of the air on the piston. 

The following table shows corresponding values of volume and pressure. 
The volume, v, is expressed in cubic feet, and the pressure, p, is expressed in 
Unpt. per square foot: — 



V 


P 


8 

9 

10 


45 X 144, =6480 

|x6480, =5760 

3^x6480, =5184 



The work done in expanding from 8 cubic feet to 9 cubic feet is approxi- 
mately 

= i (6480 + 6760) xl, 

= 61 20 foot-pounds ; 

and the work done in expanding from 9 cubic feet to 10 cubic feet is 

approximately 

= i (5760 + 5184) xl, 

= 5472 foot-pounds. 

Hence the work done in expanding from 8 cubic feet to 10 cubic feet is 

approximately 

= 6120 + 6472, 

= 11692 foot-pounds. 

128. Exact Formula for the Work done in a Finite 
Expansion. 

It is evident that the smaller and smaller we take the 
elements of volume AM, MN, . . . the less and less will be the 
error committed in applying the approximate rule of the 
preceding article to find the work done in a finite expansion. 

Now when the elements AM, MN,... become infinitesimal, 
the points A', M', N',... will be consecutive points on a curve 
which is such that the abscissa and ordinate of any point on it 
represent corresponding values of the volume and the pressure. 
And, as in Art. 44, the area of this curve between the ordinates 
AA' and BB' will represent exactly the work done during the 
expansion from the volume OA to the volume OB. 
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Let V and p denote the abscissa OP and the ordinate PP' of 
any point P' on this curve. Then by Boyle's Law 

vp = C, 

where C is a number which is a constant during the expansion. 
This relation between v and p is the equation to the curve on 
which the points A', M', N',.- all lie when the increments of 
volume become infinitesimal. 

This curve is represented in the figure by the dotted line. 
It is known from conic sections that the curve represented by 
the above equation is a rectangular hjrperbola of which OX and 
OY are the asymptotes. 

Let OA = F, and OB = V, so that V and V denote respec- 
tively the initial and final volumes of the gas ; and let P denote 
the pressure when the volume is V, It is proved in the integral 
calculus that the area of the curve vp= C between the ordi 
nates corresponding to « = F and v -- V is 

(7xhyp.log.(F'/F), 

where hyp. log. (VjV) means the hyperbolic or Napierian 
logarithm of the fraction V'/V, 

Assuming this result, it follows that the work done by a gas 
which occupies a volume V at pressure P, in expanding from 
volume V to volume V\ is 

Prhyp. log. (r/F) (1) 

Since the logarithm of a fraction is equal to the logarithm of 
the numerator diminished by the logarithm of the denominator, 
this result may be written in the equivalent form 

Pr(hyp. log. r'-hyp. log. V) (2) 

If we wish to use logarithms to base 10, we must divide the 
expressions (1) and (2) by /x, the modulus, a number which is 
approximately* equal to '4. Thus we obtain an expression for 
the work done in the form 

(Pr//t)log.io(F'/F) (3) 

* The value of /» to 6 places of decimals ia *48420. 
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Ex. 1. — A quantity of air which occupies a volume of 8 cubic feet under 
a pressure of 46 Ibwt. per square inch is allowed to expand to 10 cubic feet. 
Find the number of foot-pounds of work done by the expanding air. 

Here P= 45x144, =6480, 

F = 8, and F=10. 

Hence the number of foot-pounds of work done 

= 8 X 6480 hyp. log. 10/8. 

From a table of hyperbolic logarithms it is found that the hyperbolic 
logarithm of 10/8, or 5/4, is '2231436. Hence the work done in the ex- 
pansion 

= 8 X 6480 X -2231436, 

= 11568 foot-pounds. 

By the approximate method it was found (see Ex., Art. 127) that the work 
done was 11592 foot-pounds. Hence the approximate method gives a result 
which is in this case less than 1/4 per cent in excess of the true value. 

Ex. 2. — The quantity of air which occupies a volume of 50 cubic feet 

under a pressure of 15 lbs. per square inch is allowed to expand at a 

constant temperature to 60 cubic feet. Find the number of foot-pounds of 

work done. 

[Hyp. log. 1-2 = 01823216.] 

Here P=15xl44, =2160, 

r' = 60, F=60, 
hyp. log. (F7F)=hyp. log. 1-2, =-1823216. 

Hence the amount of work done 

= 2160 x 50 x -1823216 
= 19691 foot-pounds. 

129. Elasticity of Fluids. 

When a change of shape is produced in a fluid, the fluid exhibits no 
tendency to return to its original shape. This is expressed by saying that 
fluids have no elasticity of shape. 

Fluids, however, in common with solids, possess the property of resisting 
change of volume. If a compression is produced in a fluid by the applica- 
tion of pressure, the fluid will return to its original volume when the 
pressure which produced the compression is removed, if the temperature 
is constant. This is expressed by saying that the elasticity of volume of 
fluids is perfect. 

The pressure which produces a compression in a fluid is called the stress, 
and the number which measures the compression is called the strain. 

The stress is measured in units of force per unit of area, e.g. in pounds 
weight per square inch. The strain is measured by the change of volume 
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per unit of volume. Thus if the volume of a fluid is diminished from v to 

v', the whole compression is v - v\ and the strain is (v - v')/v. 

The value of the fraction 

stress/strain 

for a very small change of volume in axiy fluid is called the coefficient oj 
elasticity of the 'fluid. The numerical value of this fraction, in the case of 
different fluids, will be greater the smaller the compression produced by a 
given stress, or, what is the same thing, this fraction will be greater the 
greater the resistance of the fluid to compression. Hence the coefficient of 
elasticity of a fluid measures the resistance which the fluid offers to com- 
pression. 

In the ease of liquids^ the coefflcient of elasticity must be found by experi- 
ment. Liquids offer great resistance to compression, and their coefflcients 
of elasticity are therefore large. Thus, for example, the coefflcient of 
elasticity of water is about 300,000 pounds weight per square inch. 

In the ease of gases, it can be shown from Boyle's Law that, on the sup- 
position that the temperature is constant, the coefficient of elasticity is 
numerically equal to the pressure. 

To prove this, let p denote the pressure and v the volume of a mass of gas. 
Let the pressure be increased to p + k^ and in consequence let the volume be 
reduced to v - A ; and let us suppose that k and h are very small quantities. 

The strain = A/t), 

and the stress producing this strain = X;. 

But by Boyle's Law 

{p + k) {v- h) =pv, 

from which kv=hp + hk; 

or k-r-=p + k. 

V 

The last written equation shows that for the gas the fraction — stress/strain — 
is equal to p + k, the increased pressure of the gas, which, since k is very 
small, will be practically the same as the original pressure p. 

Hence the resistance to compression of a gas is measured by the pressure 
of the gas. 

Ex. — Assuming that mercury is compressed two - millionths of its 
volume by the application of a pressure of 14 Ibwt. per square inch, find the 
coefficient of elasticity for mercury. 

Here the strain = 2/10«, 

and the stress =14 Ibwt. per square inch. 

Hence the coefficient of elasticity for mercury 

= 14-f2/10«, 

=7 million pounds weight per square inch. 
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EXAMPLES XVI. 

[In all questions the temperature is supposed to be constant.] 
{The Answers are given on page 337.) 

A. 

1. When a siphon manometer is in communication with a vessel contain- 
ing compressed air, the surface of mercury in the open branch stands 12 
inches higher than the surface in the other branch. Half the quantity of 
air in the vessel is removed by means of the air-pump, and it is found that 
the surface of mercury in the open branch falls through a height of 10) 
inches. Find the height of the barometer and the original pressure of air 
in the vessel. 

2. In a compressed-air manometer the surfaces of the mercury in the 
two branches stand at the same level when the air confined in the closed 
branch is at a pressure of 30 inches of mercury, and the length of the 
column of air is 10 inches. How much will the surface of the mercury in 
the closed branch rise when the other branch is in communication with 
compressed air at a pressure of 120 inches of mercury? 

3. A cylinder is fitted with a piston which works in it easily and air- 
tight. When the water barometer stands at 33 feet the piston is 1 foot 
above the bottom of the cylinder. If the cylinder were sunk slowly in 
water to a depth of 44 feet, how high would the piston (whose weight may 
be neglected) be above the bottom of the cylinder? 

4. A cylinder, open at one end, whose diameter is 6 feet and height 1 
feet, is immersed mouth downwards in water until the upper end is 20 feet 
below the surface. Find how high the water will rise inside the mouth of 
the cylinder, taking the height of the water barometer to be 33 feet. 

If air is now pumped into the cylinder so as to completely expel the 
water, find what volume this air would occupy at atmospheric pressure. 

5. Taking the standard atmospheric pressure as a pressure of a million 
dynes per square centimetre, find the work done in ergs against atmospheric 
pressure when a piston accurately fitting the sides of a cylinder is drawn up 
so as to leave a vacuum of 240 cubic centimetres. 

6. A quantity of gas occupies a volimie of 10 cubic feet when the pressure 
is 20 lbs. per square inch. If the gas expands until its volume is 50 cubic 
feet, find the number of foot-pounds of work done during the expansion. 

[Hyp. log. 5 = 1-60944.] 

7. A quantity of air occupies a volume of 20 cubic feet when the pressure 
is 40 lbs. per square inch. If the gas is allowed to expand until the pressure 
is reduced to 20 lbs. per square inch, find the number of foot-pounds of 
work done in the expansion. 

[Hyp. log. 2 = -69315.] 
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8. A quantity of air occupies a volume of 24,000 cubic inches when its 
pressure is 14 lbs. per square inch. Find the number of foot-pounds of 
work done in compressing the air until its volume is reduced to 8000 cubic 
inches. 

[Hyp. log. 8 = 109861.] 

9. A quantity of oxygen in a vessel at atmospheric pressure is compressed 
until its pressure reaches 20 atmospheres, its volume being then 1/4 of a 
cubic foot. Find the number of foot-pounds of work done in the com- 
pression. 

[Hyp. log. 20=2-996782.] 

B. 

10. A tube of uniform bore, stopped at one end, and of the same length, 
h, as the barometric column, is put vertically with its open end downward 
in mercury. At what depth must the open end be below the surface of 
the mercury if the mercury fills (l/n)th part of the tube? 

11. Mercury is poured into a U-tube, open at both ends, of uniform sec- 
tional area 1 square centimetre, until n centimetres of each limb are left 
unfilled. One end is now stopped up, and n cubic centimetres of mercury 
are then poured into the other limb. If the difference of levels of the sur- 
faces of the mercury in the two limbs is d centimetres, find the height of 
the barometer. 

12. When a siphon manometer is in communication with a vessel con- 
taining compressed air, the surface of mercury in the open branch stands 
a inches higher than the surface in the other branch. Half the quantity 
of air in the vessel is removed by means of the air-pump, and it is fonnd 
that the surface of mercury in the open branch falls through a height of b 
inches. Find the height of the barometer and the original pressure of air 
in the vessel. 

13. Into a tube, which is closed at one end, a ounces of some solid are 
put, and then the tube is closed by a piston. It is observed that the pres- 
sure of air under the piston equals p when the total volume of the tube 
under the piston measures v cubic inches, while the pressure is p' for a 
volume v'. If 1 cubic inch of water weighs d ounces, find the specific 
gravity of the solid. 

14. A cylinder containing compressed air is fitted with a piston which 
works in it easily and air-tight. The pressure of air is p, the area of the 
section of the cylinder is A, and the height of the piston above the bottom 
of the cylinder is a. If the piston is allowed to ascend through a distance c, 
find the work done in the expansion. 

As a numerical example, take the case in which the area of the piston is 
1000 square inches, the original volume is 12,000 cubic inches, the original 
pressure is 20 lbs. per square inch, and the final volume is 30,000 cubic 
inches. 

[Hyp. log. 2=-69315, hyp. log. 6 = 1-60944.] 
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15. Two barometers are placed side by side at the Bea*level ; one, which 
has a perfect Tacuum at the top, stands at h inches ; the other, which has 
an imperfect vacuum at the top, a inches long, stands at k inches. If it 
were possible for the force of gravity to change from g to ^i, other things 
remaining the same, what effect (if any) would this have on the height of 
the two barometers? 

Obtain numerical results when h, k, and a are 30, 28, and 6 inches re- 
spectively, and g and ^i ate 82 and 24. 



Chapter XIIL— LAW OF CHARLES. VAPOURS. 
Measurement of Temperature, Arts. 130 to 134- 

130. Definitions of Equal Temperatures, and of 
Higher and Lower Temperatures. 

Del Two bodies are said to be at equal temperatures, or at the same 
temperature, if on bringing them together there is no passage of heat from 
one to the other. 

Def. If on bringing two bodies A and B together heat passes from A to 
B, then A is said to be at a higher temperature than B, and B at a lower 
temperature than A. 

It would be inconvenient in most cases to compare the temperatures of 
two bodies by bringing them into contact, and thus directly applying the 
test for equal or unequal temperatures. In the practical determination of 
temperatures the bodies are brought into contact in succession with the 
same body — the themumieter. It is found by experiment that two bodies 
are at equal temperatures when they are each at the same temperature as 
a third body. On this experimental result is founded the method of measur- 
ing the temperatures of bodies by means of the thermometer. 

The student must carefully distinguish between heat and txmperature. 
Heat is the term applied to the form of energy whose passage into a body 
produces change of thermal condition, that is, change of temperature, and 
changes in the properties of the body. It was at one time believed that 
heat was a form of matter, but it is now established that heat is a form of 
energy which can be transformed into mechanical work. The study of the 
laws of transformation of heat into mechanical work forms the Science of 
Thermo-dynamics. In this book we shall be concerned only with the effect 
of a change of temperature on the volume and pressure of a gas. 

131. The Thermometer. 

A thermometer is an instrument for determining the temperature of a 
body. 
In general the volume of a body Increases as ita temperature rises. This 
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property of bodies ia used in tho meaBureinent of temperature. Thac- 
moraetere are oonstmcted by means of which the temperature ot any body 
is determined by the volume which a definite mass of mercury or atootiol 
•xicupies at the Bame temperature as the body. 

The merDnrial tharmoiaetar consists of a slender tube of glass, at one 
liith ia blown a bulb. The bulb and lower part 
of the stem contain mercury. In the oonitructlon of the 



instrument the me 






1 the tube is boiled ii 



order 



expel the air, and the top of the tube is then closed. 

When a thermometer and a body are brought into con- 
tact, the temperature of the thermometer will rise or fall 
until it becomes equal to the temperature of the body. 
The higher is this temperature the greater will be the 
volume of the mercury in the thermometer, and there- 
fore the higher wi]l the mercury stand in the tube. 
Thus the point to which the mercury rises in the tube 
will be definite for a definite temperature, and wiU there- 
fore serve to determine the temperature ot the body with 
which the thermometer is in contact. 

132. Determination of the Fixed Points of the 
Thermometer. 
After the tber- 



fiUed, the points on 

the stem at which 

the mercury stands, 

first when the tem- 
perature is that of 

melting ice, and 

teamdlg when the 
temperature is that of boiling water, 
are next determined by experiment 

Dettrmination of thtfrttiing poinl. 
— The thermometer is placed in a 
vessel with its bulb and port of its 
stem surrounded by melting ice and 
water, and a mark is made on the 
glass tube at the point of the stem to 

which the mercury rises. This marks the freezing point on the thermo- 
meter, that ia, the point to which the mercury rises when the temperature 
is that St which water freezes. 

Determination of tht hoUing point. — The thermometer is next immersed 
in the steam which issues from a vessel containing boiHng water, as in the 
aoooBipanying figure. A mark is made on the glass tube at the point 
where the surface of mensury in the tube now stands. This marks the 
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boiling point [ot the atrooapherio pressure at the time of the eiperiment. 
We shall see that the temperature at which water boik varies with the at- 
moephiiric pressure, being higher the greater the pressure. 

The boiling point and the freezing point are called the _fixed pointi of the 
tkerniomcter, but the boiling point 
ia not a fixed point in the same 
sense as the freezing point, which 
is independent of the atmospheric 
pressure. When we speak here- 
after of ths boiling point without 
any mention of the atmospheric 
pressure, we shall always mean 
the temperature at which water 
boils when the atmospheric pres- 
sure is the pressure of the stui- 
dard atmosphere of 76D milli- 
metres, or 30 inches of mercurj. 
If at the time of the determina- 
tion of the boiling point of a 
thermometer the barometer does 
not stand at 30 inches, the mark 
on the stem will not correspond 
to the temperature of the boiling 
point at standard pressure, and 
an adjustment of the maA must 
be made. 

IS3. Graduation of a Thermometer. 

After the fixed points of the thermometer have been determined by 
experiment the thermometer is then graduated. The graduation may pro- 
ceed according to one of three scales: (i) Pahrenhiifi laile, (a) Vie Centi- 
grade Kfde, (iii) Riaxinur't icale. Fahrenheit's scale is in common use in 
tijis country, and Reaumur's in some parts of the Continent. Physicists 
now express all experimental results in the Centigrade scale. 

In Fahrenheit's scale the freering point is marked 32 degrees {written 32') 
and the boiling point 212°, the part of the tube between these two points 
being divided into 180 equal divisions or degrees. 

In the Centigrade scsla the freezing point is marked zero or 0°, and the 
boiling point 100°. 

In R^umur's scale the freezing point ia marked sero or 0°, and tbebdiing 

In each oF the three scales the graduation is continued below the freezing 
point and above the boiling point. The divisions below zero are dis- 
tinguished by the sign minus ( - ). Thus - 10° Centigrade means a tem- 
perature of 10 degrees below mto on the Centigrade scale. 
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134. Relations between the Three Scales. 

Since the interval between the fixed points in Fahrenheit's scale is 180", 
in the Centigrade scale 100°, and in Reaumur's scale 80°, it follows that 
intervals of temperature in the tliree scales are connected by the following 
equations- - 

180° Fahrenheit = 100' Centigrade = 80° Reaumur, 



or. 



9'^ 



it 



- 5' 



>» 



= 4" 



» 



100 



60 



in 



Hence one degree Fahrenheit corresponds to 5/9 of a degree Centigrade 
and 4/9 of a degree Rt^aumur. 

To compare the readings of the tame temperature 
in the three thermometers, let Fy C, R denote the 
number of degrees in the three scales respectively; 
then P-^% G, R denote respectively for that tem- 
perature the number of divisions above the freezing 
point in the three scales. Now the length of the part 
of the tube between the freezing and boiling points 
must be divided in the same ratio in the three ther- 
mometers by the point where the mercury stands. 

Hence — 

P-^2 _C _ R ^ 

180 ~i6~80' 

P-^l C _ R 

9 ~6 ~ 4* 



or 



32 




From these equations we can express any two of 
the readings in terms of the third. 

Thus to express P and R in terms of C we have — 

i'=32 + {(7, R=^C, (1) 

We express C and R in terms of F by the equa- 
tions — 

(7=|(F-32),i2=i(F-32) (2) 

Lastly, ^and C are found from R by the equations — 
. /7=32 + fi2, C-{R. (3) 

The student must bear in mind what is the exact 
significance of the number which measures the tem- 
perature of a body. The statement that the tempera- 
ture of a body is 20° C. means nothing more than this, that the thermal 
condition of the body is the same as that of a Centigrade thermometer 
when the mercury in the thermometer stands at the reading 20 on the 
scale. Thus the number which measures the temperature of a body is a 
number, to which corresponds a definite condition or state of the body 
with respect to heat . 



Cent Riaum Fahr. 



224 BTDBOfiTATICS AMD minXATIOS. 

Ex. 1.— Mercury freezes at - 39** G. Express the temperatare in Fahren- 
heit's scale. 

Here (7= - 89% and therefore by the first equation of (1), 

F- 32 + f ( - 39) = 32 - 70-2 = - 38''-2. 

Ex. 2. — ^What reading in the Centigrade scale corresponds to the zero in 
the Fahrenheit scale? 

Here ^=0, and we have to find C. 

Cr=f(F-.32)=«-32)= -17°7. 

Ex. 3. — What temperature is represented by the same reading in the 
Fahrenheit and Centigrade scales? What is the corresponding reading in 
the Reaumur scale ? 

Here f—C^ and substituting C for F in the first equation of (1) we get 

C=32 + ^C7, 
giving C=i^=-40% 

Substituting this value for C in the second equation of (1) we get 

^=t(-40)=-32°. 

EXAMPLEa 

1 . Reduce the following readings, which are on the Fahrenheit scale, to 
readings on the Centigrade and Reaumur scales respectively: — 

(i) 176°; (ii) 158°; (iii) 131"; (iv) 95**; (v) 60°-8; (vi) 26°-6; (vii) -l*-4; 
(vui) -48'»-6; (ix) -49''; (x) -56**-2. 

Am, On the Centigrade scale:— (i) 80^ (u) 70'; (iii) SS"; (iv) 35"; 
(v)16°; (vi) -3°; (vii) -18"-66; (viii) -42"; (ix) -45°;(x) -49". 

On the Reaumur scale:— (i) 64°; (ii) 56"; (iii) 44"; (iv) 28"; (v) 12"-8; 
(vi) -2°-4; (vii) - 14"-84; (viii) -38"-6; (ix) -86"; (x) -39"-2. 

2. Reduce the following Centigrade readings to Fahrenheit and Reaumur 
respectively : — 

(i) 96"; (ii) 80"; (iii) 57"-3; (iv) 33"-4; (v) 18"-5; (vi) -3"; (vii) -15"-4; 
(viii) - 27"-5; (ix) - 30"; (x) - 49". 

Ans, On the Fahrenheit scale:— (i) 204"-8; (ii) 176"; (iii) 135"-14; (iv) 
92"'12; (v) 65"-3; (vi) 26"-6; (vii) 4''-28; (viii) -17"-5; (ix) -22"; (x) 
-56"-2. 

On the Reaumur scale:— (i) 76"-8; (ii) 64"; (iii) 45"-84; (iv) 26"-72; (v) 
14"-8; (vi) -2"-4; (vii) - 12"-32; (viii) -22"; (ix) -24**; (x) -39"-2. 

3. Reduce the following R^umur readings to Fahrenheit and Centigrade 
respectively: — 

(i)72°; (u)48''-8; (iu) -37**-6. 

ilrur. On the Fahrenheit scale:— (i) 194°; (ii) 141"'8; (iii) -52"*6. 

On the Centigrade scale :-(i) 90°- (ii) 61"; (iii) -47°. 
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Relation between Volnrm, Pressure^ and Temverature of a GaSy 

Arts. 135 to 138, 

135. Law of Charles. 

Suppose that a mass of air is enclosed in a cylinder, placed 
with its axis horizontal, and fitted with an air-tight piston 
which moves easily in the cylinder. If the temperature of the 
air is raised, the gas will tend to increase in volume, and will 
push out the piston against the constant pressure of the at- 
mosphere. The air in the cylinder would be an example of a 
gas expanding, due to a rise of temperature uinder constant 
pressure. 

It is found by experiment that when any gas is allowed to 
expand, under constant pessure^ the increase in the volume due 
to a rise of temperature is subject to the following law, known 
as the Law of Charles.* 

Tlie increase in the volume of any gas whose pressure is constant, 
for a rise of temperature of r C, is a cov^tant fraction, = -003665 
of the volume which the gas would occupy at 0° C. 

The ratio which the change of volume of a gas, kept under 
constant pressure, for a change of temperature of V C, bears to 
the volume which the gas would occupy at 0° C. is called the 
coefficient of expansion for gases. Thus the Law of Charles is 
equivalent to the following: — 

The coefficient of expansion, under constant pressure, is the same 
for all gases and for all temperatures, and is numerically equal to 
'003665, 

The Law of Charles may be expressed in symbols. Let a 
denote the coefficient of expansion, so that a = '003665, = 
1/273, V^ the volume of a quantity of a gas at the temperature 
f C, V^ the volume at the temperature t'° C, and V^ the 
volume at 0° C, the pressure of the gas being the same at all 
three temperatures; then shall 

Vr-.V,0. + at) (1) 

and r,/r^-=(l+aO/(l+aO (2) 

"This law of gases is sometimes assigned to Gay-Lussae and sometimes to Dalton. 
We shall always refer to it as the Law of Charles. 

(853) P 
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For, aue to a rise of temperatuie of 1° C, the volume at the 
freezing temperature, FJj, is increased by the amount aFjj, and 
therefore, for a rise of temperature of t degrees the volume at 
freezing temperature is increased by atV^, Hence 

Ft = volume at freezing temperature 
+ increase of volume for a rise of temperature of t degrees, 

which is formula (1). 
Similarly 

and therefore by division 
which is formula (2). 

Ex. 1. — The volume of a mass of air at freezing temperature is 1000 
cubic inches. What will be the volume of this air when the temperature 
rises to 15° C, the air being allowed to expand at constant pressure? 

Here Fo=1000, i = 15, and it is required to find Vu, 

From formula (1) 

Fi«=1000 (1 + 15 X -003665), 

= 1055 cubic inches very nearly. 

Ex. 2. — If a given quantity of gas expands under a constant pressure In 
consequence of its temperature being raised from 20° C. to 21° C, find what 
ratio the increase of volume bears to its volume at 20° C. 

If Vq denote the volume of the gas at 0° C, then the volume of the gas 

at 20" C. is 

Fo (1 + 20 X -003665); 

and the increase in the volume when the temperature rises from 20° to 21" 
C. is 

Fo X -003665. 
Hence the required ratio 

-- ^^ ^ '003 6 65 _ -003665 

Fo (1 + 20 X -003665)' 1 -0733 * 

783 
214660* 

Ex. 3. — The volume of a quantity of air is 1200 cubic inches at the tem- 
perature 10 ' C. What will be its volume at - 10° C, the pressures being 
the same? 
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Here we make use of formula (2), putting 

t=-10, «' = 10, Ft' = 1200. 

We thus obtain the equation 

volume at - 10° C . _ 1 - 10 x -003665 
1200 ' 1 + 10 X -003665' 

= •96335/1-03665; 
from which we get 

volume at - 10° C. =1200 x •96335/1-03666, 

= 1115 cubic inches nearly. 

136. Change of Volume of a Gas due to Change of 
Temperature and Pressure. 

Given that the volume of a gas is Fwhen its temperature is 
/ degrees C. and its pressure is P, it is required to find its 
volume, V say, when the tempeiuture is changed to f degrees 
C. and the pressure to jP. 

This problem is solved by applying the Law of Boj'le and 

the Law of Charles. From these laws we shall deduce the 

formula — 

F'F _ VP 

l + aH 1+ar 

in which a represents the coefficient of expansion for gases. 
By this formula V may be found when Vy P, t, jP, and /' are 
all given. 

To prove this formula let us consider in the first place what 
the vohime V will become when the temperature is changed 
from t to fy the pressure being maintained equal to P. By formula 
(2) of the preceding article the volume will be changed from 
VU} Fp where 

ri=r(i+aO/(i+aO. 

Next, keeping the temperature equal to f , let the pressure be 
changed from P Uy F, By Boyle's Law the volume will be 
changed in the inverse ratio of the pressures; that is, the 
volume will become V^PjF, But the gas will now be at the 
pressure F and temperature ^, and its volume is by supposition 
then equal to V*. 
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Hence 

= FF (l+af) I F(l+at); 
from which 

.i+a/' 1+a/' 

the required formula. 

137. Absolute Temperatures on the Air Ther- 
mometer. 

We haye seen that when the pressure of a mass of air is kept 
constant, the air being allowed to expand or contract as its 
temperature rises or falls, the volumes of the air will be definite 
for definite temperatures. Thus the changes in the volume of 
the air might be used to determine changes of temperature. 
This is the principle on which constant-pressure air thermo- 
meters are constructed. 

If we suppose that the air in an air thermometer remains in 
the form of a gas at all temperatures, and that the volumes at 
all temperatures obey the Law of Charles, it would follow that 
as the temperature is reduced lower and lower the volume 
would be diminished without limit. Hence, on the suppositions 
referred to, at a certain temperature the volume would be 
zero, a result which is, of course, impossible. This temperature 
is called Absolute Zeiv on the air thermometer. 

To determine what would be the Centigrade reading cor- 
responding to absolute zero, we use the equation (1) of Art 
135— 

in order to find what is the value of t when F^ is equal to zero. 
We thus get 

from which, since V^ is not zero, 

l+a/ = 0, 
or / = - 1/a. 

Since a = 1/273, this gives t = - 273° C. Hence the absolute 
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zero of the air thermometer would be a temperatui'e of - 273° 
on the Centigrade thermometer. 

Temperatui'es measured from absohite zero, defined above, 
are called Absolute Temperatures on the air tlmuiometer. If t de- 
notes a temperature measured on the Centigrade scale from 
freezing point, and T denotes the same temperature measured 
on the same scale from absolute zero^ then 

r-^+i/a, 

= ^+273. 

The temperature of - 273" C. is much lower than the lowest temperature 
yet attained. Kesearches made in recent years have shown that all gases, in- 
cluding air and the other gases formerly known as permanent gases, change 
their state and become liquid, under the application of great pressure, at 
temperatures far above that of absolute zero* 

138. The product of the Volume and Pressure of 
a given Mass of a Gas is proportional to the Ab- 
solute Temperature. 

If t and tf denote two temperatures measured from the freez- 
ing point, and T and T' denote the corresponding absolute 
temperatures, all measured on the Centigrade scale, then 

T^l/a + t, 



and 




r = iia+tf. 


Therefore 








T : 


r=^lla + t : l/a + r, 
= l+at : 1+a^'. 



Hence, by substituting T'/T for (l + at') / (I -{- at) in the 
formula of Art. 136, we obtain 

F'F ^ VP 

r r' 

This formula shows that if V is the volume, P the pressure, 
and T the absolute temperature of a mass of a gas, then FP/T 
is constant. 

We may write this result in the forms — 

FPIT=C, VP = CT, 
where C represents a constant quantity. 
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Hence the product of the volume andpresswre of a given mass of a 
gas is proportional to the ahsolute temperature. 

The equation FP/T= C is deduced from the Law of Boyle 
and the Law of Charles, and is the expression of these two 
laws in symbolical language. For, if we suppose T to be 
constant, the equation becomes FP = a constant; and this is 
the Law of Boyle. If we suppose P to be constant, the equation 
becomes F/2'=a constant; and this is the Law of Charles. 

The equation shows that if F'is constant, then PjT is con- 
stant, or the pressure of a gas, whose volume is constant^ varies as 
the absolute temperature, 

Ex. 1. — A mass of air occupies a volume of 800 cubic inches at a tem- 
perature of 15° C. and a pressure of 30 inches of mercury. What will be 
the volume of this air at a temperature of 5° O. and at a pressure of 29*5 
inches of mercury? 

In the original condition of the air, the volume, F, was 800, the pressure, 
P, was 30, the absolute temperature, T^ was 273 + 15, =288, and the pro- 
blem is to find the volume, x say, when the pressure is 29*5, and the absolute 
temperature 273 + 5, = 278. It is convenient to make a table of correspond- 
ing values of volume, pressure, and temperature, as follows : — 



V 


P 


T 


800 

X 


30 
29*5 


288 
278 



In the original condition of the air the value of VP/T was 800 x 30/288, 
and in the altered condition the value is x x 29*5/278 ; and these are equaL 

Hence 

ajx29*6_800x30 

— > 



278 



288 



from which a; =785 '3 cubic inches, 

the volume required. 

Ex. 2. — A cubical vessel, whose edge is 1 foot, is made air-tight when 
the barometer stands at 30 in. and the temperature of the air is 15° 0. ; if 
the temperature of the air is raised to 60° 0. what is the increase of the 
pressure of the contained air on each face of the cube? 

[A cubic inch of mercury may be taken to weigh half a pound.] 
Here the volume is constant, and therefore the pressure varies as the ab- 
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solate temperature. Let P denote the pressure of the air in the vessel, in 
inches of mercury, at the temperature of 60° C. Then 

P ^273 + 60 _37. 

30 273 + 15' 32* 
from which P = 30 x 37/32, 

= 34-6875. 

Hence the incretise of pressure is equal to a pressure of (34*6875 - 30), 
= 4*6875 inches of mercury. 

Since a cubic inch of mercury weighs half a pound, a height of 4*6875 
inches of mercury corresponds to a pressure of ^ x 4*6875, =2*34375 Ibwt. 
per square inch. 
Therefore the increase of pressure on each face of the cube is 

= 2*34375x144, 
= 337*5 pounds weight. 

EXAMPLES. 

[Take a =1/273.] 

1 A certain quantity of air occupies a volume of 1000 cubic inches at 
temperature 0° C. Find its volumes at the following temperatures, the 
pressure being constant : — 

(i) lO** C. (ii) 18° C. (iii) 100° C. (iv) - 40° C. 

Ans. In cubic inches— (i) 1036*6. (ii) 1066. (iii) 1366*3. (iv) 853*5. 

2. The volume of a certain quantity of a gas is 1500 cubic inches at a 
pressure of 30 inches of mercury. If the temperature is constant, find what 
volumes the gas will occupy respectively under the following pressures, ex- 
pressed in inches of mercury : — 

(i) 28*75. (ii) 29*5. (iii) 30*75. 

Ans. In cubic inches— (i) 1565*2. (ii) 1525*4. (iii) 1463*4. 

3. The volume of a certain quantity of a gas at temperature 10° C. and 
pressure 30 inches of mercury is 350 cubic inches. Find the volumes at the 
following temperatures and pressures : — 

(i) Temperature, 15° C. ; pressure 28*75 in. of mercury. 

(ii) „ 50° C; „ 30*75 

(iii) „ -25°C.; „ 30*5 

Ans. In cubic inches— (i) 371 -7. (ii) 389*7. (iii) 301*7. 

4. The volumes of a certain mass of air at temperature 10° 0. and 20° C. 
are equal. Compare the pressures. 

Ana. As 283 is to 293. 

5. The volumes of a quantity of gas at 75° 0. and - 5° C. are equal. 
Compare the pressures. 

Ans. As 87 is to 67. 

6. The volumes of a certain quantity of air at pressures of 29 *5 and 30 
inches of mercury are equal. If the temperature at the lower pressure is 
18° C, find the temperature at the higher pressure. 

Ans. 23° C. very nearly. 
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Vapours, Arts, 139 to 1^7, 

139. Formation of Vapour. 

Vapours are the gases into which liquids are converted either 
in the process of evaporation or in the process of ebullition or 
boiling. 

Evaporation proceeds silently, and in general slowly. 
Liquids evaporate at all ordinary temperatures, the rate of 
evaporation being more rapid the higher the temperature. 
For the same temperature there are great variations in the 
rates of evaporation of different liquids. Some liquids, such as 
ether and alcohol, are very volatile, that is, pass readily into 
the state of vapour; while in some other liquids, such as mer- 
cury and sulphuric acid, the rate of evaporation is very slow. 

In ebullition, bubbles of vapour of the liquid are formed in 
the liquid, and rise to the surface. The temperature at which 
ebullition occurs is always the same for the same liquid, as 
long as the atmospheric pressure is constant. Thus when the 
atmospheric pressure is that of 760 millimetres, or 30 inches 
of mercury, water boils at the temperature of 100*" C, and 
mercury at the temperature of 353"* C. We shall see that the 
higher the atmospheric pressure, the higher is the temperature 
at which a given liquid boils. 

When heat is applied to a mass of liquid, the temperatiu*e 
of the liquid rises, and the mte of evaporation is increased. 
The rise of temperature continues until the boiling point of 
the liquid is reached, after which the liquid will pass rapidly 
into the state of vapour, and the temperature will remain con- 
stant. Thus the boiling point of a liquid at a given atmos- 
pheric pressure is the temperature above which it is impossible, 
at that pressure and under ordinary circumstances, to raise the 
temperature of the liquid. 

The formation of vapour is illustrated in the well-known phenomena of 
the evaporation of water and of the conversion of water into steam. Water 
evaporates at all temperatures, so that the atmosphere always contains a 
greater or less amount of vapour of water. Steam is aqueous vapour whose 
temperature is equal to or higher than the temperature of boiling water. 

Aqueous vapour is invisible. The white cloud which issues from a vessel 
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containing boiling water is composed of particles of liquid into which the 
steam rising from the vessel is condensed on passing into a space whose 
temperature is lower than that of boiling water. 

140. Vapour in contact with the Liquid producing 
it. 

If we introduce into a closed vessel a quantity of liquid 
which does not completely fill the vessel, evaporation of some 
of the liquid will take place. It is found that a certain definite 
quantity of vapour is formed, the amount depending on the 
volume and temperature of the space not occupied by the 
liquid. 

When the maximum amount of vapour has been formed, the 
space above the liquid is said to be saturated with vapour of the 
liquidy and the vapour is said to be in the saturated condition. 

For a given temperature the quantity of vapour of a given 
liquid required to saturate a space varies as the volume of the 
space. If the volume of the space is kept constant, the quan- 
tity of vapour required to saturate the space is greater the 
higher the temperature. Hence for a given temperature a 
maximum density of the vapoiu* of a given liquid may be 
reached, this density being greater the higher the tempera- 
ture. Saturated vapour at any temperature is therefore said 
to be vapour at Us maximum dejisity for Hiat temperature. 

If a space contains saturated vapour, and if, without change 
of temperature, the volume of the space is reduced, some of 
the vapour will be condensed into liquid, and the density of 
the vapour which remains uncondensed will not be altered. 
Also, if the temperature of the space is lowered while the 
volume is kept constant^ some of the vapour will be condensed, 
the space remaining saturated with vapour at the lower tem- 
perature. 

From these experimental results we conclude as follows : — 

(i) A vapour, cofUained in a closed space and in contact with the 
liquid producing it, remains at the maximum density far the tem- 
peiuture of the space, 

(ii) If witfwtU change of tempeirature, the volume of the space is 
increased, more vapour will he formed, and if the volume of the 
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space is diminished^ some of the vapour will he condensed, the density 
of the vapour remaining uncJianged in both cases, 

(iii) If the volume of the space is kept constant, and the tempera- 
ture raised, more vapour will he formed, so that the density of the 
vapour will he increased. If Hie temperature is lowered, some of the 
vapour wUl he condensed into liquid, so that the density of the vapour 
will he diminished. 

Superheated vapour is vapour of a liquid whose density is less than the 
density of saturated vapour of the same liquid at the same temperature. 

Saturated vapour, which is enclosed in a vessel containing none of the 
liquid from which the vapour is produced, becomes superheated when the 
temperature is raised or the volume increased. On the other hand, super- 
heated vapour may become saturated in consequence either of a fall of 
temperature or of a diminution of the volume of the space containing the 
vapour. 

It is now known that air and the other gases which were formerly 
known as " permanent " gases, are vapours of liquids. All the permanent 
gases have been liquefied by the application of very great pressures at very 
low temperatures. 

141. Pressure of Vapours. 

A vapour differs from a permanent gas in this respect only 
— that it can more easily be condensed into the condition of a 
liquid. Thus a vapour exerts pressure on the sides of the 
vessel which contains it, and, as long as it remains in the con- 
dition of a gas, obeys the two laws of gases — the Law of Boyle 
and the Law of Charles. 

When the temperature is constant, the pressure varies as 
the density, and is therefore greatest when the vapour is in 
the saturated condition. Hence — 

(i) For the vapour of a given liquid at a given temperature a 
certain definite pressure may he found, which is the maximum pres- 
sure of the vapour. 

The effect of reducing the volume of a space containing 
saturated vapour, without changing the temperature, is not to 
increase the pressure, but to condense part of the vapour, the 
pressure of the part that remains after condensation being the 
same as the original pressure. 

(ii) The. maximum pressure of the vapour of a given liquid is 
greater the higher the temperature. 
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The maximum pressure of a vapour at a given temperature 
must be determined by experiment. The following table gives 
the maximum pressures of the vapours of water and ether for 
the temperatures of 0°, 10°, 100°, and 120° on the Centigrade 
scale respectively, the pressures being expressed in inches of 
mercury : — 



Temperature on the 
Centigrade Scale. 


3f aximum pressure of 
vapour of water in 
inches of mercury. 


3Iaximum pressure of 

vapour of ether in 

inches of mercury. 


0** 

10"" 

100"" 

120° 


•18 
•36 

30 

60-6 


7-3 
11-3 
195 
304 



When a vapour at any temperature is in the condition of non- 
saturated or superheated vapour, the pressure of the vapour 
bears to the maximum pressure for the same temperature the 
ratio of the density of the vapour to the density of saturated 
vapour at the same temperature. [Boyle's Law.] The density 
of superheated vapour is usually expressed as a fraction of the 
density of saturated vapour at the same temperature. For 
example, if the vapour is half saturated, its pressure is half 
the maximum pressure. 

In general, if r is the ratio of the density of a superheated 
vapour to the maximum density at the same temperature, and 
if / is the maximum pressure for that temperature, then the 
pressure of the superheated vapour is rf. 

The so-called "vacuum-space" above the mercury in the Torricellian 
experiment (Art. 108) is not a vacuum, but is filled with the vapour of 
mercury, which exerts a downward pressure on the column of mercury in 
the tube. Mercury is not a volatile liquid, and the maximum pressure of 
its vapour at ordinary temperatures is very small. The depression of the 
column due to the pressure of vapour of mercury in a barometer tube may 
therefore be neglected. 

If we introduce a very small quantity of some volatile liquid, such as 
ether or alcohol, into the tube of the barometer, the liquid will rise to the 
surface of the mercury, and will there be immediately converted into 
vapour. The pressure of this vapour will produce a measurable depression 
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of the mercurial column. When more liquid ia added, the dirpresiimi 
iDcreasea nntil a certaio point ia reached, after which the addition of liquid 
ceaiea to have an^r additional effect in depreaaing the column, and the added 
lEquid remnins nnevaporated. Whsn this 
point ie arrived at, the apace above the 
mercury ii filled with saturated vapour, 
which is exerting the maximum preu- 
sure of the vapour of the liquid for the 
existing temperature. From the above 
table we see that this presBure for vapour 
of ether at 10° C. is a preBSUre of 11-3 
inches of mercury, and oonBequently the 
column of mercury would be depressed 
by this amount at 10° C. by the introduc- 
tion of a quantity of ether sufficient to 
saturate the vacuum space above the mer- 
cury. If the temperature of the vacuum 
space is raised, and more liquid added if 
necessary, more vapour will be formed, 
and the presaare will increase, the in- 
crease of pressure producing an adili- 
tional depression of the mercurial column. 
The accompanying figure illustrates 
the effect of introducing a small quan- 
tity of a volatile liquid into a Torrieel- 
lian vacuum. A long tube, ab, open at 
one end and closed at the other, is filled 
with mercury, and placed in a vertical 
position with its open end under the sur- 
face of mercury in a vessel. A small 
quantity of a valattla liquid Is introduced 
into the vacuum space above the mer- 
cury, and a depression of the column 
of mercury immediately follows. The 
depression may be shown by inverting 
in the vessel another tube — In Uie figure 
tiie tube on the right — containing mer- 
cury, the space above which is a vacuum. 
The difference between the heights of the columns of mercury in the two 
tubes is equal to the pressure of the vapour of the liquid introduced into 
the tube ab. 

142. Boiling Point of a Liquid. 

A liquid whose surface is freely exposed to the atmosphere, boils at the 
temperature at which the maximum pressure of its vapour is equal to the 
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atmospheric preMnire. Ai the maxunum preBSure of a yaponr increaieB 
with the temperature, it follows that the greater the atmospheric pressure 
the higher is the temperature at which a given liquid boils. 

We have seen that the greater the height above the sea-level, the less is 
the atmospheric pressure. It follows that the higher a station is above sea- 
level, the lower is the temperature at which water boils. For example, 
while at the sea^level water boils at 100° 0., at Quito, which is 9200 feet 
above sea-level, the temperature at which water boils is 90° C. 

143. Pressure of a Mixture of Gas and Vapour. 

The following laws regarding a mixture of gas and vapour 
were discovered by Dalton. The second law is an extension to 
a mixture of gas and vapour of the law of a mixture of gases 
(Art. 121). 

(i) The mcmmum quanHty of vapour which a given space can 
contain at a given temperature is the same whether the space is a 
vacuum or is occupied by a gas. 

(ii) The pressure in a space containing a mixture of gas and 
vapcmr is the sum of the pressures which would be exerted by each 
of the constituents of the mixture^ if the other constituent were not 
p'esent in the space. 

Thus if a space contains a gas at pressure p, and if the space 
then becomes saturated with the vapour of any liquid, the 
pressure of the mixture will become equal to 

where / is the maximum pressure of the vapour at the tem- 
perature of the space. 

If the vapour is not saturated, the pressure of the space will 

be 

P + 'rf 

where r denotes the ratio of the density of the vapour to the 
maximum density at the temperature of the space. 

It is found by experiment that due to a change in the volume 
and temperature of a space containing a mixture of gas and 
vapour, there is the same change in the pressure due to the gas 
as there would be if the vapour were not present. Hence the 
pressure due to the gas under the altered conditions may be 
found from the formula PV/T = C, which embodies the Law of 
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Boyle and the Law of Charles. Also, if no condensation of the 
vapour takes place due to the change, the pressure due to *he 
vapour will be altered according to the same laws, and may be 
found by applying the same formula. The pressure of the 
mixture under the altered conditions will be the sum of the 
altered pressures due to the gas and the vapour respectively. 

Ex. 1. — A space contains a gas at a pressure of 30 inches of mercury. 
The space then becomes saturated with vapour of a liquid, and it is then 
found that the pressure is that of 32 inches of mercury. If, without change 
of temperature, the volume of the space is reduced by a half, what will then 
be the pressure of the mixture? 

When the space is reduced the pressure due to the presence of the gas 
will be doubled, and will therefore be equal to the pressure of 60 inches of 
mercury. Due to the change of volume some of the vapour will be con- 
densed, and the pressure due to the remainder will be equal to the pressure 
of the vapour before condensation, that is, will be a pressure of 2 inches of 
mercury. Hence the pressure of the mixture after the change of volume 
will be a pressure of 60 + 2, = 62 inches of mercury. 

The student will notice that we have left out of account the volume 
occupied by the liquid formed by the condensation of part of the vapour. 
In general this volume would be very small compared with the volume of 
the space. 

Ex. 2. — A six-gallon boiler contains air as well as water. Heat is applied, 
and the pressure-gauge observed when there are exactly five gallons of water 
and one gallon of air and steam in the vessel. A pint of water is then 
drawn off, the temperature remaining unchanged, and it is observed that 
the pressure immediately falls to 17/18 of its former value. Prove that 
the pressures of the air and steam before the water was drawn off were equal. 

Before and after the water was drawn off, the space above the water was 
filled with air and saturated steam (Art. 140). Let p and / denote re- 
spectively the pressure due to the air and the pressure due to the steam 
before the water was drawn off. The pressure of the mixture was then 
equal to p +/. The volume of the mixture was at first 1 gallon or 8 pints, 
and after the water was drawn off the volume was 9 pints. Hence the 
pressure due to the air after the water was drawn off was 8i?/9, and the 
pressure due to the steam was still equal to /, so that the pressure of the 
mixture was then equal to 8p/9 -i-/. But from the data of the problem 
this was equal to 17/18 of the original pressure of the mixture. Hence 

8 2)/9+/=17(i?+/)/18, 
or 162) + 18/=17l) + 17/, 

from which f—P' 

Hence the pressures of the air and steam before the water was drawn off 
were equal. 
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144. The Dew-point. 

At all temperatures the atmosphere contains aqueous vapour 
or moisture, the amount of which varies from place to place 
and from time to time. The atmosphere is said to be very 
moist when the amount of aqueous vapour in a given volume 
of air approaches to the amount required to saturate that 
volume at the existing temperature of the air. When the 
amount is only a small fraction of the amount required for 
saturation, the air is said to be very dry. 

When the air is nearly saturated with moisture, a very 
slight fall of temperature will produce a condensation of some 
of the vapour. When the air is very dry, condensation of 
moisture will not begin until the temperature falls consider- 
ably below the existing temperature of the air. 

The dew-paint in a given state of the atmosphere is the tem- 
perature at which condensation of the moisture in the air would 
begin. When the air is nearly saturated with moisture, the 
dew-point is a temperature which is very little lower than the 
actual temperature of the air; but when the air is very dry, 
the dew-point is many degrees lower than the actual tempera- 
ture. 

Air which is in contact with a surface whose temperature is 
lower than the dew-point will be cooled below the dew-point, 
and in consequence some of the moisture in this air will be 
condensed and deposited on the suiiace. It is on this prin- 
ciple that the deposition of dew may be explained. After 
sunset there is often a considerable fall, due to radiation of 
heat, in the temperature of the surface of the earth, and the 
stratum of air in contact with the surface becomes cooled to a 
temperature which is lower than the dew-point. When this 
happens, some of the moisture in this stratum of air is con- 
densed, and is deposited on the sui'face of the earth in the form 
of dew. 

Hygrometers are instruments for determining the dew-point. In Daniell's 
hygrometer two glass globes A and B (see figure), which contain no air, are 
in communication, the globe A containing a quantity of ether, so that the 
space in the instrument not occupied by liquid ether is filled with vapour of 
ether. Covering the globe B is a piece of muslin kept wet with ether, the 



240 



HYDROSTATICS AND PNEUMATICS. 



rapid evaporation of which is accompanied bj a fall of temperature and a 
oondenaation of some of the vapour of ether inside the globe B. This is 
followed by the rise of more vapour from the surface of the liquid in the 

globe A, and this by a fall in the temperature 
of that globe, in consequence of which the tem- 
perature of the air surrounding the globe falls 
lower and lower, and finally dew is deposited on 
the outside of the globe. The temperature of 
the globe A is indicated by a thermometer in- 
side the globe, and the reading when dew begins 
to be formed is the dew-point. 

145. Density of Dry Air. 

The following is an experimental re- 
sult: — 

A cubic foot of dry air, that is, of air 
that contains no moisture, at the standard pressure of 30 inches 
of mercury and at the freezing temperature, weighs 566 grains. 
Assuming this result, we may calculate the weight of a cubic 
foot of dry air at the pressure of P inches of mercury and tem- 
perature f C. We have only to find the volume which this 
quantity of air would occupy at the pressure of 30 inches of 
mercury and at the freezing temperature. Let this volume be 
denoted by V. Then the weight of a cubic foot of dry air at 
the pressure P and temperature t is 566 P grains. 
To find V we use the formula (Art. 136), 




rF VP 



putting 

Thus we obtain 



\-\-at' 1 -f af 

^=30, /=o, r=i. 



30(1 + at) 



Hence the weight of a cubic foot of dry air at the pressure 

P and temperatui'e t 

= 566r, 

566P 
= 30(1^^'^™- 

In expressing the density of air it is usual to use the metric 
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system. Corresponding to the above experimental result we 
have the following: — 

A litre, = 1000 cubic centimetres, of dry air at the pressure 
of 760 millimetres of mercury and at the freezing temperature, 
weighs 1*293 grammes. Hence it follows that the weight of a 
litre of dry air at the pressure of P millimetres of mercury and 
at the temperature f C. is 

1-293 P 

grammes. 



760(1 + at) 

146. Density of Aqueous Vapour. 

The following is an experiTnental remit: — 

The density of aqueous vapour is 5/8 of the density of dry 
air at the same temperature and the same pressure. 

Thus we may find the weight of a given volume of moisture 
at a given temperature and a given pressure, by multiplying 
the mass of the same volume of dry air at the same tempera- 
ture and the same pressure by the fraction 5/8. 

Hence if p denote the pressure expressed in inches of mer- 
cury, of a quantity of aqueous vapour, and t the temperature 
on the Centigrade scale, the weight of a cubic foot of the 
vapour is 

5 566» 

8^30(T4:^^"^^'- 

If the metric system is used, so that p denotes the pressure 

in millimetres of mercury, then the weight of a litre of the 

vapour is 

5 1-293 » 

8^760(TTaT)^^""^^- 

It is usual to specify the pressure of aqueous vapour as a 
fraction of the maximum pressure at the temperature equal to 
that of the vapour. If / denote the maximum pressure for the 
temperature of the vapour, and r the fraction which the actual 
pressure bears to this maximum pressure, then the actual 
pressure is 7/, and the formulae given above may be modified 
by writing rf for p. 
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147. Density of Moist Air. 

From the results of Arts. 145 and 146 we can construct a 
formula for calculating the weight of a given volume of moist 
air, that is, of a mixture of air and aqueous vapour. 

Let P denote the pressure in inches of mercury of the mix- 
ture and t the temperature on the Centigi*ade scale, and let p 
denote the pressure in inches of mercury of aqueous vapour in 
the mixture. Then it follows from Dalton's Law (Art. 143) 
that the pressure due to the dry air in the mixture is P -^. 

In order to calculate the weight of a cubic foot of the mix- 
ture, let us imagine that the moisture in this cubic foot is 
separated from the dry air, and introduced into a vacuum 
space whose volume is one cubic foot. Thus, instead of a 
cubic foot of moist air at pressure P and temperature /, we 
should have a cubic foot of dry air at pressure P -p and tem- 
perature /, aiid a cubic foot of aqueous vapour at pressure p 
and temperature t. The sum of the weights of the dry air and 
the aqueous vapour will be equal to the weight of a cubic foot 
of the moist air. 

The weight of the dry air is 

and the weight of the aqueous vapour is 

Hence the weight of a cubic foot of the moist air is 

5 66(P-j9 ) 5 566 j? 
"30(1+ a/) **^30(l+a^)' 

566 (P-l©) . .,, 

It may be shown in the same way that, if P and p are ex- 
pressed in millimetres of mercury, the weight of a litre of 

moist air 

1-293 (P- I J9) 



760 (1 + at) 



grammes. (2) 
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In using these formulae to find the density of air in any state 
of the atmosphere, P must be taken to be the actual pressure 
of the atmosphere as measiured by the height of the barometer. 
The pressure p will denote the pressure of aqueous vapour in 
the atmosphere. It can be shown* that in any state of the 
atmosphere the pressure of the aqueous vapour actually 
present in the air is equal to the maximum pressure of aqueous 
vapour at the dew-point. Tables of maximum pressui-e of 
aqueous vapour at different temperatures have been con- 
structed on the results of experiments. It follows that when the 
dew-point has been found by observation (Art. 144), the value 
of py the pressure of aqueous vapour present in the atmosphere, 
may be found by referring to a table of vapour pressures for 
the maximum pressure of aqueous vapour at the dew-point. 

Ex. 1. — Find the weight in grammes of 2000 cubic centimetres of dry 

air at the temperature of 16° C. and pressure of 749 millimetres of mercury. 

A volume of 2000 cubic centimetres is equal to 2 litres. Hence by Art. 

145 the weight of the air 

2x1-293x749 



760 (1 + 16 X -003665) 
= 2-407 grammes. 

Ex. 2. — Find the weight in grains of a cubic yard of air saturated with 
moisture at the temperature of 25° C. and pressure of 29*5 inches of mer- 
cury; being given that the maximimi pressure of aqueous vapour at the 
temperature of 25** C. is -94 of an inch of mercury. 

Here we use the formula (1) given above for the weight of a cubic foot of 
moist air, putting in that formula 

P=29-5,i) = -94, « = 25. 

Hence the weight of a cubic yard, = 9 cubic feet, of the air 

_ 9x566 (29-5 -fx -94) 
30 (1 + 25 X 003665)' 
= 4533-8 grains. 

* Let p and /denote the pressures of the dry air and the moisture respectively in any 
state of the atmosphere, and let p' and /' denote the corresponding pressures when 
the temperature is reduced to the dew-poiht. We may suppose p and /' to be the 
pressures for the moist air in contact with the globe A of Daniell's hygrometer (Art 
144) at the moment that the deposition of dew on this globe begins. Since this air is 
in equilibrium with the surrounding air, it follows thatp'+/'=p+/. 

It follows from the Laws of Oases that, due to this fall of temperature, p' is equal 
to kp and /' is equal to A/> where Ir is a number which depends only on the final and 
initial densities of the air, and on the dew-point and the actual temperature of the 
air. Hence p^-\-f=kp-\-b/, =k(p-\-/). But p'+/=p+/, and therefore * (p+/)=p+/, 
allowing that it=l. Hence /=/. which was to be proved. 
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EXAMPLES XVII. 

[Take a =1/273.] 

{The Answers are given on page 337.) 

In Quefltiona 1 to 9 inclusive tlie air is supposed to contain no 
moisture. 

1. A given mass of air is allowed to expand at constant pressure while its 
temperature rises from 2** C. to 57° 0. Show that its volume will be in- 
creased in the ratio of 6 to 5. 

2. If a given mass of air is kept at constant volume while its temperature 
varies — the arrangement in a constant- volume air thermometer — show that 
the pressure will be proportional to the absolute temperature. 

3. If in a constant- volume air thermometer the pressure is that of 30 
inches of mercury when the temperature is 10° C, what will the pressure be 
when the temperature is 25** C. ? • 

4. In a constant- volume air thermometer the pressure is that of 760 
millimetres of mercury when the temperature is at the freezing point. At 
what temperature will the pressure be equal to that of 800 millimetres of 
mercury? 

5. A closed glass tube, filled with air at 0° C. and under atmospheric 
pressure, is gradually heated. If the tube can safely stand a pressure of 
3 atmospheres, to what temperature may it be heated? 

6. The volume of air in a room is 2000 cubic feet. Find thQ weight in 
grains of the air in the room when the pressure is that of 30 inches of 
mercury and the temperature is at the freezing point. 

Also find the weight of air which leaves the room when the pressure falls 
to 29*25 inches of mercury and the temperature rises to 25" C. 

7. The interior of a building contains 100,000 cubic feet of air. Find the 
weight in pounds of the air in the building at the following pressures and 
temperatures : — 

(i) pressure, 29*5 inches of mercury ; temperature, 6"* C. 
(ii) „ 30 „ „ 25*' C. 

(ill) „ 30-5 „ „ 35° C. 

8. A uniform tube, closed at both ends, contains air, which is separated 
into two portions by a very small quantity of mercury. The tube is placed 
in a horizontal position, and the mercury remains at the middle point of the 
tube when the temperatures of the two portions of air are the same as that 
of the outside air, which is 15" C. At what point of the tube will the mer- 
cury remain at rest when the temperature of one portion is raised to 25** C, 
the temperature of the other portion being unchanged ? 

9. The Montgolfier fire-balloon is constructed of paper, and filled with 
hot air. Prove that in order that the balloon may rise, the air inside must 
be raised to the temperature 

{tw + 27Z lV)l{w-' W) degrees Centigrade, 
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where f C. is the temperature of the surrounding air, W the weight in air 
of the balloon and car, and w the weight of air which fills the balloon at t° 0. 

10. Find the weight in grains of 10 cubic feet of air half-saturated with 
moisture at a pressure of 29*5 inches of mercury and a temperature of 15° C. ; 
being given that the maximum pressure of aqueous vapour at 15° C. is that 
of '51 of an inch of mercury. 

11. Find the weight in grammes of 1000 litres of atmospheric air at the 
temperatuve of 25° C. and the pressure of 750 millimetres of mercury, the 
dew-point being 10° C; being given that the maximum pressure of aqueous 
vapour at 10° C. is that of 9*2 millimetres of mercury. 

12. Find the weight in grammes of 15 litres of moist air at a pressure of 
748 millimetres of mercury and a temperature of 31° C, the dew-point 
being 28° C. ; being given that the maximum pressure of aqueous vapour at 
28*^ C. is that of 28*1 millimetres of mercury. 

What would be the weight of the air if the temperature were raised to 
35° C, the pressure remaining unaltered? 

13. A closed vessel contains water, and, above the water, a mixture of 
air and steam, the temperature of the mixture being 120° 0., and the 
pressure gauge standing at 90 inches of mercury. What pressure would be 
indicated by the gauge if, without change of temperature, the volume of 
the mixture were reduced by a half? 

[The maximum pressure of steam at 120° C. is that of 60*5 inches of 
mercury.] 



Chapter XIV.— VARIATION OF ATMOSPHERIC 

PRESSURE. 

148. Variation of Barometric Height. 

The height of the barometer is found to vary from place to 
place at the same time, and from time to time at the same place. 

At many meteorological stations a continuous record of the 
height of the barometer is obtained by means of automatic ap- 
paratus, by which curves are drawn on paper showing the 
atmospheric pressure at any time. In these curves the ordinates 
represent heights of the barometer, and the abscissse represent 
intervals of time. 

Changes in the weather are usually preceded by changes in 
the atmospheric pressure, and consequently by changes in the 
height of the barometer. On this fact depends the usefulness 
of the barometer as a weather-glass. 
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149. Variation of Atmospheric Pressure due to 
Change of Level. 

We have seen (Chap, xi.) that the fall which is observed to 
take place in the height of a barometer carried up a mountain, 
is in accordance with hydrostatic principles. It follows from 
hydrostatics that in a still atmosphere the pressure per square 
inch at any station must exceed the pressure per square inch 
at any higher station by the weight of a column of air, 
one square inch in section, extending from the level of the 
lower to the level of the higher station. 

If the atmosphere were of uniform density, the weights of 
a given length of a column of air of given sectional area would be 
the same at all elevations. In that case the fall of the barometer 
in ascending through any height would be proportional to the 
height, just as the increase of pressure in descending through 
any depth in a liquid is proportional to the depth. 

Since air is compressible, it follows that the atmosphere can- 
not be of uniform density. For the density must be greatest 
at the sea-level, where the pressure is greatest, and must 
become less the higher we ascend above the sea-level. Hence 
the weight of a given length of a column of air of given 
sectional area is less the higher we ascend, and therefore for a 
given difference of levels the fall of the barometer is less the 
higher we ascend. 

For small heights the error committed in supposing that the 
density remains constant is not very great, so that for small 
heights the fall of the barometer is approximately proportional 
to the height ascended. When the height does not exceed a 
few hundred feet above the sea-level, the fall of the barometer 
may, for rough piu^poses, be taken to be 1/9 of an inch per 100 
feet 

Ex. 1. — Calculate how much a barometer would fall on carrying it to the 
top of a tower, 100 feet high, taking the density of air to be uniform for 
that height. 

Specific gravity of mercury is 13*6, and of air is '001293. The question 
here is — What is the height of a column of mercury which would produce a 
pressure equal to the weight of the column of air extending from the bottom to 
the top of the tower? 
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Let h denote this height in inches ; then 

^xl3-6 = 100xl2x-001293; 

from which ^=100 x 12 x •001293/13-6, 

= •114 inch. 

Hence the fall would be about 11/100 of an inch. 

Ex. 2. — A barometer taken down a diving-bell, is found at a certain 
depth to stand 18 inches higher than it did above the surface. What is the 
depth? 

Let z denote the depth of water. Then a column of length z of water 
produces the same pressure as a column of 18 inches of mercury. 

Hence 2=18x13*6 inches 

= 20-4 feet. 

The Homogeneous Atrmsphere^ Arts, 150 to 153. 

150. Height of the Homogeneous Atmosphere. 

For the purpose of simplifying some formulae in physics, the 
conception is made of an atmosphere uniform throughout, and 
of the same density as the air at a given place and a given 
time. The length of the column of this imaginary atmosphere 
which would produce a pressure equal to the atmospheric pres- 
sure, is called the height of the homogeneous atmosphere for the 
given place and the given time. 

151. Formula for the Height of the Homogeneous 
Atmosphere. 

Let p represent in absolute measure the pressure of the atmos- 
phere at a given place, and a given time. To fix our ideas we 
shall suppose that p is expressed in poundals per square foot. 
Let p represent the density in pounds per cubic foot of the air 
at the given place and time; and let g denote the acceleration 
of gravity in foot-second units at the given place. 

Let H represent in feet the height of the homogeneous 
atmosphere; then p is equal to the weight in poundals of a 
column of air of uniform density /o, one square foot in section, 
extending to the height H, The volume of this column of air 
is H cubic feet, its mass \a pH pounds, and its weight is gpH 
poundals. 
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Hence 

from which H=p/gp (1 ) 

Now let h represent in feet the height of the mercurial baro- 
meter at the given place and time, and let ^ denote the den- 
sity of mercury. 

Then p=^g<rh, 

fSubstituting this value of p in equation (1), we obtain the 

formula — 

H=hirlp (2) 

which expresses H in terms of the height of the mercurial bar- 
ometer and the ratio of the density of mercury to the density 
of air. 

It can be proved from formula (1) that for a given value of g 
aiid a given temperatwe the height of the homogeneous atmosphere is 
constant for all atmospheric pressures. The formula (1) shows 
that^ when g is constant, the value of H varies as p/p. But 
we know from Boyle's Law, that, when the temperature is 
constant, the pressure of air is proportional to its density. 
Hence p/p is a constant quantity, and therefore, under the 
supposed conditions, the value of H is constant for all atmos- 
pheric pressures, that is, is independent of the height of the 
barometer. 

Formula (2) may be used to calculate the height of the 
homogeneous atmosphere at a given place and a given tem- 
perature. Since, under the supposed conditions, the height of 
the homogeneous atmosphere is independent of the height of 
the barometer, we may put for h in formula (2) any value 
whatever if we put for p the density of the air at the given 
temperature and at the pressure measured by the value taken 
for h. Also, since the formula involves only the ratio of the 
density of mercury to the density of air, we may express these 
densities in any system of units. 

Ex.— When the atmospheric pressure at a certain place is that of 29*92 
inches of mercury, and the temperature is that of the freezing point, the 
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mass of a cubio centimetre of air is *001293 of a gramme. Taking the 
mast) of a cubic centimetre of mercury to be 13*596 grammes, calculate the 
height of the homogeneous atmosphere. 

Here ^= 29*92 inches, = 2*4933 feet, 

and (r//> = 13-596/-001293; 

therefore IT -2'i9Zd x 13-596/-001293, 

= 26217 feet. 

152. Variation of H due to Variation of Tem- 
perature. 

Let Hq denote for a given place the height of the homogeneous 
atmosphere at temperature 0° C, and Ht the height at tem- 
perature f C. Then if a denote the coefficient of expansion for 
air, it can be shown from the laws of gases that 

To prove this, let p, p denote the pressure and density of the 
atmosphere respectively at any time when the temperature is 
t° C, and Pq,Pq the values of the corresponding quantities at 
any time when the temperature is 0° C, the units being the same 
as in the preceding Article, 

The volume of a mass p^ of air at the pressure p^ and zero 
temperature is by supposition one cubic foot, and, by Art. 138, 
the volume in cubic feet of the same mxiss of air at pressure p 
and temperature f is p^ (1 -H a/)/p. Hence the mass of one 
cubic foot of air at pressure p and temperature f is PqP/ 
Pq (1 + ai). But this is represented by p. Hence 

from which 

Now, by formula (1) of the preceding Article, 

^0 =Pol9Po and H^ =p/gp. 



Therefore 



or 



P^ Po Po / Po 

= 1 + a^, 

H, = EQ(l+at). 
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153. Variation of H due to Variation of Gravity. 

For a given temperature the value of // will be different at 
two places at which the values of g, the acceleration of gra- 
vity, are different. It follows immediately from formula (1) 
of Art. 151 that, when the temperature is constant, gH \^ con- 
stant. 

For by that formula gH is equal to ^//>, and pjp is constant 
when the temperature is constant. 

Hence if H and H' denote the heights of the homogeneous 
atmosphere at two stations at which the accelerations of gravity 
are g and ^ respectively, then 

or 

H'IH=gl^. 

Hence when the tefinperature is constant, the height of tJie homo- 
geneous atmospliere is inversely pioportional to the acceleration of 
gi'avity. 

For a given temperature the density of air depends on the pressure. 
Now, due to the variation of gravity, the same height of the barometer does 
not represent the same pressure at all stations on the earth's surface. Thus, 
for example, 30 inches of mercury at Greenwich represent a greater pressure 
than 30 inches of mercury at Paris, since the weight of a given mass at 
Greenwich is greater than the weight at Paris. It follows that the density 
of air is not the same at all stations for the same temperature and the same 
height of the barometer. Hence in using the formula (2) of Art. 151 to 
determine the height of the homogeneous atmosphere at a given station from 
an observed height, A, of the barometer, we must be careful to use for p the 
value of the density of air at the pressure which is represented by the 
height h of mercury at the place of observation. 

Ex. — The height of the homogeneous atmosphere at freezing tem- 
perature, at the sea-level, at a station where ^ = 3219 ft./sec.^ is 26217. 
What is the height at a station where ^= 32*088 at the temperature of 15° 
G.? 

At the latter station the height of the homogeneous atmosphere at zero 

temperature 

= 26217 X 3219/32-088 feet; 

and the height at the temperature 15** C. is 

--:i 26217 X 32-19 x (1 -|- 15 x •003665)/32-088, 
= 27746 feet. 
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154. Determination of Heights by the Barometer. 

Let h denote the height of the barometer at any station, and 

h' the height of the barometer at the same time at any higher 

station, and let z denote the difference of levels of the two 

stations. If we assume that the air between the two stations 

is still, that its temperature is uniform, and that variations of 

gravity are neglected, the following formula, a proof of which 

is given below, will give z in terms of h, h\ and H^ the height 

of the homogeneous atmosphere for the temperature of the 

air: — 

= ^(hyp. log. ^-hyp. log. h') (1) 

If logarithms to base 10 are to be used, we must multiply 
the right-hand side by hyp. log. 10, the value of which is 
2-30259. Thus we obtain— 

= 2-3O259ff(log.io^-log.ioA') (2) 

For the freezing temperature, and when g = 32*19, the value 
of H is 26217 feet (Ex., Art. 151), and the value of 2-30259JEr 
is 60367 feet. Under these conditions^ therefore, we have 

z = 60367(log.ioA - log.^Ji') feet. 

If the temperature is f C, and if the acceleration of gravity 
at either station is ^, we must put instead of the number 60367 
the expression 

60367 X 32-19 x(l+a/)/^. 

Hence, for any temperature T C, and for a given value of ^, 
difference of levels in feet is given by the formula — 

z = 60367 X 32-19(1 + at) (log.joA - log.^^')/g. . .(3) 

The following is a proof of formula (1) : — 

Let AB be the yertical height between the two stations, so that AB=z, 
J Ait AB be divided into a very large number, n, of equal parts at the points 
Ml, M2, Ms, M4..., so that each of the parts AMi, MiM^, MjMs, M3M4... is 
equal to 2/n, a very small length. 

The atmospheric pressure at A, a point on the level of the upper station, 
is measured by h', the height of the barometer at that station ; and simi- 
larly the atmospheric pressure at B is measured by A. Let Ai, A<>, Ag, Ai... 



M 
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denote the heights of the barometer at the points Mu Mg, Ma» M4. . . respec- 
tively. 

Consider the increase of pressure in descending from A through the very 
small height AMi. The density of the air between the two points A and 
Ml may, since AMi is very small, be taken to be nniform and equal 
n. to the density at A. But the pressure at A is that due to a height 
Mj B of air of the same density as the air at A. Hence the pressure 
at Ml may be taken to be that due to a hdght of the same air equal 
to (ir+ height AMi), that is, to a height {H+zIn), Therefore 

hiih' = H+zln :/r, 
or hi = h'{l+zlnH). 

Similarly the increase of pressure in descending from Mi to M3 
bears to the actual pressure at Mi the ratio which M1M2 bears to 
the height of the homogeneous atmosphere at Mi. But, by Art. 151, 
the height of the homogeneous atmosphere at Mi is equal to the 
height of the homogeneous atmosphere at A. Hence h^ bears to ^i 
the same ratio which hi bears to h'. 

Hence h^ = Ai(l + zlnff)^ 

= h'a+z/nH){l+zlnll), 
= h'[l+zlnH)K 

Similarly As = A«(l + z/nH), 

= h'{l+zlnHf, 
hi=h'{l+zlnH)\ 

and so on. Proceeding in this way we get 

k = h'{l+zlnH)^, 

Now the larger the value of n the more nearly is it true that the density 

of air in each of the strata AMi, MiM^... is uniform, and the more nearly 

will the last-written equation be exact. If, therefore, we put n = go in this 

equation, we shall get the exact equation connecting A., h', z and II. It is 

known from Algebra that when n=:oo, the expression (1 +2/n£f)* becomes 

equal to e*/^, where e denotes the base of the hyperbolic or Napierian 

system of logarithms. 

Hence 

€^fS=hlh\ 

from which, on equating the hyperbolic logarithms of the two sides, we get 

z = 5'(hyp. log. h - hyp. log. h') ; 

and this is formula (1), from which the formulae (2) and (3) are derived. 

Ex. — At 9 a.m. on June 9, 1893, at a station at the summit of Ben 
Nevis, the barometer stood at 25*862 inches, the reading of the thermo* 
meter being 48° '4 F. At the base station at the same time the barometer 
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stood at 30*349 inches, the reading of the thermometer being SS^'S F. 
Find the difference of levels of the two stations, being given that 

log.io30-349 = 1-4821444, 
log.io25-862 = 1-4126621, 

and taking g = 32-2 for the latitude of Ben JS^evis. 

Here we may take the temperature of the air between the two stations to 
be the arithmetic mean of the temperatures at the two stations. This 
mean is i(48''-4 + 58''-8), or 58°'6 F., that is, 12' O. Hence formula (3) 
gives in this case 

^^60367 X 82-19 x(l + 12 X -008665) ^ (,„g.,^o-349 - log.„25-862), 

= 63002 X -0694823, 
:^4377 feet. 

The difference of levels of the two stations has been accurately deter- 
mined by trigonometrical observations, and found to be 4365 feet. Hence 
in this case formula (3) gives a result which is 12 feet in excess of the true 
value, an error of about 1/4 per cent of the true value. 

EXAMPLES. 

1. Assuming that ^=26217 feet for zero temperature where gf=: 32*19, 
find the value when 

(i) gr= 32-09, and temperature is 35° C. 
(ii) gr=32*19, and temperature is -10* C. 
(iii) gr = 82-24, and temperature is - 20° C. 

Ans. In feet-(i) 29672. (ii) 25256. (iii) 24258 

2. Assuming that for average temperatures 

2= 66000 {log.Ji - log.ioA'), 

find what must be the depth of a mine when the height of the barometer 
at the bottom is to the height at the top as 5 : 4 ; given log.io 2 = -3010300. 
Ans, 6299 feet. 

3. The atmospheric pressure at the top of a mountain is 2/3 of the pres- 
sure at the same time at the base. Using the formula in the preceding 
Example, find the height of the mountain, given log.io2 and log.io3 = 
•4771213. 

Ans. 11446 feet. 
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CHAPTER XV. 

Section I. —TENSION OF SURFACES UNDER FLUID 

PRESSURE. 

155. Measure of the Tension of a Surface. 
ABCD is a rectangular sheet of some thin material of uni- 
form thickness, suspended from a fixed beam with the edges 
AD and BC vertical. CD is a uniform rod suspended from 

. the lower horizontal edge of the sheet. 

\ ) We may suppose that ABCD is a 

wall-map, and that CD is the roller 
attached to the end of the map. 

Let I denote the breadth CD of the 
sheet, k the thickness of the sheet, and 
fF the weight of the rod CD. 

Leaving the weight of the sheet 

out of account, let us consider the 

stress produced in the sheet by the 

weight fF, This stress will be a 

T 7' ^ ' tension tending to tear the sheet 

^ "^^ ^ asunder. 

Take a section of the sheet perpendicular to the plane of the 

sheet through a horizontal line PQ in the sheet. Since the 

sheet is supposed to be thin, this section will be a very narrow 

rectangle PQQT', whose length PQ is Z, whose breadth QQ' is 

k, and whose area is kl units of area. 

The stress across the section PQQT' will consist of two 
equal and opposite tensions, fF, IF, perpendicular to the section, 
tending to tear the lower part of the sheet from the upper. 
The intensity of this stress, that is, the amount of the force per 
unit of area, is W^/kl. Call this s; then 

s = fF/K 

It is convenient to speak of the stress across the section 
PQQT' as the tension of the sheet across the line PQ. From PQ 
cut off PM equal to the unit of length, and draw MM' parallel 
to PP'. Then the area of PM' is 1 x A;, that is, k units of area. 
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Let the stress on this area be denoted by t; then t is called the 
tension of the sheet per unit of length across the line PQ, 
It follows that 

t=fF/l,=k.{}Fikl), 
= ks. 

In the case just considered a tension is caused in a thin plane 
sheet by the weight of a rod. Where fluids are contained in 
vessels whose sides are made of thin material, tensions will be 
produced in the sides by the pressures of the fluids, and will be 
measured in the same way as the tension of a plane sheet. 

156. Greatest Tension a Surface of given Material 
and given Thickness can bear. 

If a rod of any material is suspended from one end, and a 
weight hung at the other end, a stress of the nature of a 
tension will be produced in the rod tending to pull the rod 
asunder. It is found by experiment that for each kind of 
material there is a certain intensity of stress which is sufficient 
to fracture the rod. This is called the teaiing stress for the 
material of which the rod is composed, and the magnitude of 
this stress is a measure of the tensile strength or tenacity of the 
material. 

Thus, for example, when we say that the tenacity of copper 
is 40000 Ibwt. per square inch, we mean that a rod of copper, 
one square inch in section, will be pulled asunder by a tension 
greater than 40000 Ibwt. ; a rod of copper, half a square inch in 
section, by a tension greater than 20000 Ibwt. ; a rod of copper, 
4 square inches in section, by a tension greater than 160000 
Ibwt. ; and so on. 

If S denotes the tenacity of a given substance, and T the 
greatest tension per unit of length which a sheet of the sub- 
stance of thickness k can bear, then 

T=kS. 

157. Tension of a Cylinder under Internal Fluid 
Pressure. — Let a closed hollow cylinder, whose sides are 
made of some thin material, contain a fluid whose weight is 
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neglected. Then the pressure of the fluid will be the same 
at all points of the sides. 

Consider any element of the curved surface of the cylinder. 
Due to the pressure of the fluid on the element, tensions will 
be produced between the element and the surrounding parts of 
the surface. Since the pressure on every element of the sur- 
face is perpendicular to the axis there will be no tension on 
the element in the direction of the axis. Also, it is evident 
that the tension per unit of length across all generating lines 
of the surface will be the same. 

Let i denote the tension across unit length of a generating 
line,p the pressiLre of the fluid, and r the radius of the cylinder. 
Then— 

t=pr. 

To prove this formula, consider the equilibrium of that part 

AEBCFD of the surface of the cylinder, which is cut off by a 

plane ABCD, drawn through 

the axis of the cylinder, and 

by two planes AEB and CFD, 

drawn perpendicular Uy the 

pj/r S't's of the cylinder at a dis- 

^ ^ tance I apart. Then ABCD 

is a rectangle whose sides 

are / and 2r. 

The resultant pressure of 
the fluid on the curved sur- 
face AEBCFD is (Art. 76) 
equal and opposite to the 
resultant pressure on the rectangle ABCD. The magnitude of 
this pressure is j) x area of the rectangle, that is, is equal to 
^. 2fr; and the line of action is the line through the centre 
of gravity of the rectangle perpendicular to the plane of the 
rectangle. Hence the resultant pressure of the fluid on the 
curved surface is a force equal to p . 'ilr, acting outwards on 
the curved surface along the line drawn from the C.G. of the 
rectangle perpendicular to the plane of the rectangle. 

This pressure on the curved surface wilt produc« teosionB 
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across the generating lines BC and AD. These tensions will 
act along the surface, perpendicular to BC and AD, that is, 
parallel to the direction of the resultant pressure on the curved 
surface. Since t represents the tension per unit of length 
across a generating line, the tensions across BC and AD will 
be equivalent to forces, each equal to tl, acting at the middle 
points of BC and AD respectively. It follows that the 
material of which AEBCFD is composed may be taken to be in 
equilibrium under the action of three parallel forces p . 2Zr, tl, 
and tl respectively, acting in the plane which is parallel to, 
and midway between, the planes AEB and CDF, as shown in 
the diagram. Hence — 

from which t=pr. 

This investigation evidently holds whether the material of 
which the sides are composed is, or is not, flexible. 

Cor. Let k denote the thickness (supposed to be uniform) of 
the sides, S the tenacity of the material of which the sides are 
made, and P the greatest pressure of fluid to which the 
cylinder may be subjected without bursting. Then the 
greatest surface tension which the sides can bear is kS^ and 
this is equal to Pi\ Hence — 

Pr=^kS) 
from which P = kSIr^ 

a formula for P, the bursting pressure, 

Ex. — A hollow cylinder, 8 feet in diameter, whose sides are made of 
iron 1/8 of an inch thick, is placed with its axis vertical. Find the greatest 
depth of mercury which the cylinder can contain without bursting, being 
given that the tenacity of iron is 56000 Ibwt. per square inch, and that a 
cubic inch of mercury weighs 1/2 of a pound. 

For different depths below the surface of a liquid the pressure is propor- 
tional to the depth. Hence the intensity of pressure of the mercury on the 
sides of the cylinder will be greatest at the base of the cylinder; and it is at 
that place that bursting will take place. 

Let k denote the depth in inches of the mercury when the cylinder bursts. 
Hie pressure at the base of the cylinder is h/2 Ibwt. per square inch, and 
(868) R 
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IB equal to the bursting pressure for the cylinder. In the above formula, 
therefore, for P we put 

P=A/2, ifc = l/8, 5=56000, r=4xl2, 

and thus obtain the equation — 

A/2 = (1/8) X 56000/48, 

from which A =292 inches nearly. 

Hence the greatest depth of mercury the cylinder can hold without 
bursting is 292 inches or 2i\ feet 

158. Tension of a Sphere under Internal Fluid 
Pressure. 

Let a hollow sphere, whose surface is made of some thin 
material, contain weightless fluid. Then, as in the case of the 
cylinder, the pressure of the fluid will produce tensions in the 
surface of the sphere. It is evident that the tension across an 
infinitesimal line of given length, drawn on the surface of the 
sphere, will be the same at all points. 

Let p denote the pressure of the fluid on the surface of the 
sphere, r the radius of the sphere. Let t be the measure of 
the surface tension; then the tension across any infinitesimal 
length drawn on the surface of the sphere is at the rate of t 
units of force per unit of length. We shall prove that 

Let ABCD (see figure, Art. 76) be the sphere, and let a 
plane be drawn through G the centre, dividing the surface into 
two hemispheres. Consider the equilibrium of the hemisphere 
BAD. 

The pressure of the fluid on the hemisphere BAD will pro- 
duce tensions in the surface across the circle BED, tending to 
tear the two hemispheres asunder. At every point of this 
circle there will be a tension along the surface in the direction 
perpendicular to the plane of the circle, and the resultant 
of all the tensions across this circle will be 

= tx circumference of circle, 
= t . 2^rr. 

Since the part BAD of the surface is in equilibrium, the 
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resultant pressure of the fluid on this part of the surface is 
balanced by the tension across the circle BED. Now by Art. 
76 the resultant pressure of the fluid on tlie hemisphere BAD 
is p . Trr^. 

Hence t . 2irr —p . tt^*^, 

from which t = J/)r. 

Cor. Let k denote the thickness (supposed to be uniform) of 
the spherical shell, S the tenacity of the material of which the 
shell is made, and P the bursting pressure. The greatest 
tension which the surface of the sphere can bear without tear- 
ing is kSy and this must be equal to ^Pr, 

Hence ^Pr^^kS; 

from which P = 2kS/r, 

By comparing this formula with the corresponding formula 
for a cylinder (Cor., Art. 157), we see that the bursting pres- 
sure for a spherical shell is double the bursting pressure for a 
cylinder, whose sides are made of the same material and of the 
same thickness as the spherical shell, and the radius of whose 
section is equal to the radius of the shell. 

We have supposed in this and the preceding article that there is no 
external pressure. If there is external pressure, it may be taken into 
account by supposing that p represents the excess of the internal over the 
external pressure. 

Ex. — The tenacity of copper being given as 40000 Ibwt. per square inch, 
find the bursting pressure, in Ibwt. per square inch, of a hollow copper globe 
2 feet in diameter and a quarter of an inch thick. 

Here ifc = 1/4, r = 12, 5=40000, 

and therefore P = 2ifc5/r, =: 2 x J x 40000/12, 

= 1667 nearly. 

The bursting pressure is therefore 1667 Ibwt. per square inch. 

EXAMPLES XVIII. 

(The Answers are given on page 337.) 

1. Taking the tenacity of copper to be 40000 Ibwt. per square inch, find — 
(i) The bursting pressure of a copper globe, 18 inches in diameter, and 
1/10 of an inch thick, 
(ii) The least thickness of the sides of a copper cylinder which is to bear 
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an internal pressure of 10 atmospheres, taking an atmosphere to be a pres- 
sure of 15 Ibwt. per square inch, when the radius is 1 foot 

(iii) The greatest radius of a spherical copper boiler, 1/4 of an inch thick, 
which will bear a pressure of 1000 Ibwt. per square inch. 

2. Find the tenacity of cast-iron, in Ibwt. per square inch, being given 
that the bursting pressure of a cast-iron pipe, 2 feet in diameter and 1/6 of 
an inch thick, is 250 Ibwt. per square inch. 

3. A water hose, whose internal diameter is 2f inches, is just able to bear 
a pressure of 100 Ibwt. per square inch. If the thickness of the hose is 1/8 
of an inch, calculate the tenacity of the material of which the hose is made. 

4. A closed cylinder, whose sides are made of thin material, is full c^ 
liquid, the weight of unit volume of which is w. The cylinder is hinged 
along a generating line to a fixed horizontal beam. Show that if t denotes 
the tension per unit of length, due to the weight of the liquid, across either 
of the generating lines in which the surface is cut by a horizontal plane 
through the axis, and r denotes the radius of the section of the cylinder. 

f = r2w(l+T/4). 

5. A spherical shell, radius r, made of thin material, is full of liquid, the 
weight of unit volume of which is w. The shell is freely suspended from 
the highest point Show that if t denotes the tension per unit of length, due 
to the weight of the liquid, across the circle in which the surface is cut by 
a horizontal plane through the centre, 

t=\ 



6. A hemispherical vessel, radius r, made of thin material, is fastened 
along the rim to a fixed horizontal ring of the same radius as the shell. 
The vessel is filled with liquid, the weight of unit volume of which is w. 
Show that if the tension on the ring per unit of length is denoted by t, then 

Section II.— SURFACE TENSION OF LIQUIDS. CAPILLARITY. 

159. Surface Tension of Liquids. 

It is inferred from experiment* (i) that there is a force of 
the nature of a surface tension in the free surface of every 
liquid, (ii) that this surface tension is different in different 
liquids. 

The phenomena of drops and soap-bubbles point to the 

* For a full account of experiments vrhich show the existence of surface tension in 
liquids the student may be referred to Soap Bubbles, by C. V. Boys, F.R.S., pub- 
lished in the Romance of Science Series by the Society for Promoting Christian 
Knowledge. 
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conclusion that the free surface of a liquid acts like an elastic 
surface which is in a state of tension. To the same conclusion 
we are led by such experiments as that of floating a needle on 
the surface of water. If the needle is 
placed very gently on the water, it will 
float without breaking through the surface, 
its weight being supported by the tension 1s^^^eo=^ 5^W 
of the surface. It will be observed that 1 - ^=ij^_£:zfL^V 
the needle lies in a distinct depression of 
the surface, as shown in the accompanying figure, in which CD 
is a section of the surface of the water by a plane perpendic- 
ular to the needle M. 

That the surface tension is different in different liquids may 
be illustrated by the experiment of letting a drop of alcohol 
fall on the surface of a very thin layer of coloured water on a 
plate. It is observed that the alcohol is drawn by the water in 
all directions, with the result that a small spot on the plate 
becomes bare. This shows that the surface tension of water is 
greater than that of alcohol. 

The surface tension of a liquid is measured in the same way 
as the tension of a thin surface (Art. 155), that is, in terms of 
force per unit of length. The amount is small in all liquids. 
In water, alcohol, and mercury the surface tension is about 3, 
1, and 19 grains weight per inch respectively. 

160. Capillary Phenomena. 

When a body is partly immersed in a liquid, it is observed 
that the surface of the liquid at the points where it meets the 
boiiy is either elevated above or depressed below the general 
surface of the liquid. If the liquid wets the body, the surface 
of the liquid at the points of contact with the body is raised ; 
but if the liquid does not wet the body, the surface of the 
liquid at the points of contact is depressed. 

When a liquid is contained in a vessel, the surface of the 
liquid at the points of contact with the sides of the vessel is 
elevated or depressed according as the liquid does or does not 
wet the sides of the vessel. The figure shows on the left a 
glass vessel containing water, which wets glass, and on the 




right a gkfis vessel containing mercury, whith does not wet 
glass. In the case of the water the surface is raised at the 
sides of the vessel, and appears concave, while in the ease of 
the mercury the surface is de- 
pressed at the sides of the vessel, 
and appears convex. 

When a glass tube of small 
bore (usually spoken of as a 
capillary tube) is dipped into a 
liquid, the surface of the liquid 
inside the tube stands higher or 
lower than the general surface 
of the liquid outside according as the liquid does or does not 
wet the sides of the tube. The figure shows on the left the 
elevation of the surface of water inside a glass tube, and on the 
right the depression of the sur- 
face of mercury, the surface being 
concave in the case of the water 
and convex in the case of the 
mei-cury. For a tube 1/25 of an 
inch in diameter the elevation 
of the surface of the water is 
about IJ inches, and for a tube 
2/25 of an inch in diameter the 
depression of the surface of the 
mercury is about 1/5 of an inch. 

It is found by experiment that with tubes of given material, 
but of different diameters, dipped into a given liquid, the 
elevation or depression varies inversely as the diameter. 
This experimental result, which is known as the law of 
dmmelers, can be shown to follow from the assumption of the 
existence of a surface tension in bquids. (See Art. 162.) 

When two plates are immersed in a liquid, so that their 
planes are parallel and separated by a small distance, an 
elevation or a depression of the surface of the liquid between 
the two plates is observed. As in the case of tubes, the 
surface is elevated if the liquid wet the plates, and is de- 
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pressed if the liquid does not wet the plates. With given 
materials, it is found by experiment that the elevation or 
depression of the surface of the liquid between two parallel 
plates is equal to the elevation or depression in a tube, whose 
radius is equal to the distance between the plates. It will be 
shown in Art. 162 that this result also follows from the theory 
of surface tension. 

The elevations and depressions of the surface of liquids in 
narrow tubes and between plates at a small distance apart are 
classed together under the name of capillary phenomena. It is 
usual to say that the phenomena are due to capillai'y adion or 
capUlanty, 

There are many illustrations of capillary action with which every one is 
familiar, such as the absorption of water by a sponge, the ascent of the oil 
in the wick of a lamp, the transference of water from one vessel to another 
through a woollen thread acting like a siphon, &c. 

161. Angle of Contact of a Liquid with a Surface. 

It is found by experiment that when the surface of a solid of 
given material is in contact with a given liquid, the direction of 
the surface of the liquid at the points where it meets the solid 
is inclined at a definite angle to the surface ef the solid. The 
angle of contact varies with the nature of the surface of the 
solid and with the nature of the 
liquid. 

If we measure the angle of 
contact from the surface of the 
solid below the surface of the ^ 
liquid to the surface of the liquid, 
then in the case where the liquid 
is elevated by contact with the 
surface of the solid, the angle of 
contact is an acute angle, and in 
the case where the liquid is de- 
pressed the angle of contact is an obtuse angle. The two cases 
are illustrated in the accompanying figures. In the figures AB 
represents the surface of the solid, PQ the surface of the liquid, 
and PR the direction of the surface of the liquid at a point P 
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where it meets the sur&ce of the solid. In the figure on the 
left, which may be taken to represent the contact of water and 
glass, the snrfaee of the liquid is concave, and the angle of 
contact, APR, is acute. In the figure on the right, which may 
be taken to re^ffeaent the contact of mercury and glass, the 
surface of the liquid is convex, and the angle of contact, APR, 
is an obtuse angle. 

162. Pormulfc for the Elevation of Liquids in 
Capillary Tubes and between Plates. 

Fo^mula^ may be deduced from the supposition of surface 

tension in liquids for the elevation (or depression) of liquids in 

capillary tubes and between plates. We shall suppose that 

the surface of the liquid is elevated, as in the case of water in 

contact with glass. The working out of the case in which the 

liquid is depressed may be left as an exercise for the student. 

I. Rise of Liquid in a Capillary Tube. 

Let AEFC represent a section of a capillary tube, dipped 

into a liquid which wets the sides 

of the tube. The surface, ABC, 

of the liquid inside the tube 

will stand higher than the level 

of the surface, PQ, of the liquid 

outside the tube. Let AD be 

the direction of the surface of 

the liquid at the point A, so that 

the angle HAD is the angle of 

contact of the liquid and the 

tube. For a given liquid, and 

for tubes of given material, this 

angle is constant, and may be 

determined by experiment. Let 

it be denoted by a. 

Let f denote the radius of the tube, h the average height 

of ABC above PHKQ, the level of the liquid outside the tube, 

and w the weight of unit volume of the liquid. Let ( denote 

the surface tension of the liquid, measured as a force per unit 

of length. 
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Consider the equilibrium of the liquid in AHKC. This 
liquid is acted on by four forces (in addition to the normal 
pressures of the sides of the tube, the resultant of which is 
zero) — (i) the atmospheric pressure on the surface ABC; (ii) 
the upward pressure of the liquid across the horizontal section 
through HK; (iii) the weight of the liquid; (iv) the surface 
tension at circle (represented by the points A and C in the 
figure) in which the surface ABC meets the sides of the tube. 
Now since HK is at the level of PQ, the pressure at points in 
the horizontal section through HK is equal to the atmospheric 
pressure. It follows that the upward pressure of the liquid 
on AHKC is equal to the downward pressure of the atmo- 
sphere on the siuiace ABC of the liquid. Hence the forces 
(i) and (ii) balance each other, and therefore the forces (iii) 
and (iv) also balance each other. 

The force (iii) is the weight of the column AHKC of liquid, 
which may be taken to be a cylinder whose radius is r and 
height h. The volume of this cylinder is Trr^A, and therefore 
the weight of the column of liquid may be taken to be wr^hw. 

The force (iv) is the force which the tube exerts on the 
liquid at the circle in which the surface ABC meets the sides 
of the tube. [It may help the student to see the action of 
this force by imagining that ABC is a thin elastic siu-face 
attached to a ring fixed to the sides of the tube.] Since t is 
the force per imit of length of this circle, the whole force is 
(as in Art. 158) equal to '2'irrt. This force acts at every point 
of the circle in the direction of the surface of the liquid at the 
points of contact, that is, acts in the direction inclined to the 
vertical at an angle a. The vertical component of this force 
is (Art. 30) 2irrt cos a. 

Now since the forces (iii) and (iv) balance, and since the 
force (iii) is a vertical force, it follows that the force (iii) must 
be in equilibrium with the vertical component of the force (iv) 

Hence we arrive at the equation — 

irr^hw - 27rrt cos a, 
from which h^2t cosa/rw (1 ) 

For tubes of given material, but of different diameters, and 
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for a given liquid, t, w, and a are all constant, and therefore 
rh is constant, or h varies inversely as r. Hence the elevation 
of a given liquid in tubes of given material varies inversely as 
the radius, the result known as the law of diameters (Art. 1 60). 

II. Rise of Liquid between Parallel Plates. 

Take the same figure to represent a section made by a ver- 
tical plane drawn perpendicular to the planes of two parallel 
plates, at a small distance apart, which are partly immersed in 
a vertical position in a liquid which wets their surfaces. The 
surface of the liquid between the plates will stand at a higher 
level than the general surface of the liquid. 

Let AE and CF in the figure represent the plates, ABC the 
surface of the liquid between the plates, and PHKQ the level 
of the surface outside. Let h denote the average height to 
which the liquid rises between the plates, and d the distance 
between the plates. Also let t denote the surface tension of the 
liquid, a the angle HAD, the angle of contact of the liquid with 
the surfaces of the plates, and w the weight of unit volume of 
the liquid. 

Consider the equilibrium of that part of the liquid between the 
two plates which is contained between two planes parallel to 
the plane of the section represented by the figure, and at unit 
distance apart. As in the case of the liquid in a capillary 
tube, the weight of the liquid between these two planes and 
the two plates will be supported by the vertical components of 
the surface tensions at the edges of the surface of the liquid. 
The line of contact of this liquid with each of the plates will 
be a straight line of unit length, and the vertical component 
of the resultant force of the plates on the liquid will be 2t 
cos a. This must be equal to the weight of the liquid under 
consideration, that is, equal to hxdxl xtv. 

Hence h d w^2t cos a, 
from which h = 2t cos a/d w (2) 

Hence, with given materials, the rise of liquid between two 
parallel plates is inversely proportional to the distance between 
the plates. 
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By comparing the formulae (1) and (2) we see that, with 
given materials, the rise of liquid in a circular tube is equal to 
the rise between two parallel plates, whose distance apart is 
equal to the radius of the tube. For, with given materials, 
/, w, and a are constant, and formulae (1) and (2) will therefore 
give the same value for h if r is equal to d, 

III Rise of Liquid between two Plates inclined 
at an Angle. 

When the plates, instead of being parallel, are inclined to 
each other like two folds of a half-opened draught-screen, the 
liquid between the plates will not rise to a uniform height. 
It follows from formula (2) that the liquid will stand highest 
close to the line of intersection of the plates, where the distance 
between the plates is small, and that the rise of the liquid will 
be less and less at greater and greater distances from the line 
of intersection. For it follows from the formula that the rise 
at any distance from the line of intersection is inversely pro- 
portional to the distance between the plates, this distance being 
measured in a plane perpendicular to the plane bisecting the 
angle between the plates. But the distance so measured is 
proportional to the distance of the line in which this plane 
meets the plane of either of the plates from the line of inter- 
section of the plates. Hence it follows that the surface of the 
liquid meets each of the plates in a curve, which is such that 
the height of any point of the curve above the level of the 
liquid outside the plates is inversely proportional to the dis- 
tance of the point from the line of intersection of the two 
plates. This curve, therefore, is such that the ordinate is in- 
versely proportional to the abscissa, a property which belongs 
only to the rectangular hyperbola. If in the figure of page 213 
we take OY to be the line of intersection of the two plates, 
and OX to be the line in which the level of the surface of the 
liquid outside the plates meets one of the plates, then the 
dotted line A'M'N'...B', which represents part of a rectangular 
hyperbola, may be taken to be part of the line in which the 
surface of the liquid inside the plates meets one of the plates. 
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Chapter XVL— FLOW OF LIQUIDS THROUGH 

ORIFICES. 

163. Torricelli's Theorem. 

The following theorem was stated by Torricelli in 1643 as 
the result of experiments on the velocity with which particles 
of water issue from a small orifice in the base or side of an open 
vessel containing water: — 

If a small orifice is made in an open vessel containing tuater, the 
particles of the water wUl issue from the vessel with the velocity thai 
^ould be acquired by a body in falling in vacuo under gravity through 
a height equal to the height of the surface of the water in the vessel 
above the orifice. 

To express this result in symbols, let h denote the height of 
the free surface of the liquid above the orifice (whose linear 
dimensions are supposed to be very small compared with h\ 
g the acceleration of gravity, and v the velocity of the issuing 
particles; 
then v= \' 2gh. 

The student will notice that this formula for the velocity of 
the issuing particles involves only g and A, and therefore makes 
the velocity to be independent of the position and inclination 
of the orifice, as long as the depth of the orifice is kept constant. 

Accurate experiments, carried out in more recent times, show 
that Torricelli's Theorem gives a value for the velocity of the 
issuing particles which is in excess of the true value. The dif- 
ference between the value y/2gh, which may be called the 
theoretical value^ and the actual value is found to depend on the 
form and size of the orifice. In the case in which the orifice 
is very small compared with A, the theoretical value has been 
found to agree very approximately with the value deduced 
from experiment. 

164 Experimental Verification of Torricelli's 
Theorem. 

If a very small orifice is made in the vertical side of a vessel containing 
water, the particles of the water will be discharged horizmUoRy from the 
orifice. If the surface of the water is maintained at a constant level, the 
particles of the water will be discharged with constant velocity, and will 



FLOW OF LIQUIDS THROUGH ORIFICES. 



269 




\ 



\ 



Gl 



proceed, under the action of gravity, to describe in the air the same parabola. 
The issuing stream will therefore appear as a jet in the form of a parabola. 

A formula may be constructed for calculating the velocity of discharge 
when we know the following lengths, which may be determined by actual 
measurement: — (i) The distance from the side of the vessel to the point 
where the jet meets a horizontal plane, and (ii) the height of the orifice 
above that plane. 

The accompanying figure shows an arrangement by means of which the 
experiment may be 
carried out. The sur- 
face of water in a ves- 
sel with vertical sides 
is maintained at a con- 
stant level, and a small 
orifice is made in the 
side of the vessel, so 
that the water is dis- 
charged horizontally. 
The jet enters a hori- 
zontal trough at a 
point whose distance 
from the side of the 
vessel is measured on 
a scale of lengths at- 
tached to the trough. 
From this measured 
length and the known 
height of the orifice above the trough, the velocity with which the particles 
of water leave the vessel may be determined, the resistance of the air being 
neglected. 

Let X denote the horizontal distance of the point where the jet enters the 
trough from the side of the vessel, y the height of the orifice above the 
trough, and v the velocity with which the particles of water are discharged, 
the direction of this velocity being horizontal. 

If we neglect the resistance of the air, there will be no horizontal force 
acting on a particle of the water during its motion from the orifice to the 
tro'igh, and therefore the particle maintains its horizontal velocity un- 
changed during the motion. Hence, if t denote the time of the motion, the 
horizontal distance x is described in time t with constant horizontal ve- 
locity Vf and therefore 




It-. 



x = vt. 



(1) 



Also in the same time f, the particle falls through the height y under the 



action of gravity. Hence 



y=9^l^ (2) 



where g denotes the acceleration of gravity. 
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From equation (1) we get t — xlv, and on substituting this value of t in 
equation (2), we obtain the equation 

from which v= y/gx^fty^ (3) 

a formula which expresses v in terms of the measured distances x and y. 

The degree of exactness of Torricelli's Theorem may be determined by 
comparing the value of the velocity calculated by this formula with the 
theoretical value y/2gh, where h is the depth of the orifice below the surface 
of the water. By opening orifices at different points of the side of the vessel 
we vary the experiment by varying x and y^ and thus obtain from the above 
formula values of the velocity for different depths below the surface of the 
water. Each of these values may be compared with the corresponding 
theoretical value deduced from Torricelli's Theorem. 

165 Proof of Torricelli's Formula from the Equa- 
tion of Energy. 

Let a very small orifice be made in the side or base of a 
vessel at a depth h feet below the free surface of liquid in the 
vessel, and let the surface of the liquid be maintained at a 
constant level, as in the experiment described in Art. 164. 
Then v, the velocity (in feet per second) of the particles of 
liquid which issue from the orifice, will be constant. 

Since the surface of the liquid is maintained at a level, it 
follows that when a quantity of liquid has been discharged 
from the vessel an equal quantity must have entered the vessel. 
Hence the work done by gravity on the liq\iid where a mass of 
m pounds has been discharged is equal to the work that gravity 
would do on that mass in causing it to fall through the height 
h. This amount of work is equal to mgh foot-poundals. 

Now, if we agree to neglect (i) the work done against resis- 
tances, and (ii) the motion of the liquid in the vessel, the work 
done by gravity on the liquid while the mass m is being dis- 
charged may be equated to the kinetic energy gained by that 
mass (Art. 19). This kinetic energy is equal to 7n^v^l2 foot- 
poundals. 

Hence mi^l2 = mghy 

from which v = ^/2gh, 

which is Torricelli's Formula. In obtaining this formula we 
have neglected the energy lost due to imperfect fluidity, &c., 
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and we should expect therefore that the formula will give a 
value for the velocity which is in excess of the actual value. 

166. The Vena Contracta. 

When the orifice is not very small, it is found that the stream 
contracts in breadth for some distance from the orifice. This 
contraction is well marked in the case in which the orifice is 
a hole of some size in the side or base of a vessel made of 
thin material. This case is illustrated in the accompanying 
figure, in which the dotted lines represent the 
paths of the particles of water which issue from 
different parts of the orifice. Particles which are 
issuing from the centre of the orifice are moving 
at right angles to the plane of the orifice, while par- 
ticles which are escaping near the edge of the orifice 
have a motion inclined at an angle less than a 
right angle to the plane of the orifice. It follows 
that the particles near the edge, after passing the 
orifice, will continue for a short distance to move 
towards the centre of the stream, with the result 
that there will be a diminution of the breadth of the stream. 

The part of the stream where the contraction ceases is called 
the vena contracta. At this part of the jet the particles are all 
moving in parallel lines. 

The amount of contraction depends on the form of the orifice 
and the thickness of the side of the vessel. When the thick- 
ness is considerable, and the opening presents no sharp edges 
at the inner surface of the sides, the contraction is small. In 
the case in which the orifice is a hole in the side of a vessel 
made of thin material, the area of the section of the vena con- 
tracta is found to be about 5/8 of the area of the orifice. 

167. Quantity of Liquid discharged in Given Time 
when the Level of the Surface is Constant. 

It is easy to frame a formula for the quantity of liquid which 
is discharged in a given time through an orifice in the base or 
side of a vessel containing liquid, by making the following 
suppositions : — (i) That the free surface of the liquid is main- 
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tained at the same level; and (ii) that all the particles issue from 
the orifice in a direction perpendicular to the plane of the orifice. 
Let V denote the velocity in feet per second of the particles 
of liq\iid, and A the area of the orifice in square feet. Then 
on the supposition that the surface is maintained at constant 
level, V will be constant, and on the second supposition vA will 
be the number of cubic feet of liquid which flows through the 
orifice in one second. Hence if Q denotes the number of cubic 
feet of liquid which flows through the orifice in t seconds, 

Q = Avt (1) 

The error involved in the second supposition will not be great 
in the case in which the orifice is very small. And in this 
case we may, by Torricelli's Theorem, write for v the value 
^2gh, where h is the depth of the orifice in feet below the 
surface of the liquid, and g is the acceleration of gravity in feet 
and seconds. Hence we have 



Q = AtsJ2gh. (2) 

The supposition that the escaping particles of liquid are all 
moving perpendicular to the plane of the orifice involves an 
error the amount of which depends on the form and size of the 
orifice and the thickness of the sides of the vessel. The 
formula (2) will in all cases give a value for Q which is in excess 
of the true value. A more correct result may be obtained by 
taking A to represent the area of the vena contracta, and h the 
depth of this part of the stream below the surface of the 
liquid. 

In practice engineers use the formula (2), taking A to repre- 
sent the product of the area of the orifice by a proper fraction, 
called the coefficient of discharge, which is determined by experi- 
ment in each case. This product is called the effective a/rea of 
the orifice.* 

Ex. 1. — A reservoir is kept fuU, so that the surface of the water is at a 
constant height of 12 feet above a small hole, the effective area of whose 

• The advanced student may refer to a paper " On the Flow of Water through 
Orifices," by Professor James Thomson, in the British Association Report for the year 
1876, in which the problem of the discharge of water through orifices is subjected 
to rigid mathematical treatment 
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croBs section is y/3 square inches. Find how many cubic feet' of water 
flow out in an hour. (^ = 32.) 

We use formula (2), taking a foot as the unit of length, and a second as 
the unit of time. Then 

A = V3/144, t = 60 X 60, ^=32, h=12, 

and the formula gives 

Q={ V3/144) . 60 X 60 . V2 x 32 x 12, 
= 1200 cubic feet. 

Ex. 2. — A cylindrical vessel, with a small hole in the bottom, is 4 feet 
high. It is kept full of water, and it is found that 4 cubic feet of water 
flow out of the hole in 3 minutes. What is the size of the hole ? 

Here, in the same units as in Ex. 1, 

Q=4, «=8x60, A=4, ^=32, 
and A is the unknown. Formula (2) gives 

i=A x3x60V2x32x4, 
= ^ x8x 60x16; 
from which A = 1/(3 x 60 x 4) of a square foot, 

= 1/5 of a square inch. 

168. Velocity of the Descending Surface of the 
Liquid. 

If liquid is being discharged from an orifice in a vessel, and 
if no liquid enters the vessel, the free surface of the liquid will 
descend. Taking the orifice to be very small, we can construct 
a formula for the velocity of the descending surface in terms 
of the following quantities: — (i) The effective area of the 
orifice, (ii) the area of the section of the vessel at the surface 
of the liquid, and (iii) the depth of the orifice below the 
surface. 

Let V denote the velocity with which the particles of liquid 
are discharged from the orifice when the depth of the orifice is 

h, so that V is equal to y/2gh. Let v' denote the velocity of the 
descending surface of the liquid in the vessel at the same 
instant. Let A and B denote respectively the effective area of 
the orifice and the area of the section of the vessel at the 
surface of the liquid. 

Let t denote an infinitesimal element of time, so that during 
the time t the velocities v and v' may be considered to be 
constant. 

(868) ^ 
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In the time t the volume which flows out at the orifice is 
Avt, and in the same time the surface of the liquid falls 
through the height v't. Now since t is an infinitesimal time, 
the depth v't is also infinitesimal, and whatever be the shape of 
the vessel, the sides of the vessel may. be considered for that 
depth to be vertical. Hence the volume of liquid which leaves 
the vessel in time t must be equal to the product of v't and B, 
Equating this product to Avt, we get 

Bv't = Avt, 
from which v' = Av/B, 

= Ay/2^IB, (1) 

a formula for the .velocity of the descending surface in terms 
of ^, B, and h. 

In the case in which the vessel is a cylinder placed mth its axis 
vertical^ it can be shown that the velocity of the descending surface 
will he unifoiTrdy retarded. For B is in that case constant, and 
if we write a for gA^/B^y then a will also be constant. But 
from the formula for v' we get 

v'^==2.{gAyB^).h, 
= 2aA. 

From the formulae for uniformly accelerated motion we 
see that v' is numerically equal to the velocity of a body which 
has m'oved in a straight line from rest over the distance h with 
uniform acceleration a. And since the surface is descending, 
h and v' are decreasing. . Hence it follows that the velocity of 
the descending surface is decreasing uniformly with the time, 
and that the height through which the surface of liquid falls in 
a given time may be calculated by the known formulae for the 
space described by a body whose motion is uniformly retarded. 

Thus the average velocity of the descending surface during any 
time t is equal to half the sv/m of the initial and final velocities. 
Hence, if h and h' denote the initial and final heights of the 
surface above the orifice respectively, we get 
h-h'— average velocity x time, 

= J (4V2^+ |v2^y 
=^{Wh+y/h:).Aty/J/By/2 (2) 
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Also the volume of liquid, V say, that flows out of the 
vessel while the surface falls through the height h-h' is 
given by 

^{VJi+-Jl')Aty/J/V2. : (3) 

Ex. — A cylindrical vessel is 10 feet high, and its base, which is horizon- 
tal, has a radius of 1 foot ; it is filled with water, and a small hole is made 
in the bottom. Compare the rate of descent of the surface when the hole 
is first opened with the rate when the vessel is half empty. If the vessel is 
half emptied in 20 minutes, what is the effective area of the hole? 

By formula (1) the velocity of the descending surface is proportional to 
the square root of the height of the surface above the orifice. Hence 
velocity when the vessel is full : velocity when it is half emptied 

= V 2:1, =7 : 6 nearly. 

In the second part of the question, take a foot as the unit of length and 
a second as the unit of time. Then B, the area of the section of the cylin- 
der, is IT X 1^, = IT square feet ; and if A denotes the effective area of the 
hole, the average velocity of the descending surface during the fall of half 
the height of the cylinder, 

TT 

= J . — ( VlO -I- y/5), taking g=S2. 
This fall of 5 feet takes place in 20 minutes. =20 x 60 seconds. 
Hence 6 = J . — ( VIO + V5) x 20 x 60, 

IT 

5ir 

from which A— — ; jrrof A square foot. 

irom wmcn a-^ x 20 x 60 x ( V10+ V5) 

By rationalizing the denominator, replacing ir by 22/7, and multiplying 

the fraction by 144, we find that the effective area of the hole is 33 x 

( VIO - V5)/360, =-087 of a square inch. 

EXAMPLES XIX. 
[In these ExamDles it is assumed that Torricelli's Theorem is exactly true.] 

{T?u answers are given on page 338.) 

1. A cylindrical vessel is placed with its axis vertical, and is kept full of 
water. If the height of the cylinder is 10 feet, and a smaU orifice is made 
1 foot from the top of the cylinder, where will the jet strike the horizontal 
plane through the base of the cylinder? 

2. If a small orifice is made in the side of the cylinder at a point midway 
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between the base and the top, show that the distance from the side of the 
cylinder of the point where the jet strikes the horizontal plane through the 
base of the cylinder is equal to the height of the cylinder. 

3. A vessel contains water, and a small orifice is made in the side of the 
vessel at a depth of i feet l^elow the surface, which is maintained at a 
constant level. If the effective area of the orifice is 1/2 of a square inch, 
find the number of cubic feet of water that will flow out of the vessel in an 
hour. 

4. A cylinder, 16 feet high, is filled with water, and placed with its axis 
vertical A small hole, whose effective area is 1/1000 of the area of the 
section of the cylinder is made in the base of the vessel, and the cylinder is 
kept full of water. In how many minutes will there be discharged from 
the cylinder a quantity of water equal to that which the cylinder holds? 

5. A vessel, in the form of a cone, whose axis is 9 feet, is placed with its 
axis vertical and filled with water. A small hole is opened at the lowest 
point of the vessel, and when the vessel is kept full of water the quantity 
of water which the vessel can hold is discharged from the hole in 10 
minutes. Compare the area of the hole with the area of the surface of the 
water. 

6. A cylindrical vessel is 16 feet high, and its base, which is horizontal, 
has a diameter of 3 feet. It is filled with water, and a small hole, 1/4 of a 
square inch in area, is made in the bottom. What is the rate of descent of the 
surface (i) immediately after the hole is made ; (ii) when the depth of the 
water is 9 feet ; (iii) when the depth of the water is 4 feet ? 

(iv) After how many minutes will the cylinder be half -emptied ; and (v) 
after how many minutes will the water all be discharged? 

7. If the space within a closed vessel is a vacuum, and a small hole is 
made in the side of the vessel, the air will begin to rush into the vacuum 

with the velocity V2^^, where II is the height of the homogeneous atmo- 
sphere and g is the acceleration of gravity. 

Give a numerical result, being given that the pressure of air is 14'88 Ibwt. 
per square inch, and that a cubic inch of air weighs *31 of a grain. 



CHAPTER XVII. 

Section I.— UNIFORM CIRCULAR MOTION. 

169. Angular Velocity. 

Def. When a point is moving in any manner in a plane, the 
rate at which the straight line joining the moving point to a fixed 
point is rotating is called the angular velocity of the moving point 
ah&wt the fixed point. 
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The angular velocity may be unifmin or variable. It is uni- 
form if the straight line joining the moving point to the fixed 
point turns through equal angles in equal times, and is variable 
il this line does not turn through equal angles in equal times. 
For example, the angular velocity about the centre of a circle 
of a point which describes the circumference with uniform 
speed is uniform. 

The measure of a uniform angular velocity is the number of 
units of angle through which the rotating line turns in unit of 
time. In measuring angular velocity the unit of angle is 
usually taken to be the radian* and the unit of time to be the 
second^ so that angular velocity is usually expressed in radians 
per second. We shall always suppose that angular velocity is 
expressed in these units. 

The measure of a variable angular velocity at a given instant of 
time is the angle in radians through which the rotating line 
would turn in one second, if during that time the angular 
velocity remained constant and equal to its value at the instant 
under consideration. 

In the case in which a rigid body rotates about a fixed axis, 
e.g, a door rotating about the line joining the hinges, all points 
of the body move in circles whose planes are perpendicular to 
the axis, and whose centres lie on the axis. And it is evident 
that the lines joining the several points of the body to the 
centres of the circles in which the points respectively moving, 
all turn through the same angle in the same time. Hence, at 
a given instant, the angular velocity is the same for all points 
of the body. This angular velocity is called the angular velocity 
of the body abotU the fixed axis. 

170. Kinematics of Uniform Circular Motion. 

If a point is describing the circumference of a circle with 
uniform speed, it will pass over equal arcs in equal times, and 
, therefore the angular velocity of the point about the centre 
will be uniform. 

Let ABC be a circle, radius r feet; and let Vhe the velocity 

* See the author's Trigonometryf chap. i. 
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in feet per second of a point describing the circumference uni- 
formly. Let (0 denote the angular velocity, and T the time in 
seconds of a revolution; then 

to=r/r=2ir/r. 

Let AB be the arc described by the revolving point in one 

second, so that AB is V feet; then 
the angle AOB is the angle which 
the line joining the moving point to 
the centre turns through in one 
second. Hence the number of radi- 
ans in the angle AOB is the mea- 
sure of the angular velocity, that is, 
is equal to o). 

But by trigonometry 
arc AB = number of radians in angle AOB x radius, 

or F= 0) r, 

from which w = Vh\ 

which proves the first formula for w. 

Again, since T is the time of one revolution, we get, by the 
formula for uniform motion, 

FT = length of circumference, 

= 2ir r (Ai-t. 14.) 

Hence (ar T-=27r r, 

from which co = 2^1 Ty 

which proves the second formula for uk 

Ex. 1. — A point is moving in the circumference of a circle of r feet radius 
with a uniform angular velocity of a; radians per second. What time does 
it take to go over 8 feet of its path ? 

Since the angular velocity is a; and the radius is r, the velocity of the 
point in the circumference of the circle is cor feet per second, and therefore 
the time taken by the point to move over s feet of its path is «/wr seconds. 

Ex. 2. — P is a point of a body turning uniformly round a fixed axis, and 
PN is a line drawn from P at right angles to the axis; if PN describes an 
angle of STS*' in 3 seconds, what is the angular velocity of the body? and if 
PN is 6 feet long, what is the linear velocity of P? 

In one second the body turns through an angle of 375/3,-126 degrees or 
257r/36 radians. Hence the angular velocity of the body is 25t/36, and the 
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linear velocity of P is (25ir/36) x 6,=5ir/6 feet per second. Taking 22/7 as 
the value of w, we find the linear velocity of P to be 13^ feet per second. 

171. Centrifugal Force. 

When a body is moving in a curve, the direction of motion 
is continually changing. Thus, if the curve is ABC, the direc- 
tion of motion at any point P is the 
direction of PT, the tangent to the 
curve at P; and, similarly, the direc- 
tion of motion at the point Q is the 
direction of QT', the tangent at Q. 
Thus, while the body moves from 
P to Q, the direction of motion 
changes from the direction of PT to 
that of QT'. 

Now, the first law of motion states 
that a body maintains its state of uni- 
form motion in a straight line until it 
is acted on by force; and the second law of motion states that 
when a change takes place in the motion of a body, the force 
which produces the change must act in the direction in which the 
change takes place. Hence it follows that in order to cause a 
body to move in a curve, there must act on the body at every 
point of the curve a force which shall overcome the tendency 
of the body to maintain its motion in a straight line, and shall 
urge the body away from the tangent to the curve. This 
force may be applied either as a tension or as a pressure, but 
it must act at every point so as to drive the body from the 
tangent towards the concave side of the curve. For example, 
when a stone is attached to the end of a string and whirled 
round in a horizontal circle, the pull of the string on the stone 
is the force which is continually deflecting the stone from the 
tangent, and is causing the stone to move in the circle. Similarly 
when a train is moving round a curve, the reaction of the outer 
rails on the wheels of the carriages is the force which is con- 
tinually changing the direction of motion of the train. 

It was at one time supposed that when a body was moving 
in a circle there was a force acting from the centre outwards on 
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the body, tending to drive the body away from the centre, to 
which the name of Centrifugal Force was applied. And it was 
supposed that the force required to cause the body to move in 
the circle was the force which balanced the centrifugal force. 

We now know that centrifugal force is not a force, but the 
property of matter now called inertia, in virtue of which a 
body tends to maintain its motion in a straight line. The term 
centrif\igal force is, in fact> doubly misleading. For, in the 
first place, inertia is not a force; and, secondly, the body in 
virtue of its inertia tends to move, not perpendicular to the 
tangent, but along the tangent. 

Although the term centrifugal force is based on a false con- 
ception, it is still in common use in dynamics as a convenient 
term to denote the tendency of a body which is moving in a 
circle to maintain its motion along the tangent. And it is still 
usual to use the language of old writers on dynamics, and to 
speak of the force which causes the body to move in a circle 
as the force balancing the centrifugal force. Thus, for example, 
in the case of the stone whirled round in a horizontal circle, we 
may say that the tension of the string balances the centiifugal 
force of the stone, or that the tension of the string is due to 
this centrifugal force. So also in the case of the train we may 
say that the pressure of the carriages on the outer rail is caused 
by the centrifugal force of the train moving in the curve. In 
the same way we may say that it is on account of centrifugal 
force that the balls in Watt's governor for the steam-engine 
recede from the rod to which they are hinged, when the rod is 
rotating rapidly. 

172. Centrifugal Force of a Body Moving Uni- 
formly in a Circle. 

When a body is moving in a circle with uniform speed, the 
force which is causing the body to move in the circle must 
at every point of the circle act along the radius, and towards 
the centre, and must be constant in amount. For since there 
is no change in the magnitude of the velocity, the force which 
acts on the body cannot have a component along the tangent, 
and must, therefore, act along the radius. Also, since the rate 
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of change of the direction of motion is uniform, the force which 
causes this change must be a uniform force. 

Let the body be describing the circle ADn, radius r, with the 
uniform speed F! Let m be the mass of the body, and F the 
force which causes the body to move in the circle. Then, by 
the second law of motion, if the force F acted on the body in a 
constant direction it would produce an acceleration of the velocity 
of the body in that direction equal to F/m. Let this acceleration 
be denoted by a. 

Let AB be an infinitesimal arc described by the body in the 
infinitesimal time t. Let An be the diameter of- the ciicle 
drawn through A, and Bm the per- 
pendicular on An. While the body 
is moving over the arc AB it is 
acted on by the constant force F, 
whose direction is continually chang- 
ing. Since, however, the time t is 
very small, we may consider that the 
direction also is constant and paral- 
lel to An. Thus we may consider 
the motion during the time t to be 
the same as that of a body pro- 
jected from A along the tangent AD with the velocity F", 
and moving from A to B with an acceleration a in the direction 
Am. Also since AB is very small, we may take the length of 
the arc AB to be equal to Bm. 




Hence 



and 



But Bm2 

and therefore F^f 
from which 



Bm = arc AB = Ft, by the formula for uniform 

motion. 

Am = ^ aP, by the formula for uniformly ac- 
celerated motion. 

Am . mn (Euclid HI. 35), 
J af^ . mn; 
2 F^lmn, 



a — 



Now the smaller is Am, the more nearly do the suppositions 
we have made agree with the actual conditions of the motion. 
But the smaller is Am, the more nearly is mn equal to the 
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diameter An. Heiice, if in the last-written equation we write 
2r for mn^ we shall arrive at the exact formula for a, viz., 

a=r2/r (1) 

Hence, when a body is moving with uniform speed F^ in a 
circle of radius r, the body has at every instant an acceleration 
V^lr towards the centre of the circle. 

We can express this acceleration in terms of the angular 
velocity about the centre, w say, and also in terms of the time 
of one revolution, T say. 

Since V= ior, we have 

= (u2r (2) 

Also since co=27r/r, we can write 

a = (27r/r)2.r (3) 

The force F which causes this acceleration is equal to ma. 

Hence we have the following three equivalent expressions for 

F— 

F=mr^/r (ly 

= m(ah- (2)' 

= m{2ir/T)^. r. (3)' 

These expressions for F give the value in absolute units of the 
force which is required to cause the body to move in the circle. 
It is convenient to use the language referred to in the preced- 
ing article, and to say that they are expressions for the force 
which balances the centrifugal force, or to say that they are ex- 
pressions for the centrifugal foi'ce. In fact, no error will be intro- 
duced by treating the body describing the circle as if it were 
in statical equilibrium under the action of the force causing 
the motion — ^a force mV^jr towards the centre — and the ficti- 
tious centrifugal force of equal amount acting in the opposite 
direction. 

The expressions (1)', (2)', (3)' will give the value of the cen- 
trifugal force in poundals if m is expressed in pounds, r in feet, 
T in seconds, F^in feet per second, and <o in radians per second. 
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Similarly if C.G.S. units are used, the expressions will give the 
value of the centrifugal force in dynes, 

Ex. 1. — A toy car, whose mass is 1/2 of a lb., runs at the rate of 5 miles 
an hour on a level circular railway of 3 feet radius. Calculate the horizon- 
tal pressure on the rails. 

The horizontal pressure of the car on the rails is equal and opposite to 
the horizontal component of the reaction of the rails on the car. But it is 
the latter force that causes the car to move in the circle. 

Hence the horizontal pressure of the car on the rails 

-mV^jr, =ix(V)^x3, =8*963 poundals. 

Taking ^ to be 32, this is a force of about *28 of a pound weight. 

Ex. 2. — A stone, whose mass is 200 grammes, is swung round in a hori- 
zontal circle 3 times in a second at the end of a string 109 centimetres long. 
What is the tension of the string in grammes weight? 

[Take 5^ = 981 cm./sec.^ and ir3=:9-87.] 

The tension of the string balances the centrifugal force, and is therefore 
equal to m . iir^r/T^g grammes weight, where 

m = 200, r=109, ^=1/3, ^=981, ir2=9-87. 

Substituting these numbers, we find that the tension of the string is equal 
to the weight of 7896 grammes. 

EXAMPLES XX. 

[Take ir=22/7, ir2=10, and 5^=32 ft/sec^] 
{The Answers are given on page 338.) 

1. A point is moving uniformly in a circle with an angular velocity of 3 
radians per second. How many revolutions is the point making per minute? 

If the radius of the circle is 10 feet, what is the linear velocity of the 
point? 

2. A body moves in a circle with a uniform linear velocity of 20 ft. /sec., 
and passes over a quadrant of the circle in 3 seconds, what is the angular 
velocity about the centre in radians per second, and what is the radius of 
the circle? 

3. A body describes a circle, the length of whose circumference is c, in 
time tf with uniform angular velocity (o about the centre. Show that the 
linear velocity is c/t, and that the radius of the circle is c/tw. 

4. Two points are describing circles uniformly with linear velocitira 
inversely proportional to the square roots of the radii of the circles. Show 
that the squares of the times of revolution are proportional to the cubes of 
the radii 

5. A jstone is swung round in a horizontal circle, first at the end of one 
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string and then at the end of another twicp as long, so as to make the same 
number of revolutions in a minute in both cases. Compare the tensions of 
the two strings. 

6. What force is required to keep a body whose mass is 10 lbs. rotating 
ill a circle of 15 feet radius, (i) with a velocity of 30 ft./sec., (ii) if it is 
making one complete revolution in a second? 

7. The breaking stress of a wire is 100 Ibwt. If a mass of 10 lbs. is 
fastened to a piece of this wire, and swung round in a horizontal circle 
of 20 feet radius, what velocity will the 10 lbs. have when the wire breaks? 

8. A mass of 2 lbs. is whirled round on a smooth horizontal plane by a 
thread 4 feet long attached to a point in the plane. If the greatest mass 
which the thread can support without breaking is 9 lbs., what is the greatest 
velocity which can be given to the mass so as not to break the thread? 

9. What is the force in grammes weight required to keep a mass of 20 

grammes revolving 30 times in a second in a circle of 4 centimetres 

diameter? 

[Take .9 = 981 cm./sec.2] 

10. A particle whose mass is 10 lbs. is constrained to move in a horizontal 
circle by a string 5 feet long fastened to a fixed point. If at any instant 
the tension of the string is 98 poundals, find the velocity of the particle, 
and its angular velocity about the fixed point. 

11. If a rigid body is rotating about a fixed axis the energy of rotation 
is 3fPw^/2, where w represents the angular velocity of the body, and Mlc 
the moment of inertia of the body about the axis. 

12. A fly-wheel weighs 10000 lbs., and is of such a size that the matter 
comprising it may be treated as if concentrated on the circumference of a 
circle 12 feet in radius. What is its kinetic energy when moving at the 
rate of 15 revolutions a minute? How many turns would it make before 
coming to rest if the steam were cut off, and it moved against a friction of 
400 lbs. exerted on the circumference of an axle of 1 foot in diameter? 

Section II.— ROTATING LIQUID. 

173. Form of the Surface of a Liquid in a Rotat- 
ing Vessel. 

When an open vessel containing liquid is made to rotate, the 
surface of the liquid will not remain horizontal. We shall 
inquire what the form of the surface is in the case in which the 
vessel is rotating uniformly about a vertical axis. The liquid 
and the vessel will ultimately rotate about the axis as if they 
formed parts of a solid body. Each particle of the liquid will 
describe a horizontal circle, whose centre lies in the axis and 
whose radius is equal to the length of the perpendicular from 
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any position of the particle upon the axis of rotation; and the 
angular velocity of each particle about the centre of the circle 
ia which it is moving will be the same as that of the rotating 
vessel. 

It follows that the surface Of the liquid 
will be in the form of a surface of revo- 
lution, and that all planes through the 
axis will cut the surface of the liquid 
in equal and similar curves. We shall 
show that the form of any section of 
the surface, made by a plane through 
the axis, is a parabola whose vertex is 
downwards, and whose axis coincides with 
the axis of rotation. The form of the sec- 
tion is shown in the accompanying figure, 
the dotted line representing the axis of 
rotation. 

It will follow that the surface of the 
liquid will be the surface generated by the 
rotation of a parabola about its axis. A 
surface of this form is called a paraboloid of 
revolution. 

Let BAG be a section of the surface of the liquid, made by 
a plane drawn through the axis of rotation ANG, A being the 
point where the axis meets the sur- 
face of the liquid. It is evident 
that the curve BAG must be sym- 
metrical with respect to the^ line 
ANG. Let P be any point of the 
surface of the liquid in the plane 
of the section, and let PN be the 
perpendicular from P upon the axis, 
so that NPH is horizontal. Let 
PQ be the vertical through P, SPT 
the tangent to the curve BAG at 

the point P, and PG the normal at the same point, that is, 
the line perpendicular to the tangent. Let co denote the 
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angular velocity of the rotating liquid, and g the acceleration 
of gravity. 

Consider the forces acting on a particle of liquid, of mass m, 
at the point P. The particle is moving with uniform angular 
velocity <o in a horizontal circle, whose radius is PN, under the 
action of two forces — (i) Its weight mg acting vertically down- 
wards, that is, in the direction PQ; and (ii) the resultant pres- 
sure of the surrounding liquid on the particle, a force which 
we shall denote by R, The resultant of these two forces is 
the force causing the particle to move in the circle, and this 
resultant must therefore (by formula (2)', Art. 172) be equal 
to 7mi)2 . PN, and must act from P to N. Or we may say that 
the resultant of the weight, mg, and the pressure of the liquid 
on the particle, R, is in equilibrium with the fictitious centri- 
fugal force nui?' . PN, acting from N to P. 

Hence we may consider the particle to be in statical equili- 
brium under the action of its weight mg, acting from P to Q, 
the centrifugal force mw^ . PN, acting from P to H, and the 
resultant pressure of the surrounding liquid R, And it follows 
from the fundamental property of a fluid that R must act per- 
pendicular to the surface at P. For the surface in the neigh- 
bourhood of the point P is an element of an inclined plane of 
liquid (of which SPT is the section), on which the particle of 
liquid at P may be taken to be at rest under the action of its 
weight, the centrifugal force, and the reaction of the inclined 
plane. But this reaction must be perpendicular to the inclined 
plane, since there is no tangential force between two parts of 
a fluid which are in relative equilibrium (Art. 53). Hence 
the force R must act perpendicular to SPT, that is, along 
the normal PG. 

We thus arrive at the result that a particle of liquid at P is 
in equilibrium under the action of three forces, mg, mm^ . PN, 
and R, acting from P to Q, from P to H, and from P to G 
respectively. Hence, by the triangle of forces, these forces 
must be proportional to the lengths of the sides of the triangle 
GNP, whose sides are in the directions of PQ, PH, and PG 
respectively. 
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Therefore 

NG : NP = 7w^ : mw^ . PN 

from which NG = ^/w^. 

Hence the form of the section must be such that whatever be 
the position of the point P, the length of NG is constant. NG 
is the projection of the normal PG on the axis, and is called the 
subnormal, so that the curve BAC is such that the subnormal is 
constant. It is known from geometry that the only curve in 
which the subnormal is constant is the parabola. Hence the 
section of the surface by any plane through the axis of rotation 
is a parabola of which ANG is the axis, and the point A the 
vertex. 

Since the latus rectum of a parabola is double of the sub- 
normal, the latus rectum of the curve BAC is 2gl<o\ and the 
equation connecting the lengths AN and PN is, by conic 

sections, 

PN2 = (2^/0)2) . AN. 

174. Pressure at any point of the Liquid. 

Since the particles of the liquid are in relative equilibrium, 
it follows that the stress between any two parts of the liquid 
must be normal to the surface separating the two parts. Hence 
we may assume, as in the case of a liquid at rest (Art. 56), 
that the pressure at a given point of the rotating liquid is the 
same in all directions. But on account of the stress produced 
in the liquid by the centrifugal forces, the pressure will not be 
the same at all points of the same horizontal plane, but will be 
greater the greater the distance from the axis of rotation. 

Let Q (see figure, page 285) be any point in the rotating liquid, 
and let QMP be the vertical line through Q, meeting the sur- 
face of the liquid in the point P. Let w denote the weight in 
gravitational units of unit volume of the liquid, and let jp denote 
the intensity of pressure at the point Q, measured in gravita- 
tional units of force per unit of area. Then a column of liquid 
in the form of a cylinder of very small section whose axis is 
PQ, and whose base is horizontal, may be considered to be in 
equilibrium under the action of the pressure upward on the 
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base, the weight of the liquid, the pressure of the liquid on the 
curved sides, and the centrifugal force of the mass of liquid in 
the column. Of these forces the pressure on the base and the 
weight of the liquid act vertically, and the other forces act 
horizontally. Hence we get, as in Prop. II. Art. 61, 

p = w, PQ. 

Hence the intensity of pressure at a point of a mass of 
rotating liquid is equal to the intensity of hydrostatic pressure 
due to a depth equal to the distance, measured vertically, of 
the point below the surface of the liquid. 

When g, the acceleration of gravity, and w, the angular 
velocity of the rotating liquid are given, the equation to BAG 
is known. Hence when AH or PN, the horizontal distance of 
Q, from the axis is given, the length of AN, the height of P 
above A, can be calculated. If therefore the position of Q 
with reference to A is known, PQ, the depth of Q below the 
surface, may be calculated, and the intensity of pressure at Q 
may be found. 

If the foot, the second, and the weight of a pound are taken 
as the units of space, time, and force respectively, then w will 
be expressed in radians per second, PQ in feet, g in feet and 
seconds, and w in pounds weight per cubic foot. The formula 
for p will then give the intensity of pressure in pounds weight 
per square foot. 

E^- 1- — A cylindrical open vessel, 1 foot high, is placed with its axis 
vertical and is Jilled with water. The vessel is then made to rotate about 
its axis at the rate of 2 revolutions per second. If the diameter of the 
section of the vessel is 1 foot, find (i) the depth of the lowest point of the 
surface of the water below the top of the cylinder; (ii) the quantity of 
water that will be spilt; (iii) the pressure in Ibwt. per square foot at a point 
of the side of the cylinder 2 inches below the lowest point of the surface. 

[Take g = S2, and ii^z^lO.] 

When the vessel is set rotating, some water will be spilt, and the 
PAP?^ ^^^ become concave. A section through the axis will be a parabola 

^ . with AN, the axis of the cylinder, as its axis, and with the point A 
as Its vertex. The curve will pass through P and P', the points on the rim 
oi the vessel which lie in the plane of the section. 
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(i) To find AN, the depth of the lowest point of the surface below PP'. 
Since P is a point on the curve, from the equation to the curve, viz., 
PN^ = (2^/ar*) . AN, we can solve for the length ^ . 

AN in terms of the known quantities PN, w, i 1 

and g. Thus — ^ J 

AN =: w2PN2/2«7, 
where sr = 32, PN = i, and w=4ir. (Art. 170.) 
Hence AN = (iir)* x i/64, = ir^/16, = 10/16, 
= 5/8 of a foot, = 7 J inches. 

(ii) To find the quantity of liquid that is spilt. 

The volume of water that is spilt is the volume 
of the concavity PAP', which is a segment of a 
paraboloid of revolution. It is a known result that the volume of a segment 
of a paraboloid of revolution is half the volume of a cylinder on the same 
ba^se and of the same height. Hence the quantity of water that is spilt is 
the quantity that would fill a length of 3| inches of the cylinder. The 
ratio of this quantity to the quantity that fills the cylinder is 3| : 12, or 
5 : 16. Hence 5/16 of the original quantity of water in the cylinder will be 
spilt. 

(iii) To find the pressure at a point of the side of the cylinder 2 inches 
below A 

Since the point is 2 inches below A, it is 9J inches below P, and the 
pressure at the point is the pressure due to a height of 9^ inches of water. 
Taking a cubic inch of water to weigh 250 grains, the pressure of 9i inches 
of water is 94 x 250 = 2375 grains per square inch, that is, about 1/3 of a 
pound weight per square inch. 

Ex. 2. — In the figure of page 286 show that if ^ is the slope of the surface 

at the point P, 

tan^=w2.PN/^. 

The slope of the surface at any point is the angle which the tangent plane 
to the surface at that point makes with the horizon. In the figure the slope 
of the surface at F is the angle HFS, which is equal to the angle NGP. 
Hence 

tan ^=PN/NG, ^PN/^/w^), 

= u^N/g. 

As a numerical example let us calculate the slope of the surface at the 
highest point of the surface of the liquid in the case considered in Ex. 1 . 

Here w = 4ir, and PN = 1/2. 

Hence ism 0=: 16ir^ x 4/32, = 7rV4, 

= 2-5, (taking ir2= 10). 

From a table of natural tangents we find that the angie whose tangent is 
2*5 is about 68*. Hence the slope of the surface at the point P is an angle 
of 68° 

(853) T 
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EXAMPLES XXI. 

[Take gr=:32 ft./8ec.2, ir-'SL^II, and ir^zzlO.] 
(The Answers are given on page 338.) 

1. A cylinder, whose radius is one foot, is partly filled with water, and 
turns uniformly 3 times a second about its axis, which is verticaL Find — 

(i) The depth of the lowest point of the surface of the water below the 
highest point. 

(ii) The pressure at a point of the side of the cylinder 6 Inches below the 
lowest point of the surface. 

(iii) The pressure at a point 4 inches from the side of the cylinder, and 
6 inches above the lowest point of the surface. 

(iv) The pressure at a point 8 inches from the side of the cylinder and 
4 inches below the lowest point of the surface. 

(v) The slope of the surface at a point 6 inches above the lowest point, 
being given tan 73°=:3-33. 

2. A cylinder, placed with its axis vertica,l, is filled with water, and is 
made to rotate about its axis. If the radius of the cylinder is 1 foot 9 
inches, and the height 7^^ feet, how many revolutions per second must the 
vessel make in order that half the quantity of water in the vessel may be 
spilt? 

3. A cylinder, whose radius is 6 Inches, contains water to a depth of 10 
inches. The cylinder is made to rotate about its axis, which is vertical, at 
the rate of 2 revolutions per second. What is the height of the highest 
point of the surface of the water above the base of the cylinder, assuming 
that the cylinder is so high that no water is spilt? 

What is the least height of the cylinder for which this condition will be 
fulfilled ? 

4. A cylinder, whose axis is vertical, is partly filled with water. Show 
that when the cylinder is made to rotate about its axis and no water is 
spilt, there will be no change in the total pressure on the base, but that 
there will be an increase in the total pressure on the sides. Is the pressure 
on the base uniform when the vessel is rotating ? 

5. Calculate the increase in the total pressure in Ibwt. on the sides of the 
cylinder in Ex. 3. 

6. An open cylindrical vessel, whose axis is vertical, is filled with water, 
and is then made to rotate about its axis. Show that there will be no 
change in the total pressure on the sides of the cylinder, and that there will 
be a diminution in the total pressure on the base, equal to the weight of 
water that is spilt. 
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CHAPTER XVIII. 
Section I.— HARMONIC MOTION. 

175. Simple Harmonic Motion. 

Def. If a jmnt moves in a straight line so that the acceleration of 
its velocity is directed towards a fixed point in the line, and jno- 
portional to its distance from that pointy the motion of the paint is a 
simple harmonic motion. 

Prop. If a point P is describing the circumference of a circle 
with uniform velocity, and if PM be drawn perpendicular to 
AA', a fixed diameter of the circle, then the motion of the 
point M is a simple harmonic motion. 

We shall suppose that the motion of P is in the direction 
opposite to that of the hands of a watch. It is evident that 
the motion of M will be an oscillatory motion. When P is at 
A, M is at A; and as P moves over the first quadrant AB of 
the circle, measured from A, M will move along the radius 
AO, and will be at when P is at B. While P is describing 
the second quadrant BA', M will move from to A', and P 
and M will again coincide at A'. Thus while P is describing 
the first half ABA' of the circumference 
of the circle, M is moving from A to A'. 
Similarly, while P is describing the second 
half of the circumference, A'B'A, M is 
moving from A' back to A. Thus the 
motion of M is an oscillatory motion 
between the extreme positions A and A'. 

Let a denote OA, the radius of the 
circle, T the time of revolution of P, V 
the linear velocity of P, and w its angular velocity about the 
centre. Let the figure represent the position of P at any time, 
and let OM, the distance of M at that time from 0, be denoted 
hyx. 

We shall find expressions in terms of these letters for the 
velocity and acceleration of M. 

The velocity of M is the same as the component of the velocity 
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of P in the direction AA', and is equal to the product of the 
velocity of P and the cosine of the angle which the direction 
of motion of P makes with AA'. 
Hence the velocity of M 

- Fx cosine of the angle which PT makes with OA, 
= r. sin AOP = r. PM/ft, 

= (r/a)Va2"=?. (1). 

= <i> ^a^-x^ (2), (since F=a(o). 

The acceleration of M is the component in the direction MO 
of the acceleration of P. But the acceleration of P is F'^/a in 
the direction PO (Art. 172). 

Hence the acceleration of M is always directed towards O, 
and is 

= (r» . cos AOP = (r» . OM/a, 

'=r%/a2 (3), 

= <oh'^ (4), (since F= ao)), 

^i'K'h.lP (5), (since w = 27r/r, Art. 170). 

Hence the acceleration of M is always directed towards O, 
and is proportional to the distance of M from 0. The motion 
of M is therefore a simple harmonic motion. 

Formula (1) shows that when a; = a, that is, at A and A', the velocity of M 
is zero ; that when a;=o, that is^ at O, the velocity is greatest and equal to 
V; and that the velocity is less the greater the value of x, that is, the greater 
the distance of M from O. Again, formulae (3) and (4) show that at A and 
A' the acceleration is greatest, and equal to V^/a, —(J^a\ and that the 
acceleration at O is zero. 

The general character of the motion of M during a revolution of the point 
P in the circle will now be apparent. In the first quarter of the revolution, 
as P moves from A to B, M moves from A to O with a velocity which 
increases from zero to F, and with an acceleration which decreases from 
V^ja to zero. In the second quarter of the revolution, as P moves from B 
to A', M moves from O to A' with a velocity which falls from V to zero, 
and with an acceleration, opposite to that of the direction of motion, which 
increases from zero to V^ja. In the third quarter of the revolution, as P 
moves from A' to B', M moves back from A' to O with a motion which is 
e<][ual and opposite to the motion of M in the second quarter ; and in the 
last quarter, as P moves from B' to A, M moves from O to A with a motion 
which is equal and opposite to the motipn of M in the first quarter. 
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(Jor. 1. Let a point M be executing a simple harmonic motion 
in a straight line with an acceleration equal to 'nP' x distance of 
moving point from a fixed point in the line, and let a be the 
greatest distance oi the moving point from the fixed point. 
Let a circle be described with the fixed point as centre, and 
with a as radius. Then the motion of M is the same as the 
motion of the projection on the straight line of a point P which 
moves in the circumference of this circle with uniform angular 
velocity about the centre equal to n. 

For by the above proposition the projection of P upon the 
straight line moves in that line with a simple harmonic motion, 
the acceleration at any distance x from the centre of the ciicle 
being, by formula (4), equal to nh^. Hence the motion of the 
projection of P is the same as the motion of M. 

Cor. 2. If a mass is executing simple harmonic vibrations, 
the force causing the motion will be found for a given position 
by multiplying the mass by the acceleration in that position. 
Hence the force must vary as the distance from the mean 
position. 

176. Displacement, Amplitude, Period, Epoch, 
and Phase of a Simple Harmonic Motion. 

Let a point M be executing a simple harmonic motion in the 
straight line AA', and let be the middle point of AA'. (See 
figure, page 291.) Then is called the mean position of the 
moving point. Let the acceleration of M in any position be 
n^ X distance from the mean position ; then the motion of M is 
the same as the motion of the projection of a point P describing 
the circle on AA' as diameter with uniform angular velocity 
n. 

Certain terms, defined as follows, are used in the considera- 
tion of the motion of M : — 

Def. The displacement of M in any position is the distance of 
M from the mean position, that is, the distance OM. 

It is convenient to distinguish between the two directions in 
which the point M may be displaced from by using the terms 
positive and negative with the corresponding signs + and -. 
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We shall suppose that the direction from to A is chosen as 
the direction of positive displacement. 

Def. The amplitude of a simple harmonic W/Otion is the greatest 
displacement on either side of the mean position, that is, the 
distance OA or OA, 

Def. The period of a simple harmwrnc motion is the interval 
of time in which the moving point passes from one extremity 
of its range to the other, and back agaii^to the first extremity. 

This time, which is also called the periodic time, or the tim>e 
of a complete oscillation, or the time of a complete vibration, is 
equal to the time of revolution of P in the circle ABA'B'. 

The position of the moving point M will be known when the 
corresponding position of the point P is known. The position 
of P at a given instant may be specified in terms of (i) the time 
that has elapsed between a certain fixed point of time and the 
given instant, and (ii) the position of P at the fixed point of 
time. Calling this fixed point of time the zero of time, let C 
be the position of the moving point P at this zero, and let t 
denote the time that elapses while the point moves from C to 
P (see figure). Then the position of the moving point M will 
be known when the time t and the angle AOC (or the time of 
describing it) are known. The angle AOC is called the epoch 
in angle, and the time of describing it the epoch in time. The 
time during which the moving point M passed from A to M 
is called the phase of the motion at the time /. Hence the 
following definitions: — 

Def. The epoch in time of a simple harmonic motion is the 
interval of time during which the moving point passes from its 
position of greatest displacement in the positive direction to 
its position at the zero of time. The epoch in angle, measured 
in radiants, is a fraction of 27r whose numerator is the epoch in 
time and whose denominator is the periodic time. 

Def. The phase of a simple harmonic motion at any given 
instant is the time during which the moving point moved from 
its position of greatest displacement in the positive direction to 
its position at the given instant, this time being expressed as a 
fraction of the periodic time. 
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177. Formulae for the Periodic Time and for the 
Displacement. 

Let T be the periodic time, j8 the epoch in angle, measured 
in radians, a the amplitude, and x the displacement at time t of 
a point describing a simple harmonic motion with acceleration 
equal to ?i^ x displacement. 

Then T=2irln (1). 

and a; = a cos (ti^ 4- j8) (2). 

For, by Cor. 1, Art. 175, the periodic time is equal to the time 
of revolution of a point describing the circumference of a circle 
with uniform angular velocity about the centre equal to n, and 
is therefore (Art. 170) equal to 27r//?. Hence the periodic time is 
independent of the amplUvde, 

Taking the figure of page 291, the displacement when the 
moving point is at M is OM. Therefore 

a;=OM, = OPcosMOP, 
= OA cos (COP -f AOC), 
= a cos {nt + P), 

the angle AOC being the epoch in angle, jS, and the angle 
COP being the angle described by the revolving radius OP in 
time t with angular velocity n, or nt radians. 

If the epoch is zero, that is, if the time / is measured from 
the instant wher the moving point is at A, then 

x = a cos nty 

2'n't ,«. 

= a cos -7p (3). 

by formula (1) above. 

The discussion of S. H. motion derives its importance from the appli- 
cation of the results to many questions in physics. We shall see in Section 
II. of this chapter that the motion of particles of air in a tube along which 
an aerial pulse is travelling consists of simple harmonic vibrations of small 
amplitude through their mean positions. 

EXAMPLEa 

1. A point is executing simple harmonic vibrations with an amplitude of 
1/100 of a foot, the number of complete vibrations in one second being 200. 
Find— 

(!) the velocity at the mean position ; 
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(ii) the velocity at a point midway between the centre and an extreme 

point; 
(iii) the acceleration at an extreme point ; 

(iv) the acceleration at a point midway between the centre and an 
extreme point. 
Here a =1/100, T= 1/200, n = 2ir/^, =400ir. 

Hence the motion is the same as the motion of the projection on a diameter 
of a point describing a circle, radius 1/100 of a foot, with uniform angular 
velocity 4007r radians per second about the centre. 

(i) The velocity at the mean position, by formula (2), Art. 175, 

= aji, =(1/100). 400ir, 
= 4ir f t./sec. 

(ii) The velocity at a point midway between the centre and an extreme 
position, by same formula, 

=w^/a^^^^ = 400ir V(l/100)'» - (l/200)» 
= 2irV3 ft./sea 

(iii) The acceleration at an extreme point, by formula (5), Art. 175, 

= 4ir2 a|T^ = iir^ . (1/100) -f- (1/200)2, 
= 16007r*ft./8ec2 

(iv) The acceleration at a point midway between the centre and an ex- 
treme point, is half the result in (iii), since the displacement is 
halved, that is, is SOOtt^ ft./sec.^ 
2. The amplitude of a simple harmonic vibration is 6 feet, and the period 
is 4 seconds. How long does the moving point take to go from a point 
3 feet on one side to a point 3 feet on the other side of the mean position, 
and what are the velocity and acceleration at either of these points? 

Draw a line A A' to represent a length of 6 feet, and take O its middle 

point. Let Mi and M2 be the middle 
points of OA and OA' respectively ; and 
on AA' describe a circle. Take AA' to 
represent the line in which the point is 
executing vibrations, so that the motion of 
^ the point in AA' is the same as the mo- 
tion of the projection on AA' of a point 
describing the circle uniformly in the same 
time. 

The time taken by the point moving 

in AA' to go from Mi to Ma is equal to 

the time taken by the point moving in 

the circle to go from the point Pi to P2. But since OMi is 3 feet, and OPi, 

= A, is 6 feet, therefore the angle MiOPi is an angle of 60°. Similarly 

the angle M2OP2 is 60° ; and therefore the angle P1OP2 is 60°. Since this 
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angle is one-sixth of 4 right angles, the time taken by the point moving 
in the circle to move from Pi to Pa is one-sixth of the time of revolution, 
that is, is 2/3 of a second. This, therefore, is the time taken by the point 
moving in AA' to go from Mi to M2. 

The angular velocity of the point moving in the circle is 27r/4, =7r/2 
radians per second. Hence the velocity at Mi or Mj is, by formula (2), Art. 
175, _ 

= (7r/2) \/¥^^, =(ir/2)V27, 

= 37rV3/2 ft/sec. 

Also the acceleration at either of these points is, bv formula (5), Art. 175, 

= 4ir2.3/16, 
= 37r2/4 ft./sec2 

3. A point is executing S.H. vibrations with an amplitude of 1/10 of a 
foot, and a period of 1/50 of a second. Find (i) the velocity at the mean 
position ; (ii) the velocity at a point 1/30 of a foot from the mean position ; 
(iii) the acceleration at an extreme point ; (iv) the acceleration at a point 
1/40 of a foot from the mean position. 

Ans. (i) IOtt ft/sec. (ii) 207rV273 ft./seo. (iii) lOOOii^ ft./sec.2 

(iv) 2507r2ft./sec.2 

4. A particle, whose mass is 1/2 of an ounce, is performing S.H. vibra- 
tions with an amplitude of 1/100 of a foot, and a period of 1/256 of a 
second. Find in Ibwt. (i) the greatest force on the particle ; (ii) the force 
at a distance of 1/300 of a foot from the mean position. [Take ir*=10.] 

Ans. (i) 25-6. ^'i) 8-53. 

5. A point is performing S.H. vibrations in a period of T seconds. If 
V denote the velocity (in feet per second) of the point at its mean position, 
show that at a time t seconds after passing through the mean position — 

(i) the displacement is (FT/2ir) . cos (2irtlT); 
(ii) the velocity is V . sin (27r«/r); 
(iii) the acceleration is (2irF/r) . cos {^Trt/T). 

Section II.— AERIAL WAVES. 

178. Propagation of an Aerial Wave in a Straight 
Tube. 

Let a piston be fitted into one of the ends of a long straight 
tube which contains air, and let it be kept moving rapidly for- 
wards and backwards in the tube through a very small distance. 
We shall suppose that each complete vibration is performed in 
the same time, and that the amplitude of each vibration is the 
same. 
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This motion of the piston will cause the air which is imme- 
diately in front of it to be alternately compressed and rarefied. 
While this air is being compressed, it compresses the air in 
front of it, and the latter in like manner produces the same 
effect on the next portion of air; and so on. Thus, while the 
piston is moving forwards a disturbance passes through the air 
in a certain length of the tube, in consequence of which this air 
is in a state of condensation. While the piston is moving back- 
wards the disturbance produced in the forward motion of the 
piston continues to pass through the air in the tube, and in the 
same time the air which at the end of the forward motion of 
the piston was in a state of compression now becomes rarefied. 
Thus, at the end of a complete vibration of the piston forwards 
and backwards in the tube, the air in a certain length of the 
tube in front of the piston is in a state of rarefaction, and the 
air in an equal length of the tube in front of this rarefied air 
is in a state of compression. The lengths of these rarefied and 
compressed portions of air will be very great compared with 
the distance through which the piston is vibrating. 

The condensation and rarefaction produced during any vibra- 
tion of the piston will continue during the subsequent vibrations 
to travel with uniform velocity along the tube, and will be 
followed by the condensations and rarefactions produced by 
these vibrations. Thus the following effects will be produced 
by the vibrations of the piston : — 

(i) The air in a given part of the tvhe will in successive equal 
intervals of time be alternately compressed and rarefied. 

(ii) The air in the whole length of the tube will at a given 
instant of time be divided up into portions of equal lengths 
which are alternately in a state of condensation and in a state 
of rarefaction. 

The same effects would be produced in the air in a tube by 
simply holding a vibrating .tuning-fork with one of its prongs 
close to an open end of the tube. This is illustrated in the 
accompanying figure, in which a is the mean position of the 
vibrating prong, a' the position in which it is nearest to the 
tube, and a" the position in which it is farthest from the tube. 
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While the prong is moving forwards from a" to a' the air in 
the mouth of the tube is compressed, and while the prong is 
moving backwards from a' to a" this air is rarefied, the conden- 
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sations and rarefactions so produced following each other along 
the tube. 

The figure represents the state of the air in successive por- 
tions of the tube at the instant when the vibrating prong is in 
its mean position and approaching the tube. In those parts of 
the tube in which the shading is darker the air is in a state of 
condensation, and in those in which the shading is lighter the 
air is in a state of rarefaction, the density of air being greatest 
at the middle point of a condensed portion of the air and least 
at the middle point of a rarefied portion. 

The condensation and rarefaction in two adjacent portions of 
the air in the tube form an (wM wave. Each complete vibration 
of the tuning-fork will give rise to an aerial wave, which will 
be propagated along the tube with a velocity of about 1100 
feet per second. 

When aerial waves enter the ear, they produce vibrations in 
the drum of the ear, and a sawnd is heard. The figure may 
therefore be taken to be a representation of the state of air (with 
respect to density) in a tube along which waves of sound are 
travelling. 

179. Motion of the Particles of Air constituting 
an Aerial Wave. 

Let us imagine that there is placed at any point in the tube 
a very light thin disc, which is capable of moving freely to and 
fro in the tube; and let us consider how this disc will move 
when a wave of condensation and rarefaction passes it. 

While the condensation is passing the disc the pressure of 
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the air behind the disc ia greater than the pressure of the air 
in front of it, and in consequence the disc moves forwards in 
the tube through a very small distance. On the other hand, 
while the rarefaction is passing the disc the pressure of the air 
behind the disc is less than the pressure of the air in front of 
it, and in consequence the disc moves back again in the tube. 
Hence during the passage of the wave of condensation and 
rarefaction the disc performs a complete vibration of small 
amplitude forwards and backwards in the tube. 

Now consider at any point of the tube a very thin layer of 
air, bounded by two planes perpendicular to the length of the 
tube and very close together. This layer of air will move in 
the tube during the passage of an aerial wave in nearly the 
same way as if it were a solid disc. Hence while a wave of 
condensation and rarefaction is passing a given point of the 
tube, the particles in a thin layer of air at that point make a 
complete vibration of small amplitude forwards and backwards 
in the tube. It is proved in the mathematical theory that the 
motion of each particle of air is a simple harmonic motion 
about its mean position. 

The student must carefully distinguish between the motiou of the ware 
and the motion of the particles of air constituting the wave. A particle of 
air oscillates to and fro in the tube through a very small distance on either 
side of its mean position, the amplitude depending on the amplitude of the 
vibrating tuning-fork. This may be only a very small fraction of an inch. 
The motion of the particles of air at a given part of the tube produce con- 
densations and rarefactions, which are propagated along the tube, the pro- 
pagation of these states or conditions of the air (with respect to density) 
forming the essential part of the motion of an aerial wave. 

The velocity with which a wave travels along the tube is found both by 
theory and from experiment to be independent of the amplitude of vibration 
of the particles of air. It depends on the ratio of the pressure of air in the 
tube to the density, and is therefore constant for a constant temperature. 
It is about 1120 feet per second at the temperature of 60° F., and increases 
with the temperature. This is therefore the velocity with which waves of 
sound travel through the air at the temperature of 60** F. 

The intensity or loudness of a sound depends on the amplitude of the 
vibrating particles of air in the sound waves. 

WTien the vibrating body, e.g. the vibrating tuning-fork, from which 
sound waves proceed, is making the same number of vibrations per second, 
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the same number of sound waves would enter the ear in each second, and a 
musical note would be heard. The pitch of the note depends on the number 
of vibrations per second which the sounding body is performing. 

In this and the preceding article we have described the characteristics of 
aerial waves, which differ essentially from water waves, waves of light, &c. 

180. Wave Length of an Aerial Wave. 

The sum of the lengths of the condensed portion and the 
rarefied portion of an aerial wave is called the length of the 
wave. It is evidently equal to the distance from the centre of 
one condensation (or rarefaction) to the centre of the next 
condensation (or rarefaction). 

It follows from the preceding articles that the wave length 
is the distance through which the front of the wave travels 
during the time of one complete vibration of a particle of the 
air. 

Let V denote the velocity of propagation of the wave, T the 

time of vibration of a particle of air, and \ the length of the 

wave. Then, since the front of the wave travels with uniform 

velocity v^ it follows that in time T it travels over the distance 

vT, 

Hence A. = vT. 

The velocity v is constant as long as the temperature is con- 
stant. The time T is equal to the time of a complete vibration 
of the body, a tuning-fork suppose, whose motion gives rise to 
the wave. 

Thus, for example, if a tuning-fork is making 256 vibrations per second, 
then T is 1/256 of a second. Taking v to be 1120 feet per second, the 
length of the waves of sound produced by the vibrations of the tuning-fork 
will be 1120/266 feet, that is, about 4^ feet 

181. Geometrical Representation of the Motion of 
the Particles of Air in an Aerial Wave. 

The motion of the particles of aii* in an aerial wave may 
be represented graphically in the following way. 

Take AA^ to represent a length of the tube in which the 
r.ir at a given instant of time is in a state of condensation. 
Then KK^ is half a wave length. The condensation will be 
greatest at C, the middle point of AAp and for other points 
in AAj will be less the greater the distance from C. Now the 
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degree of condensation at any point depends on the displace- 
ment of the vibrating particles of air at that point from their 
mean positions, the condensation being greatest where the 
displacement of the particles is greatest and least where the 
displacement is least. Thus at A and A^ the particles of air 

will be in their mean posi- 

^ J -?-^^^ tions, at C the particles 

i^ i j) ^^, — • — will be at their positions 

— > of greatest displacement 

in advance of their mean 
positions, and at D and D^ the particles will be in a posi- 
tion intermediate between their mean positions and their 
positions of maximum displacement. If we now suppose that 
a perpendicular is erected at each point in AAj, and that the 
lengths of the perpendiculars are made proportional to the 
displacements of the vibrating particles from their mean 
positions, the extremities of these perpendiculars will be points 
of a curve AD\ C'D'A^. This curve will therefore represent 
graphically the displacements of the vibrating particles of air 
at all points in a condensed part of an aerial wave. 

The student must bear in mind that while the wave length of an aerial 
wave may be a certain number of feet, the maximum displacement of a 
vibrating particle of air is in general a very small fraction of an inch. Thus 
CC will in general be very small compared with AAi. 

In the same way we may draw a curve which shall represent 
graphically the displacements of the vibrating particles of air 
in the rarefied part of a wave. 

The accompanying figure is a graphical representation of the 
displacements of the particles of air in a complete wave. AA^ 




represents the part of a wave in which the air is in a state of 
rarefaction, and A^Ag the part in which the air is in a state of 
condensation. As indicated by the arrow-heads, the particles 
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of air in AA^ are displaced backwards from their mean positions, 
while those in A^Ag are displaced forwards from their mean 
positions. The displacements of the particles of air in AAj are 
represented by perpendiculars drawn downwards from AAj, 
and the displacements of the particles in A^Ag are represented 
by perpendiculars drawn upwards from A^Ag. The ends of 
the perpendiculars form the curve AE'A^C'Ag, which represents 
graphically the displacements of the particles at the different 
points of a complete aerial wave. 

Let a denote the amplitude of the vibrating particles of air, and T the 

time of a complete vibration. Let z denote the displacement of any particle 

at the t, this time being measured from the instant when the particle last 

passed through its mean position in the forward direction. Then, assuming 

that the motion of the particle is a simple harmonic motion, it follows from 

Art. 177 that 

z=a sin {2irtlT), 

Since \=vT {Art. 179), 

the formula for z may be written in the form 

z=asm(2irvtl\). 

For a given value of t, the particle will be in advance of or behind its mean 
position according as the value of z given by this formula is positive or 
negative. 

182. Interference of Aerial Waves. 

Let two aerial waves of equal wave lengths be travelling 
respectively in two tubes A and B, w^hich open into a third 
tube C. 

If the waves from A and B enter C in the same phase, so 
that the condensation of one coincides exactly with the con- 
densation of the other, and the rarefaction of one with the rare- 
faction of the other, they will combine to form in C a wave, 
in which the amplitude of the vibrating particles of air will be 
the sum of the amplitudes of the vibrating particles in the 
component waves. 

But if the waves from A and B enter C in opposite phases, 
so that the condensation of one coincides exactly with the 
rarefaction of the other, they will form in C a wave, in which 
the amplitude of the vibrating particles will be the difference 
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of the amplitudes of vibration in the component waves. And 
if the phases differ by less than half the time of a complete 
vibration of a particle of air in either of the waves, the two 
component waves will form in C a wave, in which the ampli- 
tude of the vibrating particles will be less than the sum, and 
greater than the difference, of the amplitudes of the vibrating 
particles in the component waves. These are simple cases of 
the phenomenon of interference of two aerial waves. 

The phenomenon of interference of aerial waves is illustrated 
in the following experiment: — A vibrating tuning-fork is held 
close to one end A of a tube, divided near that end into two 
branches which join each other again near the other end B of 
the tube. Thus the waves of sound which proceed from the 
tuning-fork enter the tube and travel along the two branches. 
If the lengths of the two branches are the same, the waves 
which travel along the two branches will be in the same phase 
at the junction B of the two branches. But if the lengths differ 
by half a wave length, the waves from the two branches will 
meet each other in opposite phases. Now it is found that 
when the two branches are of the same length, the sound 
which issues from the end B of the tube is of much greater 
intensity than the sound that is heard when the vibrations of 
the tuning-fork pass directly from the tuning-fork to the ear. 
On the other hand, the more and more nearly do the lengths 
of the two branches of the tube differ by half a wave length, 
the more and more feeble is the sound that is heard to issue 
from the end B of the tube. This shows clearly that the more 
nearly two waves which meet each other are in opposite phases, 
the more nearly do the waves destroy each other. 

The result of the interference of two aerial waves may be deduced from 
the formula of Art. 1 81 for the displacement of a particle of air in an ae^al 
wave. 

For when two waves meet each other, the displacement of any particle 
of air from its mean position will be the sum of the separate displacements 
due to the component waves. 

Taking the case in which the waves proceed from the same vibrating 
body, let a denote the amplitude of vibration, and T the time of vibration 
of the vibrating particles of air in either of the component waves. Also 
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let e denote the difference of phase of the two waves when they meet each 

other. Then if t denotes the time meaeured from the instant when the 
disturbance due to the wave which is in advance of the other first reached 
a given particle, the reaultant displacement of that particle at time ( will 
be 

= asin{2ir(/T) + asin^2x(i-eV77(Art.l81) 
= 2a8in{2»(l-ie)/2'].cos{re/T) (by trigonometry). 
If e^O, that is, if the waves are in the same phase, cas(T</7)-l, and the 
diBplftcement is 2a sin(2irt/7'). This shows that the resultant displacement 
will be double the displacement due to one of the component waves. Hence 
in the resultant wave the amplitude of vibration is double the amplitude of 
vibration in one of the component waves. 

If e- 7/2. that is, if the waves are in opposite phases, cnSTe/7',^cosir/2, 
= 0, and the resultant displacement is zero for all values of (■ Hence the 
two waves destroy each other. 



CHAPTER XIX. 

HYDROSTATIC AND PNEUMATIC APPLIANCES. 

Air-Pumps, Arts. 183 to 186. 

183. The Single -barrelled Air-pump. 
The air-pump is used for withdrawing the air from a closed 
vessel. 
The accompanying figure represents a single-barrelled pump. 



The vessel E, called the receiver, from which the air is to be 
withdrawn, is placed mouth downwards on a metal plate in 
the centre of which is a small aperture P. From this aperture 
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a passage, opening by a valve at S', leads into the barrel BB of 
the pump. In the barrel a piston, fitted at S with a valve which 
opens upwards, works air-tight. The barrel is not closed at 
the top, so that the space above the piston always contains air 
at atmospheric pressure. 

Suppose the piston is being raised from the bottom of the 
cylinder. The valve S in the piston will be closed by the outside 
atmospheric pressure, and at the same time the valve S' will be 
opened by the pressure of the air in the passage PS'. Thus 
on the upward stroke of the piston the pressure of air in the 
receiver and the passage PS' will force some air into the barrel 
of the pump. 

On the downward stroke of the piston the volume of air 
under the piston will be reduced, so that the pressure of this 
air will increase, and will soon exceed the pressure of air in the 
receiver. The valve S' will then close, and the pressure of air 
in SS' will increase until it exceeds the atmospheric pressure. 
When this stage has been arrived at the valve S in the piston 
will open upwards, and the air in SS' will escape through this 
valve into the outer atmosphere. 

Thus in an upward stroke of the piston the barrel will be 
filled with air from the receiver, and in the succeeding down- 
ward stroke this air will escape. The air in the receiver will 
thus become more and more rarefied, and there is theoretically 
no limit to the degree of exhaustion that may be arrived at. 
In practice it is found that, due to the imperfections of the 
machine, the rarefaction soon reaches a certain limit, which 
cannot be passed by continuing to work the pump. 

In some machines the valve S' is in the form of a narrow slit covered by 
a flap of silk. When the pressure of the air on the upper surface of the 
flap exceeds the pressure on the lower surface, the silk is pressed closely on 
the slit, and thus prevents the passage of air. When the pressure on the 
under surface is the greater, the flap is raised and air passes freely through 
the slit. In the machine shown in the figure the valve S' is a metal stopper, 
which by a mechanical arrangement is raised and lowered along with the 
piston. 

In the figure K is a stop-cock, by turning which air can be readmitted 
into the receiver. 
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A merturiol gauge F serves to indicate the degree uf exhaustion that baa 
been attiuned at any time, llie gauge difieia from a sipbon barometer only 
in the shorter len^h of the closed branch. The open branch is in commohi- 
cation with the reefer, and before the pump is worked the closed branch 
is full of mercury. When the pump is worked the pressure of air in the 
receiver is reduced ; and when tbe preseuie falls below that due to a culunm 
of mercury whose length is equal to the height of the cloaed branch above 
the surface of meroury in the open branch of the gauge, the mercury will 
fall in the closed branch and rise in the open branch. After thia stage in 
tbe eibauitioD has been passed, the difference of the heights of the mercury 
in the two brandies is a measare of the pressure of air in the receiver. 

184. The Double-barrelled Air-pump. 

The single-barrelled air-pump has two defects, (i) During the 
downward stroke of 
the piston no air 
ia being withdrawn 
from the receiver, 
(ii) During the up- 
ward stroke work is 
being done against 
the resultant down- 
ward pressure of air 
on the piston. This 
resultant is the ex- 
cess of the down- 
ward pressure of the 
atmosphere on the 
upper surface of the 
piston above the up- 
ward pressure of the 
air in the barrel on 
the under surface. 
As the exhaustion 
proceeds the pres- 
sure of the air in the 
barrel diminishes, 

and therefore the pump becomes harder to work the greater 
the degree of rarefaction in the receiver. 

The first defect is completely remedied in the double-barrelled 
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air-pump, in which there are two barrels fitted each with a 
piston, and both in communication with the receiver. The 
pistons are worked up and down by the same lever, one piston 
ascending while the other is descending. By this arrangement 
there is no idle stroke, and air is withdrawn continuously from 
the receiver. 

The other defect of the single-barrelled pump is also remedied 
in the double-barrelled pump. For while the pressure of the 
atmosphere resists the upward motion of the ascending piston, 
it at the same time assists the downward motion of the des- 
cending piston. It follows therefore that, on the whole, no 
work is done against atmospheric pressure when the pump is 
worked. 

It is easily seen, however, that at no part of the stroke in a 
double-barrelled pump will the pressure of air in the two barrels 
be the same. For the air under the descending piston is being 
compressed, and as the piston descends the pressure of this air 
increases until it becomes equal to the atmospheric pressure. 
At the same time the air under the ascending piston is becom- 
ing more rarefied, so that its pressure becomes less as the piston 
ascends. Hence the upward pressure resisting the motion of 
the descending piston in one barrel is always greater than the 
upward pressure assisting the motion of the ascending piston 
in the other barrel. A certain force is required, therefore, to 
work the pump. 

185. Rate of Exhaustion. 

It is easy to compare the density of air in the receiver after 
a given number of strokes of the piston with the original density. 

Let V denote the volume of the barrel, and V the volume 
of the receiver. 

When the piston is raised, the air which at first occupied 
the receiver now occupies the receiver and barrel. If then p^ 
denotes the original density of air in the receiver, and p^ the 
density after one stroke, it follows (Art. 23) that 

from which Pi = Po^'/ (^+ H 

= kpQ, where k =r I {F+F'). 
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Similarly, if pg denote the density at the end of the second 
stroke ^2 = ^/Oj, = k'^pQ^ 

In general, if p^ denote the density after the nth stroke 

= P,V'-I{V+V')\ 

Also, since by Boyle's law the pressure varies as the density, 
we get 

where p^ is the original pressure of air in the receiver, and j9„ is 
the pressure after n strokes. 

The student will notice that the word "stroke" in this 
article means a complete stroke in a single-barrelled pump, 
and half a complete stroke in a double-barrelled pump. 

Ex. 1. If the pressure of air in a receiver is reduced to one-third of the 
atmospheric pressure in 4 strokes, to what would it be reduced in 6 strokes? 

Here p^ the original pressure, is the atmospheric pressure. Denote this 
by the number 1, and let h denote the fraction V'l(V-\- V), Then since 
after 4 strokes the pressure is reduced to 1/3, we get A;^ = l/3,.and therefore 

P^l/V3. 

Hence the pressure after 6 strokes 

=^, =(1:2)8, =(1/V3)8, 

1 V3 1*732 19 , 

= 3V3-^'=-9-"l00°'"^y- 

Hence the pressure after 6 strokes would be 19/100 of the atmospheric 
pressure. 

Ex. 2. — The receiver of a single-barrelled air-pump has five times the 
volume which the barrel has, and the length of the stroke of the piston is 
12 inches. Find how far the piston must descend after the third upward 
stroke before the valve in the piston will rise, the weight of the valve being 
neglected. 

Here F' = 5, F=l, 2>o=l atmosphere, and therefore 1)3, the pressure of air 
in the receiver and barrel after the third upward stroke, is (5/6)^ = 125/216 
of the atmospheric pressure. 

The valve will rise on the descent of the piston after the third stroke 
when the pressure of air under the piston becomes equal to the atmospheric 
pressure. Let x represent the distance through which the piston must fall 
before the valve rises. The volume of air in the barrel before the piston 
descendu is measured by 12, and the volume when the value rises by 12 - x. 
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The corresponding pressures are measured by 125/216 and 1. Hence by 

Boyle's law 

125/216 = (12 -a;)/12. 

Solving this equation, we find that x^ the required distance, is 5^^ inches. 

186. The Condenser. 

The compression pump or condenser is a machine for forcing 
air or other gas into a closed vessel. 

The condenser is an air-pump in which the valves are made 
to open inwards instead of outwards, so that at every stroke of 
the piston the air is forced 
into the receiver. 

The accompanying figure 
shows the arrangement of 
parts in a condenser. At a 
point in the side of the cylin- 
der in which the piston 
works there is a valve a 
opening inwards, and at the 
bottom of the cylinder there 
is a valve h which opens into 
the receiver. During the 
upward stroke of the piston 
the pressure of air in the 
receiver closes the valve 5, 
and the atmospheric pres- 
sure opens the valve a, so 
that when the upward stroke 
is completed the cylinder 
contains air at atmospheric 
pressure. On the down- 
ward stroke the pressure of 
air in the cylinder closes the 
valve a and opens the valve 
5, so that the air in the cylin- 
der is forced into the re- 
ceiver, it is evident that in each complete stroke there is 
forced into the receiver the same quantity of air, viz. the quan- 
tity required to fill the cylinder at atmospheric pressure. 
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By putting the cylinder in commmiication at a with the gas 
in a closed vessel — -the vessel shown on the left in the figure — 
the gas in the vessel will ho forced by the condenser into the 
receiver. 

Pumps for Water, Arts. 1S7 to 189. 

187. The Common or Suction Pump. 

In the common pump a piston FG, containing a valve 
opening upwards, worts air-tight in a cylinder ABCD, at the 
lower part of which is an apertui'e fitted with a valve E, 
which opens upwards. From this aperture a pipe £K leads 
down to water in the well, the end K of the pipe dipping below 
the surface PQ of the water. 

When the piston FG is drawn upwards the pressure of the 
atmosphere on the valve of the piston will close that valve 
and a vacuum will be left below the pis- 
ton. The pressure of the air in the pipe 
EK will therefore open the valve E. Thus 
the air will flow from the pipe EK into the 
apace below the piston, and the air which - 
at first occupied the volume of the pipe 
EK, will, when the piston is at its highest 
point, occupy the volume of the pipe EK 
and of the space DCGF. The pressure of 
the air in the pipe EK will thus be reduced 
below the atmospheric pressure, and con- 
sequently the atmospheric pressure on the 
surface PQ of the well will force some water 
up the pipe EK. When the piston descends, 
the valve E will close, while the valve in the 
piston will open and allow the escape of the 
air in the space DCGF. ~ 

On continuing to work the pump the pressure of air in the 
pipe EK will become less and less, and the water in that pi])e 
will rise higher and higher until it rises to E. So far the 
pump acts virtually as an air-pump. On still continuing to 
work the pump, the water will flow through the valve E on 
the upward stroke uf the piston, will be forced upwards into 



318 

the space FGAB through the valve in the piston on the 
downward stroke, and will issue from an aperture H in the 
side of the cylinder. 

Since it is the pressure of the atmosphere which forces the 
water up the pipe KE into the cylinder, it is evident that the 
depth of the surface PQ of the well below DC must not be 
^eater than the height of the water barometer. 
Force necessary to work the Pump. 
Let A denote the area of the piston in square feet, h the 
height of the coluram of water GH above it in feet, and h' the 
height of the column of water GK below it. Then the force 
necessary to work the pump 

= force downwards on piston - force upwards 
= atmospheric pressure on piston + Awh 

— (atmospheric pressure on piston - AwA') 
= Auj (A + A'), 
«j being the weight of a cubic foot of water. 

This result shows that the force required to work the pump 
is equal to the weight of a column of water, whose sectional 
area is equal to the area of the piston, and 
whose height is equal to the height of the 
aperture H above the surface PQ of water 
in the well. 

188. The Force Pump. 
In this pump a solid piston FG works in 
a closed cylinder ABCD, between the limits 
B and K. The aperture H through which 
the water issues is below the point K, and 
is fitted with a valve which opens outwards. 
In other respects this pump does not differ 
from the common pump. 

The explanation of the working of the 
pump is similar to that given of the work- 
ing of the common pump. After the pump 
has been worked for some time the pressure of the at- 
mosphere forces the water up the pipe LE to the valve E. 
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If the piston is now raised the water will rise into the 
cyliiidei- DCGF, and on the downward stroke of the piston 
the valve E closes, the valve H opens, and the water in DCGF 
is forced up the pipe ES. The valve H serves the purpose of 
preventing the return of the watei' in the pipe ES to the 
cylinder of the pump when the piston is on the upward 
stroke. 

189. The Fire-Engine. 

In the fire-engine two forcing pumps force water into a 
reservoir, the upper part of which, called the air- 



cbamber, contains compressed air. The pressure of this air 
acting on the surface of the water in the reservoir gives a 
steady flow of water through the outlet pipe which dips under 
the surface of the water. The pipe supplying the water to the 
machine ia attached to a water main. This pipe is not shown 
in the figure, 

190. The Siphon. 

The siphon consists of a bent tube open at both ends. It is 
used for withdrawing the liquid from a vessel, as shown in the 
accompanying figure. 

In order to transfer liquid by means of the siphon, the tube 



HTDROSTATlCa A 



5 PKieilHATtCS. 



18 first filled with the liquid, and the ends are then closed. 
One end of the tube is held below the surface of the liquid in 
the vessel, the other end being outside the vessel If the 



latter end of the tube is at a lower level than the surface of 
the liquid in the vessel, on opening the ends of the tube the 
liquid will flow through the siphon, and will issue from the end 
of the tube which is outside the ves- 
sel. 

The siphon will continue to wort 
when the end of the tube outside the 
vessel is under the surface of liquid 
in another vessel, as in the accom- 
panying figure, as long as this surface 
is below the level of the surface of the liquid in the first vessel. 
Thus if mn and m'n' are the surfaces of the liquid in the two 
vessels respectively, the liquid will continue to flow through 
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the siphon dee, in the direction from (;? to e, as long as the level 
of mn is higher than the level of m'n'. 

The action of the siphon depends on the pressure of the 
atmosphere. Let us take a section of the tube at the highest 
point c, and let us consider the forces acting at c in the direc- 
tions ce and ccl when the ends d and e are opened. The pres- 
sure in the direction ce is the pressure of the atmosphere on 
the surface mn of the liquid, communicated through the 
liquid to c, less the weight of a column of the liquid whose 
height is equal to the height, h, of c above the surface mn. 
Also the pressure at c in the direction cd is the pressure of the 
atmosphere on the liquid at the end 6, communicated through 
the liquid to c, less the weight of a column of the liquid whose 
height is equal to the height, h', of c above the surface m'n\ 

If H denote the height of a barometer filled with the 
liquid, the pressure in the direction ce is due to a height H-h 
of the liquid, and in the direction ca that due to a height H - ^' 
of the liquid. Hence the pressure in the direction ce exceeds 
the pressure in the direction cd by that of a height H-A- 
(H - h') or h' -h of the liquid. Since h' is greater than A, the 
pressure in the direction ce is greater than the pressure in the 
direction cd. Hence the liquid at c will flow down the part ce, 
and the atmospheric pressure on mn will force liquid up the 
part dc to supply its place. A continuous stream will thus 
flow from d to e. 

The siphon will continue to work as long as h' is greater 
than h, that is, as long as the level m'n' is lower than the level 
mn. 

Also it is evident that the siphon will not work at all if h is 
greater than H, that is, if the height of c above mn is greater 
than the height of the barometer filled with the liquid. 

191. The Diving-bell. 

The diving-bell is a large vessel ABCD constructed of iron, 
closed at the top BC and at the sides AB and CD, but open at 
the bottom AD. 

When the bell is let down into water, the air in the bell will 
tend to exclude the water. At any depth below the surface 
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the air in the bell iB subject to the pressure of the water, and 
is therefore compressed. As the bell descends, the pressure of 
the water increaaes, and therefore by Boyle's law the volume 
of air in the bell becomes less. 
Let the bell be at such a 
depth that the level EF of the 
water in the bell is at a depth 
PQ below the surface. Then 
the air in the bell is under 
the pressure of the depth PQ 
of water plus the atmospheric 
pressure on the aurfaee of the 
water. If A denote the height 
of the water barometer, the 
air in the bell may be consid- 
ered to be under the pressure 
of a depth (PQ + A) of water. 

^^ ~ ~ Now before the bell was sunk in 

the water the air was under the pressure of a depth h of water. 
Hence by Boyle's law 

volume of air in bell at depth PQ _ h 

volume of the bell PQ + A' 

Ex.— A diving-bell, having a capacity of 126 cubic feet, is Bunk in ttlt 
water to a daptli of 100 feet. If the epeoifio graivity of salt water is 1-02, 
and the height of the water barometer is 34 feet, find the total quantity of 
air at atmospheric pressure required to fill the bell. 

At the depth of 100 feet in salt water the pressure is the sum of the at- 
mospheric pressure and the pressure due to the depth of water. Hence 
the presanre is that due to a depth of (34 -f- 1-02 x 100), -138 feet oi pare 
water. Hence the quantity of air thab fills the divitig-bell is that quantity 
of air which occupies a volume of 125 cubic feet at a pressure of 136 feet of 
pure water. 

It follows from Boyle's law that the same quantity of air would occupy 
at atraoapherio praasura, that is, the pressure due tu 3* feet of water, the 
Tolume 

180 X 125/34, -600 cubic feet. 

Hence the quantity of air which must be forced into the diving-bell in 
orJer to completely fill the bell would occupy at atmospberio pressure ft 
Tolume of GOO cabio (est. 
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EXAMPLES XXII. 
{The Answers are given on page 338.) 

1. The pressure of air in the receiver of an air-pump is a pressure of 30 
inches of mercury. After a few strokes it is 27 inches. What part of the 
original contents of the receiver has been withdrawn ? 

2. If the pressure of air in the receiver of an air-pump is reduced to 1/16 
of the atmospheric pressure in 4 strokes, to what pressure would it be re- 
duced in 6 strokes? 

3. A barometer is placed under the receiver of an air-pump, the mercury 
standing at 30 inches before the pump is worked. If 1 stroke of the pump 
brings it down to 20 inches, where will it stand after 3 strokes? 

4. The volume of the barrel of an air-pump is 1/8 of that of the re- 
ceiver, and the pressure of air in the latter is a pressure of 765*45 milli- 
metres of mercury. To what will this be reduced after 3 strokes of the 
pump? 

5. If the barometer stands at 29*7 inches, what will the mercurial gauge 
of an air-pump read when the quantity of air withdrawn is ten times as 
much as the quantity left in the receiver ? 

6. If each of the barrels of a double-barrelled air-pump has a volume of 
one-tenth of that of the receiver, what diminution of pressure will be pro- 
duced in the receiver after 4 strokes of the handle of the pump? 

7. In the common pump one foot of the length of the barrel of the pump 
holds a gallon of water, which may be taken to weigh 10 lbs. At each 
stroke the piston works through 8 inches, and the spout is 24 feet above the 
surface of the water in the well. How many foot-pounds of work are done 
in each stroke? 

8. By placing at the spout of a common pump a valve opening into a 
pipe, the pump is converted into a lift pump. If a lift pump is employed 
to raise water to a height of 200 feet, what force (in addition to its weight) 
will be required to lift the piston, the area of the piston being 100 square 
inches? [A cubic foot of water weighs 62^ lbs.] 

9. If the piston or plunger in the forcing pump has a cross section of 4 
square inches, and works 80 feet below a cistern, with what pressure must 
it be pushed down to force water into the cistern? 

10. A vessel containing water is being emptied by means of a siphon. 
What effect would be produced by making a small hole through the top of 
the siphon? 

li. Why is the flow in the common siphon more rapid — other circum- 
stances being the same — the greater the difference in the lengths of the 
legs? 

12. A cylindrical diving-bell, 7i feet high, is let down into water until 
its top is 7i feet below the surface of the water. To what height will the 
water rise in the bell, the water barometer standing at 34 feet? 
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13. A diving-l^ell, with a capacity of 200 cubic feet, rests on the bottom 
in water of 150 feet depth. If the height of the barometer is 29*5 inches, 
and the specific gravity of mercury 13*6, find how many cubic feet of air, at 
atmoapheric pressure, are required to fill the bell. 

14. A cylindrical diving-bell weighs 2 tons, and has an internal capacity 
of 200 cubic feet, while the volume of the material composing it is 20 cubic 
feet. The bell is made to sink by weights attached to it. At what depth 
may the weights be removed and the bell just not ascend — it being given 
that the mass of a cubic foot of water is 1000 ozs. and the height of the 
water barometer 33 feet? 



MISCELLANEOUS EXAMPLES. 

{The Answers are given on page 338.) 



1. Two vertical cylindrical vessels of the same size and communicating 
with each other at the bottom are filled with water to a height of two feet. 
Half the water in one is then removed and replaced by oil of specific grav- 
ity '7. Show how high the water will stand in each vessel when equilibrium 
has been restored. 

% A vessel with vertical sides has a horizontal base in the form of a 
square whose side is 1 inch. Find to what height the vessel must be filled 
with liquid in order that the resultant pressure on each vertical face may be 
equal to that on the base. 

3. A quantity of heavy liquid is at rest under the action of gravity, its 
surface extending over a considerable area. Show what you know regard- 
ing ^i) the form of the free surface ; (ii) the relation between the pressures 
in different directions at any point ; (iii) the magnitude of the pressure at 
different depths below the surface. 

How might the value of "^" in different latitudes be determined by 
means of a delicate pressure-gauge immersed to a constant depth, say 20 
feet, beneath the surface of still water? 

4. Two cylindrical vessels of the same diameter and with vertical sides 
contain quantities of water and mercury respectively which produces the 
same pressure on the base of each. If s denotes the specific gravity of mer- 
cury, compare the total pressures on the sides. 

5. What is the force tending to push out a cork of sectional area 6 square 
centimetres in the bottom of a vessel which contains layers of mercury, 
water, oil, of the respective depths 3, 3^, 4 centimetres, the densities being 
respectively 13*6, 1, *8 grammes per cubic centimetre? 

6. A cube whose side is 1 foot is held with its upper face horizontal at a 
depth of 1 foot below the surface of sulphuric acid, the height of the baro- 
meter being 30 inches. Determine in Ibwt. the pressures on the faces of the 
cube, taking atmospheric pressure into account. 

[A cubic foot of water weighs 1000 oz., and the specific gravities of mer- 
cury and sulphuric acid are 13*6 and 1*2 respectively.] 

7. Calculate the whole pressure on a cube just immersed in water, with 
two faces horizontal, its volume being 1000 cubic centimetres, taking account 
of atmospheric pressure which is that due to a depth of 1000 centimetres of 
water. 

8. Down one arm of a U-tube containing water is poured some olive oil. 
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and the free surfaces of the water and the oil are noticed to be 69 and 75 
centimetres respectively above the common surface. Turpentine is then 
poured into the other arm until its free surface is at the same level as the 
olive oil, and the depth of the turpentine is found to be 50 centimetres. 
Determine the densities with respect to water of olive oil and turpen- 
tine. 

9. A cubical box is filled with water, and is fitted with a lid ABCD con- 
sisting of a uniform square plate, whose weight is 2/3 of that of the contained 
water. If the box is held so that the lid is inclined at an angle of 45" to the 
vertical, and the hinge AB is horizontal and above CD, show that the lid is 
on the point of opening. 

10. A sphere whose internal diameter is 1 foot contains mercury which 
covers 3/4 of the vertical diameter. Find the stress across the horizontal 
plane passing through the centre of the square, assuming that a cubic inch 
of mercury weighs 3400 grains. 

11. A right cylindrical vessel of weight IF, the area of each of whose ends 
is Af has one of its ends open and the other closed, except for a tube of small 
bore a. Being placed with its open end on a smooth horizontal plane, water 
is poured in slowly through the tube in the top until the cylinder is full. A 
heavy piston, exactly filling the tube and capable of sliding freely through 
it is now gently inserted, and presses on the water. Find, in terms of W, 
Ay o, the greatest weight of the piston that the water may not force up the 
cylinder so as to escape below it. 

12. ABC is a triangle completely immersed in a liquid with the vertex C 
in the surface. Show how to divide the triangle into n parts by straight 
lines drawn through A, so that the pressure on each of the parts may be t^he 
same. 

13. A square is immersed in a liquid with a diagonal vertical, and its 
highest point half as deep only as its lowest point. Find the centre of 
pressure. 

14. A triangular area has one of its angular points on the surface of water, 
and its two other angular points at depths h and k respectively. Find the 
depth of the centre of pressure. 

15. Show that the depth below the surface of a liquid of the centre of 
pressure of a rectangle, two of whose sides are horizontal, and at depths a 
and b respectively, is 2(a^ + ab + ly^)IZ{a + h). 

16. A rectangle, height A, is immersed vertically in water with one side 
in the surface. If a triangle whose base is the lower horizontal side, and 
vertex the middle point of the side in the surface of the liquid, is cut out of 
the rectangle, find the centre of pressure of the remainder. 

17. On a vertical wall of a reservoir a circle, radius a, is described with 
its centre in the surface of the water. Find the centre of pressure of the 
part under water. [The distance of the centre of gravity of a semicircle^ 
radius a, from the centre is 4a/39r.] 

18. A bucket in the form of the part of a cone contained between two 
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planes perpendicular to the axis is 1 foot bigb, the radii of the top and bot- 
tom being 6 and 4 incbefl respectively. The bucket is placed with its base 
horizontal, and is then filled with water, the weight of a cubic foot of which 
is 1000 oz. Find (i) the whole pressure, (ii) the resultant pressure on its 
curved surface. 

19. A solid hemisphere whose radius is 3 inches is held under mercury 
with its base vertical and its centre 6 inches below the surface of the mer- 
cury. Assuming that the mass of a cubic inch of mercury is half a pound, 
determine in Ibwt. (i) the pressure on the base, (ii) the resultant pressure on 
curved surface. 

20. A hollow cone, whose vertical angle is a right angle, is held with its 
axis vertical and vertex downwards, and is filled with water. Find, in terms 
of A, the length of the axis, and w, the weight of unit volume of water, the 
resultant pressure of the water on either of the portions into which the 
curved surface is divided by a plane through the axis. 

21. A right circular cone, height h, radius of base r, i* filled with water, 
the weight of unit volume of which is w. It is then closed, and laid on a 
horizontal table with a generating line in contact with the table. Find (i) 
the resultant pressure on the base, (ii) the resultant vertical and horizontal 
pressures on the curved surface. 

22. A composition is made of two metals A and B, the specific gravities 
of which are Si and 8^. The composition weighs a ounces in air and b ounces 
in water. Show that the ratio of the volume of A to the volume of B is 
{».i{a - 6) - o} -f {a - «i(a - 6)}. 

23. The specific gravities of gold and silver are 19*4 and 10*5 respectively. 
An alloy of these metals weighs 979 ounces in vacuo, and 890 in water. 
Find the quantities of gold and silver in the alloy. 

24. The mass of a body A is thrice that of a body B, but their apparent 
weights in water are the same. Given that the specific gravity of A is 5; 3, 
determine the specific gravity of B. 

25. A cylinder, radius 5 centimetres, height 7 centimetres, and specific 
gravity 1*8, floats with its axis vertical in a liquid of specific gravity 2 '18 
contained in a cylindrical vessel of radius 9 centimetres. Find the height 
through which it must be raised in order to clear the Kquid, and show that 
the work done in the process is 617400 ir ergs. 

[Take 5f = 981 cm./sec.^]. 

26. A solid displaces 1/a, 1/6, 1/c of its volume respectively when it floats 
in three different liquids. Find the volume which it displaces when it 
floats in a mixture (i) of equal volumes of the liquids, (ii) of equal weights 
of the liquids. 

27. A body, weighing more than a kilogramme, is fastened to a spring- 
balance which is graduated up to a kilogramme weight only. When the 
body is immersed successively in a given liquid, in water, and in mercury, 
the tensions of the spring are 972, 984, and 228 grammes weight respectively. 
What is the specific gravity of the liquid, that of mercury being 13*6? 

863) X 
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28. Given the densities of two substances A and B relatively to a third 
substance C, show how to calculate the density of A relative to K 

It is found that when 9 grammes of wax are placed in a cage of platinum 
wire, of mass 5*25 grammes, the weight of the two in water is 4 grammes. 
Find the specific gravity of wax, that of platinum being 21. 

29. A uniform glass tube, whose length is 100 millimetres and internal 
and external radii 4 and 5 millimetres respectively, is closed at one end and 
floats vertically in water with 10 millimetres of its other end above the sur- 
face. Find the specific gravity of the glass. 

30. A, B, C are three balls of equal weight. A balances B and when 
all are suspended in a liquid of specific gravity Si ; B balances C and A in a 
liquid of specific gravity s^; C bsdances A and B in a liquid of specific 
gravity <8* Find the specific gravities of A, B, and C. 

31. A cylindrical lead pencil floats in water with 7/8 of its volume im- 
mersed. If the lead is a cylinder whose radius is 1/4 of that of the pencil, 
and the specific gravity of wood is *78, find the specific gravity of the lead. 

32. A vessel contains olive oil standing on the top of water, and a cylinder 
of wood, so loaded as to float upright, ^oats partly in the water and partly 
in the oil, no part of it being unimmersed. The length of the loaded 
cylinder is 4^ inches ; its specific gravity is *94 ; and the specific gravity 
of the oil is *82. What length of the cylinder will be immersed in the 
water ? 

33. A vessel contains layers of equal thickness h of three different liquids, 
which do not mix, and whose densities are in arithmetical progression. A 
cone, the length of whose axis is 3 A, floats in equilibrium (i) with its vertex 
downwards and its base in the upper surface, (ii) with its vertex upwards 
and its base in the surface between the second and third liquids. Show 
that the ratios of the densities of the cone and liquids are 31 : 30 : 33 : 36. 

34. A rod of cork, 8 inches long, and a rod of lignum vitse, 4 inches long, 
are joined together so as to form a rod of uniform small section. When the 
rod floats in water it is found to be capable of resting in equilibrium with 
part of the cork above the surface, and with its axis inclined at any angle 
to the vertical. Given that the specific gravity of cork is '24, find the 
specific gravity of lignum vitse. 

35. A cube (specific gravity 1*2) floats in a liquid whose specific gravity 
is 1 '3 with four faces vertical. Water is poured on till it just reaches the 
level of the upper surface of the cube. Find the centre of pressure of one 
of the vertical faces of the cube. 

36. A triangular lamina ABC, right-angled at C, floats in a liquid of 8/3 
of its own density, hinged freely at C to a point fixed below the surface, and 
with AB entirely out of the liquid. If CA makes an angle of 30" with the 
horizon, and CB is bisected by the surface of the liquid, prove that the 
lengths of CA and CB are to one another as 2 : V3. 

37. ABCD is a lamina in the form of a parallelogram, in which the angle 
BAD = 60°, and the diagonal BD is perpendicular to the side AD. The 
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lamina is hinged freely at A to a fixed point, and floats partly immersed in 
a liquid, so that AB is horizontal, and that the side AD is divided by the 
surface of the liquid at F, so that 2AF = FD. Find the ratio of the densi- 
ties of the liquid and the lamina, and show that the pressure on the hinge 
is 1/16 of the weight of the lamina. 

38. A square lamina of specific gravity {25-7^/^)|lS floats in water 
with the vertex A hinged to a point in the surface and the side AB out of 
the water. Find the inclination of this side to the vertical. 

39. Prove that the time taken by a cylindrical cistern to empty itself by 
a small hole in the bottom, no water being supplied during the emptying, 
is double the time in which the same quantity of water would flow from the 
same cistern through the same orifice, the cistern being kept full of water 
supplied at the top. 

40. A fine tube, consisting of a horizontal part connecting two vertical 
branches, is partly filled with water and made to rotate imiformly round 
one of the vertical branches ; find the difference of the level of the water in 
the two branches. 

If the length of the horizontal part is 6 inches, and the rotation is at 
the rate of 4 turns a second, what is the difference of level? [^ = 32]. 

41. A Y-tube is inverted, and each leg is dipped into a difiterent liquid. 
Air is then sucked from its stem, and the liquids rise to vertical heights of 
17 and 15 centimetres respectively. Compare the specific gravities of the two. 

If the heavier of the two liquids is water, find the pressure of air in the 
stem if the height of the barometer is 75 centimetres. [Specific gravity of 
mercury is 13*6]. 

42. A cylindrical diving-bell, 240 centimetres high, is sunk to the bottom 
of a water reservoir 516 centimetres deep. Find the height to which the 
water will rise in it, the water barometer reading 1036 centimetres. 

43. A cylindrical diving-bell is lowered in water to such a depth that the 
confined air occupies 2/3 of the internal volume of the bell. If half as 
much air again is pumped into the bell, how much farther must the bell 
descend before it becomes half fuU of water? 

44. A cylinder of height 5 feet, with its axis vertical if full of air at 
atmospheric pressure, and is closed at the top by a tightly-fitting piston of 
mass 30 lbs. If the piston sinks 2 feet under its own weight, determine the 
pressure that must be applied to the piston in order to force it down through 
an additional distance of 2 feet. 

45. The height of a cylindrical diving-bell is 12 feet, and the area of its 
base is 64 square feet. The water barometer stands at 35 feet 5 inches, 
and the temperature of the water is the same as that of the atmosphere. 
Find the least weight of the bell that it may sink to rest upon the bottom 
of a harbour 56 feet 7 inches deep, assuming that a cubic foot of water 
weighs 1000 oz. 

46. A conical diving-bell, of which the axis is 16 feet, is let down into 
water, and it is found that when the vertex is 33f feet below the surface 
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the water has risen within the bell to a height of 4 feet. Find the height 
of the water barometer. 

47. At the top of the closed tube of a barometer a portion of air remains 
which occupies one inch of the tube, and has a pressure of 2 inches of mer- 
cury, that is, 1/15 of an atmosphere. The cistern of the barometer has a 
sectional area four times that of the tube. If a solid cylinder of height 
63/4 inches, and sectional area equal to that of the tube, and with a 
density equal to half that of mercury be now allowed to float in the cistern, 
what will be the pressure of the confined air? 

48. A tube of length 2, greater than the barometric height, is filled with 
mercury and inverted over a cistern of mercury, the level of the fluid in 
the tube being at a height b above that of the cistern. A mass m of gas 
is introduced into the tube, and the mercury sinks to the height A, the level 
of the cistern being kept constant. The tube is then emptied and refilled 
with mercury, and a mass m' of another gas being introduced, the mercury 
sinks to a height h'. The temperature and atmospheric pressure being the 
same throughout, find the ratio of the densities of the gases at the sune 
temperature and pressure. 

49. At a place where the height of the water barometer is 34 feet, and 
the temperature of the air is 0° C, a diving-bell, whose capacity is 84 
cubic feet, and which is originally full of air at atmospheric pressure and 
temperature, is lowered into water at 21*' G. until its lower edge is 17 feet 
below the surface. How many cubic feet of air at atmospheric pressure 
and temperature must be pumped into the bell in order that when the 
contained air has acquired the temperature of the water it may just fill the 
bell? 

[The coefficient of expansion for gases at constant pressure is 1/273.] 

50. A piston which moves freely but air-tight in a smooth cylinder, is 
placed at the middle of the cylinder, and the ends are then closed. On 
placing the cylinder vertical, the distance of the piston from the top is to 
its origin at distance as V^^* 1* ^^ raising the air in the two parts of the 
cylinder to the absolute temperatures ti and ^2, the piston goes back to the 
middle of the cylinder. Show that the original temperature of the air in 
the cylinder was ^ ~ ^ 



EXAMINATION PAPERS. 

{The Answers are given on pages' 3S9, 340.) 



I. SCIENCE AND ART— THEORETICAL MECHANICS. 

FLUIDS, 1892. 

Second Stage or Advanced Examination. 

[^'ou are not permitted to attempt more than eig?U questions. You may 
select them from any part of the paper.] 

1. Define moment of inertia. Find the moment of inertia of a circular 
lamina about an axis at right angles to its plane and passing through its 
centre. (20.) 

2. What are the rectangular components of a force? 

A cylinder is put under water with its axis horizontal ; a very small por- 
tion of the area of its curved surface is taken ; find the horizontal and 
vertical components of the pressure of the water on that area. Find also 
numerical results in the following case : — The radius of the cylinder is 

2 ft. ; the axis is 4 ft. below the surface ; find the horizontal and vertical 
components of the pressure on an area of O'l square inch, at a depth of 

3 ft. below the surface. 

N.B.— Take a cubic inch of water to weigh 250 grains. (20). 

3. A particle whose mass is 5 lbs. moves at the rate of 20 ft. a second ; 
express its kinetic energy in foot-poundals. If it moves over a distance of 
30 ft. against a constant resistance (R), and its velocity is thereby reduced 
to 15 ft. a second, find R in poundals. (25.) 

4. A particle whose mass is 10 lbs. is constrained to move in a horizontal 
circle by a string 5 ft. long fastened to a fixed point ; if at any instant the 
tension of the string is 98 poundals, find the velr>city of the particle, and 
its angular velocity about the fixed point. (25.) 

5. Define the centre of pressure of a plane area. 

A6CD is a rectangle, whose plane is vertical; draw the diagonal AC; 

if the rectangle is immersed with the edge A B in the surface of water, 

find from first principles the centre of pressure of the triangle A C D. 

(25). 

6. A hollow sphere is under internal fluid pressure ; putting out of the 
question the weight of the fluid, find the resultant pressure on a given half 
of the surface. (25.) 

7. Ex{^ain what is meant by the absolute zero of temperature. If the 
absolute zero on the Centigrade scale is - 273^, what is it on Fahrenheit's 
scale? 

What experimental facts and what suppositions are implied in the deter- 
mination of the absolute zero? (20.) 
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8. Show how to find the work done by a gas that expands at a constant 
temperature. 

The quantity of air which occupies a volume of 50 cubic feet under a 
pressure of 15 lbs. per square inch is allowed to expand at a constant tem- 
perature to 60 cubic feet ; find the number of foot-pounds of work done 
(Hyp. log. l-2 = 0-1823216). (30.) 

9. Describe the siphon-manometer, and explain how it may be graduated. 
If a siphon-manometer is to read pressures up to three atmospheres, 

what quantity of mercury will be required, the area of the section of the 
tube being a quarter of a square inch ? (20.) 

10. With given materials, show that the rise (due to Capillary Action), 
of a liquid in a circular tube equals the rise between two plates, whose dis- 
tance equals the radius of the tube. (20.) 

11. A cylindrical vessel is 10 ft. high, and its base, which is horizontal, 
has a radius of 1 ft. ; it is filled with water, and a small hole is made in the 
bottom. Compare the rate of descent of the surface when the hole is first 
opened with the rate when the vessel is half empty. If the vessel is half 
emptied in 20 minutes what is the effective area of the hole? (30.) 

12. Define a simple harmonic motion, and show how it can be repre- 
sented (a) graphically by a diagram, {b) by a formula. Define the ampli- 
tude, epoch, period, and phase of a simple harmonic motion. (20.) 

II. SCIENCE AND ART- FLUIDS, 1893. 
Second Stage ob Advanced Examination. 

[You are not permitted to attempt more than eight questions.] 

1. Define moment of inertia. 

If the moment of inertia of a body with reference to an axis passing 
through the centre of gravity is known, how can the moment of inertia be 
found with respect to a parallel axis ? (20.) 

2. Define the rectangular components of a force. 

A conical vessel is full of water ; the half angle at its vertex is 30° ; find 
the pressure at a point of the surface of the cone 2 feet below the surface 
of the water, and finds its horizontal and vertical components. N.B. — A 
cubic inch of water may be taken to weigh 250 grains. (20.) 

3. Define angular velocity. 

A particle, whose mass is 3 lbs., moves uniformly in a circle ; it describes 
the circumference 42 times a minute ; find its angular velocity about the 
centre; and, if the radius is 14 ft, find its kinetic energy. (20.) 

4. State and prove a rule for finding the whole pressure of a liquid on a 
body immersed in it. 

A sphere, whose radius is 2 ft., has its centre 3 ft. below the surface of 
water ; find the whole pressure of the water on it ; find also the resultant 
pressure of the water on it. (20.) 
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5. The formula for the determination of the metacentre being KM . Y = 
AAr^, state the meaning of each term of the formula. 

Given that the moment of inertia of a circular lamina about a diameter 
is Mr' -r 4, find the relation between the length and diameter of a cylinder 
of cork, when it floats with its axis vertical; the specific gravity of cork 
being 0-25. (25.) 

6. Find the tension of a thin cylinder under internal fluid pressure. 

If the internal diameter of the tube is 8 in., the thickness of the material 
0*1 in., and its tenacity 20,000 lbs. per square inch, find the bursting pressure 
in pounds per square inch. (25.) 

7. The relation between the volume, pressure, and temperature of a gas 
being yP = GT, state the meaning of each letter of the formula. 

The coefficient of expansion being 0*003665, state exactly what it means. 
If a given quantity of gas expands imder a constant pressure, in consequence 
of its temperature being raised from 40" C. to 41" C, find what ratio the 
increase of volume bears to its volume at 40° C. (25.) 

8. A cylinder, partly filled with water, turns with a constant angular 
velocity round its axis, which is vertical; find the form of the surface of 
the water. 

If the radius of the cylinder is one foot, and it turns three times a second, 
find the pressure per square inch at a point of the cylinder 6 in. below the 
lowest point of the surface of the water. (30.) 

9. Describe the Hydrometer of variable immersion. 

A hydrometer is put into a liquid whose specific gravity is 0*9, and a 
mark (A) is placed at the point of the stem which is on the surface of the 
liquid ; it is next placed in a liquid whose specific gravity is 0*8, and a 
mark (B) is placed at the point of the stem which is now on the surface of 
the liquid ; it is found that B is 4*3 in. above A; find the point of the stem 
that will be on the surface of a liquid whose specific gravity is 0*86 when 
the hydrometer floats in it. (25.) 

10. If a small quantity of water is introduced into a barometer — e.g, 
such a quantity as would occupy a quarter of an inch of the length of the 
tube — what effect will it have on the height of the mercurial column? If 
the pressure of the atmosphere continues constant, what will be the effect 
of raising the temperature of the mercury and water? (25.) 

11. A vessel of water 9 ft. high is kept constantly full of water; a hole, 
whose area is a quarter of a square inch, is made in its bottom. What 
would be the theoretical outflow in one hour? How would the actual out- 
flow differ from the theoretical outflow? (25.) 

12. A straight tube is filled with air ; a disc which nearly fills c section 
of the tube oscillates rapidly through a small distance within the tube. 
Describe the disturbance propagated along the tul>e, particularly the con- 
densation and rarefaction set up. Define the phase of a vibration and the 
length of a wave. (25.) 
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IIL SCIENCE AND ART- FLUIDS. 

HoNouBs Examination. 

[The following questions, which are taken from the Honours papers in 
Fluids for the years 1892 and 1893, can be answered by the principles ex- 
plained in this book, and without the use of the Calculus. The papers each 
contain twelve questions, of which not more than eight are to be at- 
tempted.] • 

A.— 1892. 

1. if the unit of work be 2520 foot-pounds, the unit of force the weight 
of a mass of 784 lbs., and the unit of time 3 seconds, find the units of mass 
and distance. (//=32) 

2. Draw an equilateral triangle ABC, with AB horizontal and C down- 
wards ; let AC and BC represent equal threads supporting at C a particle 
whose mass is 12 lbs.; if the string BC is cut, find the tension of AC (a) 
immediately before, (6) immediately after the severance. Find also the 
tension at the instant the mass is vertically below A. 

3. There are three liquids A, B, C ; a hydrometer of variable immersion 
is placed in them successively; it floats with 2 inches of its stem out of A, 
with 3 inches of its stem out of B, and with 4 inches of its stem out of C ; 
the specific gravity of A is 0*8, that of B is 0*86. Find from first principles 
the specific gravity of C. 

4. A cone is held under water with the highest straight line of its curved 
surface horizontal ; find the magnitude and direction of the resultant fluid 
pressure on its curved surface. 

Explain the result obtained for the direction of the resultant when the 
depth at which the body is immersed becomes very great. 

5. Apply the formula V. 'HM = Ak^ to find the condition that a cylinder, 
whose specific gravity is 0*8, may float in water in stable equilibrium with 
its axis vertical. 

6. Two barometers stand on the level of the sea ; the one, in which the 
vacuum is perfect, reads k ; the other reads h, and has air in the vacuum 
space, the length of which wl; if the acceleration of gravity were changed 
from g to g', show what the effect would be on the reading of the baio- 
meters. 

Obtain numerical results when h, k, and I are 30, 28, and 6 inches re- 
spectively, and g and g' are 32 and 24. 

7. A column of water, a quarter of a square foot in section, descends on 
a horizontal inelastic area at the rate of 3000 gallons a minute ; the water 
runs freely off the area. Find the pressure on the area in pounds per 
square foot. (^=32) 
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B.— 1893. 

1. Define angular velocity. 

ABC is a triangle, and a point moves with a given velocity from B to C; 
compare its angular velocity about A, when it is at B, with what it will be 
when it reaches C. 

2. Two particles are acted on by constant forces through distances in the 
ratio of 27 to 14 ; they thereby acquire kinetic energies in the ratio of 6 to 
7; their masses are in the ratio of 7 to 3; find the ratio of the forces and 
the ratio of the accelerations due to the forces. 

3. Investigate a formula for finding by the balance the specific gravity 
of an insoluble solid lighter than water. 

A piece of cork (sp. gr. 0*25) weighs 3 oz. ; it is fastened to a piece of 
brass (sp. gr. 8). Find the weight of the brass when the weight of the 
whole in water is 12 oz. 

4. A cone floats with its axis vertical and vertex downward; find the 
position of the metacentre, and, for a given vertical angle, find the specific 
gravity when the equilibrium is just not unstable. 

IV.—GLASGOW UNIVERSITY. 

PRELIMINARY EXAMINATIONS IN ARTS AND 
SCIENCE— OCTOBER, 1892. 

Dynamics. 
[Only the questions in Hydrostatics and Pneumatioa are given here.] 

1. Explain the terms — pressure at a point in a fluid, total pressure, re- 
sultant pressure. 

A cubical box, one foot high, is filled to a depth of 6 inches with mercury, 
and is then filled up with water. Find the total pressure on the base and 
on one of the sides of the box. 

[Specific gravity of mercury is 13*6. Mass of a cubic foot of water is 
62i lbs.] 

2. State the principle of Archimedes. 

A solid weighs 30 grammes in water, and 40 grammes in a liquid whose 
specific gravity is '8. What is the volume of the body in cubic centimetres, 
and what is its mass in grammes? 

3. State Boyle's law, and show how it may be verified for common air, 
eitJier for pressures greater than atmospheric pressure, or for pressures less 
than atmospheric pressure. 

4. Describe briefly the construction of the mercurial barometer in its 
simplest form. 

Using the data of Question 1, calculate the atmospheric pressure in 
pounds weight per square inch when the mercury barometer stands at a 
height of 30 inches. 
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v.— GLASGOW UNIVERSITY. 

M.A. DEGREE EXAMINATION.— APRIL, 1893. 

Natural Philosofht. 

[Only the questions in Hydrostatics and Pneumatics are given here.] 

1. Distinguish between a solid and a fluid, and between a liquid and a 
gas. Give a criterion oT a perfect fluid. How would you class such a sub- 
stance as pitch or shoemaker's wax? State carefully the reason for your 
answer. 

2. Define pressure at a point in a fluid, and prove that in a perfect fluid 
the pressure at each point is the same in all directions. 

Prove that if two columns of different liquids equilibrate one another in 
a U-tube, the heights above the common surface are inversely as the 
densities of the liquids. Describe a simple apparatus for comparing by 
this means the densities of two liquids. 

3. State the principle of Archimedes. 

State the conditions of equilibrium of a floating body, (1) when the body 
is wholly immersed, (2) when it is only partially immersed. Define the 
terms centre of buoyancy, metacentre, metacentric height, and show how 
the righting moment depends on the angle of heel and the latter quantity. 

4. A balloon, containing 10,000 cubic feet of gas at 15° C, and pressure 
of 75*3 centimetres of mercury, on rising is cooled to 3" C, and the pressure 
is changed to 64*7 centimetres. Find the volume of the gas. 

VL— EDINBURGH UNIVERSITY. 

PRELIMINARY EXAMINATIONS IN ARTS AND 
SCIENCE— OCTOBER. 1892. 

Dynamics. 

[Only the questions on Hydrostatics and Pneumatics are given here.] 

1. Define specific gravity, 

A mass of 12 lbs. of a certain substance is found to weigh 9 lbs. in a 
liquid whose specific gravity is 1/3. What is the specific gravity of the 
substance? 

2. Find the pressure on a lock gate, which is vertical and 10 feet broad, 
and against which water rises 4 feet. [A cubic foot of water wei^^hs 
62-5 lbs.] 

3. State Boyle's Law in the form of a relation between the pressure and 
density of a gas. Describe the method by which the law is proved experi- 
mentally for pressures less than an atmosphere. 
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VII.— EDINBURGH UNIVERSITY. 

M.A. DEGREE EXAMINATION— APRIL, 1893. 

Natural Philosophy. 

[Only the questions on Hydrostatics and Pneumatics are given here.] 

1. Prove that the resultant pressure acting on the surface of a body 
wholly or partly immersed in a fluid at rest is equal to the weight of fluid 
displaced. 

The apparent weight of a body tested by a spring balance is 3 lbs. 
when the body is half immersed in water, and 1 lb. when three-quarters 
immersed. Find the weight and specific gravity of the body. 

2. Prove that the pressure in a heavy liquid at rest is the same at all 
points of a horizontal plane. 

A tank, 4 feet square and 10 feet deep, is filled with water. Find the 
pressure on the bottom of the tank and on one side. [The weight of a 
cubic foot of water is 62 J lbs.] "" 

3. Describe the action of the force pump. 

If the cross section of the piston has an area of 5 square inches, with 
what pressure must it be forced down to the capable of raising water to an 
elevation of 100 feet? 

4. State the relation between the pressure, volume, and temperature of 
a given mass of gas* 

If the pressure is increased by 1/10, and the temperature raised from 50*^ 
C. to 100" C ., in what ratio will the volume be altered ? 
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I. 9600 units. 76f ft/sec. 2. 40 V65, = 322-6 ft./sec. nearly 

3. 3303384. 4. (i) 3:5. (ii) 2:3. 5. (i) 11/12. (ii) 4^' 

6. 2111i nearly. 7. 46875000. 8. 1612800. 9. 126/612 of a foot. 
10. 125. 12. 12. 2^. 13. 1^ tons weight 14. 952 
15. 6950 Ibwt 3781J yards. 16. 160. 2381f 

B. 

17. 250440 Ibwt nearly. 18. "78 of a second. 217:162. 10. 437-5. 
20. \/2Wglmit.lBec. 21. (i) The momenta are equal. The kinetic 

energy of m is to that of m' as m' :m. (ii) The kinetic energies are equal. 
The momentum of m is to that of wi' as y/m : y/m\ 23. 2000, taking 
6J gallons to be equal to a cubic foot. 24. 70246f lbs. 3^^ feet. 

25. 18j foot-pounds. 

IV. (Pages 35-37.) 

A. 

I. 11200:1. 2. 9800. 3. 48:1. 4. 76:1024. 81:16. 5. 7181. 
6. 9360 lbs. 7. 96/275 of a square inch. 8. 9/275. 9. 5/12 of a 
square centimetre. 10. '79 of a square centimetre nearly. .11. -88. 

12. 94 nearly. 13. 25/26. 14. '875. 15. 1737 parts of gold to 

221 parts of silver. 16. Density of air in A is five times that of air in B. 
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B. 

17. 1:3. 18. 7519:10585:14935. 19. 1075:1825:3139. 

20. (i) Equal volumes, (ii) sis'. 21. (i) /:s. (ii) Equal weights. 

22. 16 lbs. Sp. gr. of A is If ; sp. gr. of B is 4/5. 23. hk\ 

V. (Pages 57-61.) 

A. 

3. V64 + 32 y/2 units acting along the line bisecting the angle between 
the forces 6 and 7. 4. 10 V5 Ibwt. inclined to the vertical at an 

angle whose tangent is 1/2. 6. 43 '3 and 25 units respectively. 48 '3 

and 12-9 units respectively. 6. 65 units. 7. 50 Ibwt. ; 50 V^ Ibwt. 

8. Inclined at an angle of 30"" to the vertical. 9. Half the weight of 
the ladder. 10. Half the weight of the board. II. 3*03 inches. 

12. 2/5 of a foot. 11/40 of a foot from the base. 13. 1/30 of a foot 
from the centre of the board. 14. 1/9 of the side of the square from 

the centre of the square. 15. 5V3/3 inches. 16. 7^ inches and 8^ 
inches respectively. 17. 2f feet from the end referred to. 18. 2§ feet. 
19. 12 lbs. At its middle point. 20. At its middle point. 

B. 

21. This is equivalent to the geometrical problem — to construct a right- 
angled triangle, given the hypotenuse and one of the sides containing the 
right angle. 22. The two forces must act along lines which are equally 
inclined to the line of action of the given force. The problem thus reduces 
itself to a well-known geometrical problem. 23. The straight line bisect- 
ing at right angles the line which represents the resultant. 24. 26*6 
units; 21*8 units. 27. Use the triangle of forces. If AB and CD, 

produced if necessary, meet in O, the resultant acts through parallel to 
HK. If AB and CD are parallel, O is at infinity and HK is zero. The 
two given forces then form a couple; and it follows from the construction 
for the resultant of two unlike parallel forces which are very nearly equal 
that a couple may be regarded as an infinitesimal force acting at infinity. 
31. Let P and Q denote respectively two of the forces, and -R, R the other 
two, this latter pair forming a couple. Replace this couple by a couple of 
equal moment and of the same sense, having Q, Q as forces. The couple 
formed by Q, Q may be placed so that one of these forces shall be opposite 
to the given force Q. The latter force will thus be balanced, so that the 
given system will be equivalent to the given force P, and the unbalanced 
force Q of the couple. The resultant of these two forces will be the result- 
ant of the given system of four forces. For the second part of the question 
produce DA to E, making AE=r8DA/2; draw EF perpendicular to DE; 
and produce CA indefinitely, cutting EF in F. The resultant of the given 
forces is equivalent to the resultant of two forces, 10 along FE and 20 
along AF, and is very nearly 14*7. 32. Produce DC to B, making 
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CE = DC; produce AD to F, making DF=3AD. Then the given system 
Lb equivalent to forces represented by D£ and DF. 36. a/12. 38. A 
circle. 40. In the line drawn from the first position of the centre of 
gravity perpendicular to the base, at a distance 1/12 of the length of this 
line from the first position of the centre of gravity. 46. The force at 

C is W\J^I% and acts horizontally; the force at B is Wy/7l2j and acts in 
a direction making with the vertical an angle whose tangent is y/Sft, 

VI. (Pages 103-105.) 

I. (1) 625. (2) 2187*5. (3) 165000. 2. (1) 2785. (2) 4347-5. 

(3) 167160. 3. 84 lbs. per square inch. 4. 7:3. 6. 1^ feet. 

6. Depth of A is 16 feet; depth of B is 4 feet. 7. 1777]^ lbs. 8. 1^. 
9. (i) 3-17. (ii) 1*69. 10. 125/144 Ibwt. per square inch. II. -133. 
12. -52. 13. '289 Ibwt. 14. 10 inches. 15. A volume which 

occupies 13^ inches of the tube. 16. 1*252. 17. 4^ inches above 

the base of A. 18. Vertical component is 25/384, = '0651 Ibwt.; hori- 

zontal component is 25 y/B/SSi, = *1128 Ibwt. 19. Intensity of pressure 

is *03617 Ibwt. per square inch. Pressure on 1/16 of a square inch is '00226 
Ibwt. The vertical and horizontal components of this pressure are '0015 
Ibwt. and '00168 Ibwt. respectively. 20. 3^^. Pressure on 1/10 of a 

square inch is 25/72 Ibwt.; and the vertical and horizontal components 
of this pressure are 25/36 VI ^ Ibwt and 25/24 VI 8 Ibwt. respectively. 
21* 4f|f. Pressure on 1/20 of a square inch is 275/1152 Ibwt.; and the 
vertical and horizontal components of this pressure are 275/384 VI 8 Ibwt. 
and 275/576 V13 Ibwt. respectively. 

VII. (Pages 113-115.) 

I. 58 lbs. per unit of area. 2. 36750 Ibwt. 3. 24000, 300000. 

4. Pressure on bottom 1687*5; on one of the sides 843 '75. 5. 21127 '5; 
20283 '75. 6. 4200. 7. 2720. 8. Pressure on bottom is the 

weight of 54 '4 cwts. ; on one of the sides is the weight of 27 '2 cwts. 
9. (i) 9350. (ii) 216800. 10. Pressure on base 327 '6; on sides 540, 

819, 981 respectively. II. 27*96, 23-09, 16*16 respectively. 12. Pres- 
sure on base 58*33; on one of the sides 28 '47. 13. Pressure on base 
75-52; on one of the sides 36 '89. 14. 3V3 inches. 15. 40. 
17. (i) Ab h:r; (ii) as 2h:r, when h is the height of the cylinder, aud r 
the radius of the base. 

VIII. (Page 123.) 

I. 1500 Ibwt. 3. (i) 7o/12. (ii) l7a/20. (iii) 25a/36. (iv) 15a/28. 
4. (i) 7aV2/12. (ii) 7aV2/12. (iii) llaV2/16. (iv) lloV2/16. 
(v) 5aV2/8. 5. (i) 7^/12. (ii) 7A/12. (iii) 17A/20. (iv) 7^12. 

(v) 55^/76. (vi) 31A/44. 6. 17a/8. 
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IX. (Pages 135-139.) 

A. 

I. 39484-375. 2. 2812-5. 3. ^604-17, 5208*34. 4. As 2:1:3. 

5. 6015-625. 6. 521 nearly. 7. Total pressure is 2322000 Ibwt. ; 
resvUamt pressure is 1032 ozwt. 8. 703125. At the centre of pressure 
which is at a depth of 100 feet. 9. 468750. A line perpendicular to 
the side through the centre of pressure which is at a depth of 66} feet. 
10. 12187*5. The point in the vertical line bisecting the area of the gate 
at a height of 3^ feet above the base of the lock. II. (i) 132 '8 nearly, 
(u) 188*7. 12. (i) 407*6. (ii) 8*2. (iii) 247*2. (iv) 239. 
13. 531 nearly. 239-5 nearly. 14. It will rise. 15. (i) 100 grammes, 
(ii) 37 grammes. 16. 210*93 grains nearly. 17. 213*04 grains nearly. 
18. 32000. 19. Not less than 41288*2 litres. 

B. 

20. 60°. The depth of water must not be less than r \/S, and the height 
of the cylinder must not be less than 2r\/3| where r is the radius of the 
base. 21. AP = 3AB/5. 22. If h denotes the length of the 

perpendicular from the vertex on the base, the lines required are at dis- 
tances ^/y/3 and h^2/i^S from the vertex. 23. 50 inches; 
10V5(V3-V2) inches. 25. (iii) The weight of the liquid. 
26. 2w(4 - ^i). 29. 3/4 of the depth of C. 31. The resultant hori- 
zontal pressure is rh^w\/2l6t and the resultant vertical pressure is in^hwll2. 

The resultant pressure is wrh y/h^/lS + T^r^/Ui. 32. in^wy/lBlS. 

34. That the resultant horizontal pressure is zero is an immediate deduc- 
tion from the principle of Archimedes. The same thing may be proved 
by dividing the imaginary surface into two parts by any vertical plane, 
and applying the method of Art. 76 to prove that the resultant horizontal 
pressures on the two parts are equal and opposite forces. It will at once 
be seen that the horizontal pressure on one of the parts is equal to the 
stress upon the vertical plane; and the above result immediately follows. 
Also, it follows that the resultant pressure on the imaginary surface must 
be a vertical force; and since the resultant pressure balances the weight of 
the fluid inclosed in the surface, it must be equal to this weight, and must 
act upwards through the centre of this fluid. 35. 1249 Ibwt. 

37. The resultant horizontal pressure is irr^Acw/ ^/r*-^- A^, and the resultant 

vertical pressure is 7rr*w(cr/Vr^ + A*-H^/3). The resultant pressure is the 
square root of the sum of the squares of these two expressions. 

X. (Paoes 151-153.) 

I. 8; -76. 2. 161*94 lbs. 2*59. 3.3*6. 4. -8. 5. "2. 

6. -25. 7. 5/6. 8. 175 grains. 9. 27/34. 10. 1§ oz. II. 2. 
12. 4. 13. 8. 14. As 10: 13. 16. 21. 16. 1125. 17. 11*1 
grammes per cubic centimetre. 18. 7xV I9* ^^ grammes. 
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20. 13/18 of the whole volume of the shell. 21. 1^. 22. 18/19. 

23. (b-as)l{l-8) grammes ; (6 - a)/(l - «) cubic centimetres. 24. As 
Wo-WiiWo-WotWo-W,: 25. No. 26. 1451-91 grains. 

XI. (Pages 161-165.) 

A. 

1.3/4. 140-625 Ibwt. 2. (i) 1*4 feet, (ii) 147'3 Ibwt. (iii) 147*3 Ibwt. 
3. 7 inches. 6/7. 4.1*1. 5.7/25. 6. 36*42 cubic centimet/es. 7*55. 
7. 16§ inches. 8. 6H inches. 9. 3/4; 5. 10. It would float. 

II. 54/133 of a stone. 12. 354*3 Ibwt. 13. 50 cubic centimetres. 

14. 6 Ibwt. 15. No. 16. 1159/1375. 17. It sinks. 18. There 
will be a decrease. 19. 7*3. 20. 65/126. 21. 17^ grammes. 

26§^ammes. 22. 407 Ibwt. 23. 33/38 of a cwt. 146 lbs. nearly. 

24. ItV- 13/30. 25. 6^ lbs. 26. 62i Ibwt. 27. 75 Ibwt. 
28. 4 Ibwt. 29. 45*1 Ibwt. nearly. 30. 234*34 grains. 

B. 

31. -73 of an inch. 34. 5 lbs. 1*25. 35. Let a denote the 

external edge of the box, Jc the thickness of the boards, and 8 the specific 
gravity of the wood. Then we find that the depth when water-tight is 
approximately 6k8, and when not water-tight a(6« - 1)/4. In the numerical 
example the depth when water-tight is 1^ inches, and that when not water- 
tight the box floats with the upper horizontal face just not immersed. 
37. As ACiBCcosBCA. 38. {A' - A)h8lA's\ 39. 107rr3/3. 

40. The volumes of the lower and upper liquids displaced are a^(l - m)/(w - m) 
and a\n- l)/(n- w) respectively, the ratio of the first to the second being 
equal to (l-w)/(w-l). 41. The condition is 2m = n + l. 

43. 2(a'^ + a5 + 62)/(6a2 + 2a6 + 26*). 44. >^27^ : ^'2ir 45. At an 
angle of 60° to the vertical. 

XII. (Pages 172-173.) 

I. W.CG.sme. (i) 150. (ii) 150V2, = 212. (iii) 160V3, = 260. 
(iv) 300. 2. 500. 3. 385. 

XIII. (Pages 179-180.) 



I. 10" 12'. 2. 6*. 10. r/ V«(l - «)» where r denotes the radius and 
8 the ratio of the specific gravity of the material of the cylinder to the 
specific gravity of the liquid. 12. Stable or unstable according as 

bjc > < y/6(r{p - 0-)//)^. 

XIV. (Pages 194-196.) 

I. The length of the column of mercury would be longer than if it were 
vertical, so that the reading would be increased. 2, No. 4. 41130 Ibwt* 
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5. 23*7. 6. 28*02. 1*87 atmospheres. 7. 135 feet. 8. 875. 

0. 21601bwt. 1080 Ibwt. 10. 212f Ibwt. II. U76 Ibwt. nearly. 

12. 424^ Ibwt. 13. 10*52 Ibwt. 14. 1*167. 

XV. (Pages 207-209.) 

I. 33| Ibwt. 2. 82944 grains. 3. 290g cubic centimetres. 

4. 443^ grains. 6. 14/15 of a gramme. 6. 30 Ibwt. per square inch. 
7. 6§ and 33^ Ibwt. per square inch respectively. 8. 4^ inches. 

0. 74*8. 10. In the tube a pressure of 25 inches of mercury, in the 
receiver a pressure of 21 inches of mercury. II. 3)- atmospheres. 

12. 3 inches. 13. 30*25 inches. 14. 30'$ inches. 16. 3 inches. 
16. 7/8 of a cubic inch. 17. 4 cubic inches. 18. 14*2. 19. 26*7 

cubic inches. 20. 19*7 inches. 23*15 inches. 

XVI. (Paoks 218-220.) 

A. 

I. Height of the barometer is 30 inches ; pressure of compressed air is 
that of 42 inches of mercury. 2. 7*16 inches. 3. 3/7 of a foot. 

4. 4*4 feet nearly. 257f cubic feet. 5. 240 million ergs. 6. 46352. 
7. 79851. 8. 30761. 9. 31923, taking an atmosphere to be a pres- 
sure of 14*8 Ibwt. per square inch; 

B. 

10. h{2n-l)ln{n-l), II. ci(n + ci)/(n - d) centimetres. 12. Height 
of barometer is (46 -a) inches; pressure of compressed air is that of 46 
inches of mercury. 13. a(p' - p)ld{p'v' - pv), 14. The weight of the 
piston is, of course, neglected. aAp hyp. log. (1 + e/a). 18326 foot-pounds. 
Notice that, since the initial and final volumes are given, the area of the 
piston is not required. 15. If ^ and hi denote what would be the 

heights of the perfect and faulty barometers respectively, then h^=ghlgi 
and ki is given by the equation {a + k-kijigh- gihi) =g{h - k)a. In the 
numerical example ^=40, ki=S2. 

XVII. (Pages 244-246.) 

3. A pressure of 31*59 inches of mercury. 4. 14^*4 C. nearly. 

5. 646° C. . 6. 1132000, 112250 grains. 7. (i) 7808. (ii) 7407. 
(iii) 7286. 8. The mercury will divide the tube into two parts whose 
lengths are in the ratio of 149 to 144. 10. 5259. II. 1164. 
12. 16*9. 16*7. 13. A pressure of 119*5 inches of mercury. 

XVIII. (Pages 259-260.) 

I. (i) 888| Ibwt. per square inch, (ii) 9/200 of an inch, (iii) 20 inches. 
2. 18000 Ibwt. per square inch. 3. 1100 Ibwt. per square inch. 
(858) Y 
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XTX. (Paobb 276-276.) 
[Take g = 32 ft/sec. 2, and x=22/7.] 
I. 6 feet from the side of the cylinder. 3. 200. 4.. 84 

5. Ab 1 : 4800. 6. (i) 7/891 ft./8ec. (ii) 7/1188 ft/sec. (iu) 7/1782 ft /sec* 
(iv) 19-88. (V) 67-89. 7. 1339 ft./8ec. 

XX. (Pages 283-284.) 

I. 90/x, = 28A^. 30ft./8ec. 2. x/6, = ll/21. 120/x, = 38 ^ f eet 

5. 1 : 2. 6. (i) 181 Ibwt. (ii) 187i Ibwt. 7. 80 ft./8ec 
8. 24 ft./8ec. 0. 1467-9. 10. 7 ft./8ec. 1| radians per second. 

12. 55561 foot-pounds. 44 tarns. 

XXI. (Page 290.) 
I. (i) 6f feet, (ii) A pressure of 6J feet of water, = 383 Ibwt. per square 
foot. (iii) A pressure of 2 feet of water =125 Ibwt. per square foot, 
(iv) A pressure of Jf foot of water, = 69 '9 Ibwt. per square foot, (v) 73". 
2. 2 revolutions per second. 3. 1 ^ feet. 5. 607 Ibwt 

XXIL (Pages 317-318.) 
I. 1/10. 2. 1/64 of atmospheric pressure. 3. 8f inches high. 

4. A pressure of 537-6 millimetres. 5. 2*7 inches of mercury. 

6. Diminution of pressure is {1- (10/11)*} of the original pressure! 

7. 160. 8. 6860*5 Ibwt. 9. 138-9 Ibwt. |2 2-15 feet 

13. 1097. 14. 94*7 feet. 
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(Pages 319-324.) 

I. 1-85 and 1-15 inches respectively. 2. 2 inches. 3. See Art 61. 
The values of g at different latitudes would be proportional to the readings 
of the gauge. 4. The total pressure on the side of the cylinder 

containing water would be 8 times the total pressure on the side of the 
cylinder containing mercury. 5. 285 grammes weight. 6. On the 
upper horizontal face 2200; on the lower horizontal face 2275; on each of 
the vertical faces 2237*5. 7. 603000 grammes weight. 8. Density 

of olive oil relative to water is '92, of turpentine is -68. ID. 164-9 Ibwt. 
n . a WjiA -a). 12. Let h and k denote the lengths of the perpendiculars 
from A and B respectively on the line of intersection of the plane of the 
triangle and the surface of the liquid; let Di, Dj, D8,....Dr,.... be points in 

CB such that ADi, AD2, AD8,....AD|...... are the lines required; then 

Dr ia determined from the equation CDr/CB = { VA= + irJc{h + k)ln - A}/2ifc. 
13. In the diagonal which is vertical at a depth 65e/36 below the surface, 
e being the depth of the highest point of the square. 
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14. (3h^ + 7ik + dl(^)l6{h + k). 16. hft. 17. 3a7r/16. 

18. (i) 77-44 Ibwt. (ii) 12*73 Ibwt. 19. (i) 84f Ibwt. 

<ii) 198Vl0/7 = 89-45 Ibwt. 20. The horizontal and vertical 

components are wA^/3 and irwh^lQ respectively, the resultant pressure 
being the square root of the sum of the squares of these expressions. 

2L (i) irr^hwl y/r^ + h\ (ii) Kesultant vertical pressure on the curved 

surface is wr2A«;(47^ + A^)/3(r* + ^^), and resultant horizontal pressure is 
Trf^h^wl{r^ + h^), 23. Gold, 97 ounces ; silver, 882 ounces. 24. 5. 

25. 4 centimetres very nearly. 26. If V is the whole volume of the 

solid the results are: (i) 3 V/ia + 6 + c). (ii) V{bc + ca + ab)l3abc. 27. 1 '2. 
28. -9. 29. ^-5. 30. The specific gravity of A is 2ss«8/(«i -h «&)» 

and the specific gravities of B and C are given by similar expressions. 
31. 2-3. 32. 3 inches. 34. 1-32. 35. At a depth 104a/113, 

where a is the edge of the cube. 37. As 45 : 32. 38. 60^ 

40. 7r74, = 2*6 feet nearly. 41. As 15 : 17. A pressure of 73*9 cen- 

timetres of mercury. 42. 72 centimetres. 43. 3A/2, where h 

is the height of the water barometer. 44. 150 Ibwt. 45. 20000 lbs. 
46. 33 feet. 47. A pressure of f f inches of mercury very nearly. 

48. As m/(6 -h){l-h): m'/{b - h') {I - h'), 49. 33. 



ANSWERS TO EXAMINATION PAPERS. 

I. Science and Art — Fluids, 1892. (Pages 326-326.) 

I. See Art. 49, page 73. 2. See Ex. 18, page 105. 3. 1000 foot- 
poundals. 14^ poundals. 4. See Ex. 10, page 284. 5. See Art. 

74, page 119. 6. See Ex. at end of Art. 76, page 124. 7. See Art. 

137, page 228. - 459-4° F. 8. See Ex. 2, page 216. 9. See Ex. 1, 
page 206. 10. See Art. 162, page 264. II. See Ex. on page 275. 

12. See Arts. 175 and 176. 

II. SciBNOB AND AsT — FLUIDS, 1893. (Pages 326-327.) 

I. See Art. 50, page 74. 2. The pressure at the point is 6000 grains 
weight per square inch. The horizontal and vertical components of this 
pressure are 3000 V3 and 3000 grains respectively. 3. ^ radians per 

second. 5691 '84 foot-poundals. 4. Taking a cubic foot of water to 

weigh 62-5 lbs., and tt to be 22/7, the total pressure is 9428^ Ibwt., and the 
resuUant pressure is 2095^ Ibwt. 5. See Art. 101, page 177. The 

diameter is not less than V3/2, = 1*225 times the height. 6. 500. 

7. See Art. 138, page 229. As 733 : 229820. 8. See Ex. 1, page 290. 
0. The point of the stem which is 1*6 inches above A. 10. See Art. 

141, page 234. II. 150 cubic feet. 12. See Art. 178, page 297. 
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III. SoDENGB AND Abt — FLUIDS (HoNouBs). (Pagbs 328-329.) 

A. 

I. See Ex. 24, page 29. 2. (a) 4y/Z Ibwt. (6) 6V3 Ibwt. The 

tennon at the instant the mass is vertically below A is (36- 12 V3) Ibwt. 

3. f{. 4. Compare with Ex. 37, page 189. 6. The radius of the 
base most not be less than 2 V2/5 times the length of the axis. 6. See 
Ex. 15, page 220. 7. See Ex. 23, page 29. 

B. 

I. As AC^ : AB^. 2. The forces are as 4 : 9, and the accelerations 

produced by them are as 4 : 21. 3. 24 oz. 4. See Ex. 2, page 179. 

lY. Glasgow Univebsitt Pbbliminabt Examination. 
Dynamics. (Page 329.) 

I. The pressure on the base is 456*25 Ibwt., and on one of the sides is 
129*6875 Ibwt. 2. 50 cubic centimetres 80 grammes. 3. See Art. 

118, page 198. 4. See Ex. 1, page 190. 

V. Glasgow Univebsity M.A. Degbeb Examination. 
Natubal Philosophy. (Page 330.) 

I. See Arts. 4 and 5. 2. See note to Art. 56 below. For second part 
of the question see Art. 67, p. 101. 3. See Arts. 78, 88, and 97> 

4. 11151 cubic feet. 

YI. Edinbubgh Univebsity Pbeliminaby Examination. 

Dynamics. (Page 330.) 

I. If 2. 5000 Ibwt. 

YII. Edinbubgh Univebsity M.A. Degbee Examination. 
Natubal Philosophy. (Page 331.) 

I. 7 lbs. 7/8. 2. The pressure on the bottom is 10000 Ibwt., and 

on one of the sides is 12500 Ibwt. 3. 217 Ibwt. nearly. 4. The 

volume is increased in the ratio of 3730 to 3553. 



NOTE TO AET. 56. 



The following is a proof from the fundamental property of a fluid at rest 
that the pressure at a point is the same in all directions. 
First suppose the fluid to be without weight. 
Consider the equilibrium of a very small right prism of fluid. This fluid 
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18 at rest under the action of the resultant pressures on its ends, and the 
resultant pressures on its faces. The resultant pressures on the ends act 
parallel to the axis of the prism, and the resultant pressures on the faces 
act perpendicular to the axis. It follows that the latter pressures must be 
in equilibrium. 

Now since the faces of the prism are very small, we may suppose that 
the pressure on each face is of uniform intensity. Hence the resultant 
pressure on any one of the faces will be a force acting perpendicular to the 
face through its centre of gravity, and therefore through the centre of 
gravity of the prism, the point O say. The resultant pressures on the faces 
will therefore be forces acting through O in the plane perpendicular to the 
axis, each force being perpendicular to a side of the triangle in which this 
plane cuts the prism. 

Let pi. Pi, p% denote the intensities of pressure on the faces, and A^ B, C 
the areas of the faces respectively. Then piA, p^, p^C are the resultant 
pressures on the faces. Now since these forces are in equilibrium, and since 
they act at the point O perpendicular to the sides of the triangle in which 
the plane through O perpendicular to the axis cuts the prism, it follows 
from the Triangle of Forces that they are proportional to the sides to which 
they are respectively perpendicular. But these sides are proportional to 
the areas of the faces in which they lie respectively. Hence, finally, piAy 
Pi^i PtO are proportional to ^, ^, C7, or 

p^AIA=p,BIB=p,CIC\ 
that is, Pi=P3=Ps' 

Hence the intensities of pressure at the point O in the directions perpen- 
dicular to the faces of the prism are equal. This proves the proposition, 
for, keeping the direction of one of the faces fixed, the directions of the 
other two faces may be taken perpendicular to any given directions. 

When the fluid Jiaa weight, in considering the equilibrium of a very small 
prism of the fluid we may leave the weight of the fluid prism out of account 
in comparison with the pressures on the faces of the prism. For the weight 
is found by multiplying the weight of unit volume, which is a finite quan- 
tity, by the volume of the prism, and the pressure on a face is found by 
multiplying the area of the face by the average intensity of pressure on the 
face, this latter being a finite quantity. Now in comparison with the area 
of a face the volume of the prism is an infinitesimal quantity, for the 
volume of the prism is found by multiplying the area of a face by a length, 
which, since the prism is of very small dimensions, must be very small. 
Hence in considering the equilibrium of a very small prism of a heavy fluid 
the weight of the fluid in the prism may be left out of account. 

Hence it follows that the intensity of pressure at a point of a fluid, 
whether heavy or weightless, is the same in all directions. 
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Compiled by Herbert Wills. Hi pp., crown 8vo, cloth, 2«. 

OhF Country: A History for Lower Forms. By the Bev. Edoab 
Sanderson, ILA., Clare College, Cambridge. Fully Ulustrated. Crown 
8vo^ doth, It. id. 

The story of England: A Histoir for Lower Forms. By the 
Bev. Edoab Sanderson, h.a., Clare College, Cambridge. Fully Il- 
lustrated. Crown 8vo, cloth, la. 6(2. 

The two volumes Our Country and The Story of England are 
complementary of each other. Each traverses the field of English 
History, but the first deals at greater length with the early history, 
and touches more fully upon tie romantic episodes than the other. 
The two serve well to attxact beginners to read English History, and 
to give them a broad foundation upon which to build. 

The Scots Reader: A History of Scotland for Junior Pupils. By 
David Campbell^ Headmaster of the Academy, Montrose. Pro- 
fusely Illustrated. Cloth, Is. 

The Century Historical Readers: Edited by Thomas Aboheb 

and the Bev. Edoab Sanderson, m.a. Illustrated with Pictures, 
Maps, Portraits, &c; strongly bound in cloth. These Beaders tell the 
story of England in bright simple narratives and biographical notices. 

BOOK y. THE TUDOBS, U. 6d. 



BOOK L <S; IL SIMPLE STORIES, Sd. 
andlOd. 

BOOK III. EABLY ENGLISH HIS- 
TORY, U, 

BOOK IV. 1066-1486, U, id. 



BOOK YL THE STUABTS, U 6d. 

BOOK Vn. THE HOUSE OP HANO- 
YEB^U. 6d 



" Mr. Archer has apprehended the distinction between a reading-book and a 
cram-book. Instead of crowding his pages with names and dates he has written 
a simple and interesting narrative."— Jouxnal of Edaoatioa. 



GEOGRAPHY. 
Blaekie's Geosrraphlcal Manuals. By w. G. Bakeb, m.a. 

The series takes up the subject of Greography in sections and treats 
it on broad principles. The endeavour has been made to give a reason- 
ably complete idea of the countries of the world, the manners and 
customs of the inhabitants, &c. GU>od descriptive matter, selected 
from the works of travellers, and profuse pictorial illustration give 
a living interest to the subject The series consists of four volumes, 
namely: 

No. 1. REALISTIC ELEMENTARY OEOOBAPHY. Taught by Picture and 
Plan. Embracing Direction, The Elements of Maps, Definitions, &c. The 
Pictorial Examples are derived chiefly from the Qeographical Features of 
England. Grown 8vo, cloth, U. fid. 
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GEOGRAPBY— Continued. 

No. 1 THE BRITISH EMPIEE. PABT L— The Home Countries: England, 
Wales, Scotland, and Ireland. With 7 Ck>loured Maps, Ao, Crown Svo, 
cloth, 28. 

No. 8. THE BRITISH EMPIRE. PABT 11.— The Colonies and Dependencies. 
With 6 Coloured Maps and numerous IllustrationB. Crown 8to, doth, 2«. 

No. 4. THE WORLD, with exception of the British Empire. [In preparaHon. 

THE GEOORAPHY OF THE BRITISH EMPIRE. Complete. The above 
Parts I. and II. in one volume. Crown 8vo, cloth, 88. 6d. 

Zehden's Commercial Geography of the World: Chief 

Centres of Trade and Means of Communication, Natural Produc- 
tions, Exports, Manufactures, &c. Translated from the Grerman of 
Professor Zehden, Handelsakademie, Leipzig. With Map of the Chief 
Trade Koutes. Seoond Edition, corrected to date, 592 pages, crown 
8vo, cloth, 5«. 

Australasia; A Descriptive Account of the Australian and New 
Zealand Colonies, Tasmania, and the adjacent lands. By W. 
WiLKiNS. Fully Illustrated. Crown 8vo, cloth, 2f. 6(2. 

A Pronouncing Vocabulary of Modern Geographical 

Names, nearly ten thousand in number; with Notes on Spelling 
and Pronunciation, &o. By Gboboe G. Chisholm, m.a., rsc.. Author 
of ''A Handbook of Commercial Gr«ography". F*cap 8vo, cL, 1«. Gd 

A Synoptical Geography of the World: A Concise Handbook 

for Examinations, and for general reference. With a complete series 
of Maps. Crown 8vo, cloth. It. 

The Geography of North America: A brief handbook for 

students. With synopses and sketch maps. Cloth, M, 

The Geography of Asia: A brief handbook for students. With 
synopses anosketch maps. Cloth, 6(2. 

The Century Geographical Handbooks: Clearly arranged 

synopses, with many sketch maps and colomred maps. 

No. IIL— ENGLAND. 16 pp., 2d. 

No. lY.— BBITISH ISLES, BBITISH NOBTH AMEBICA, AND AUSTRAL- 
ASIA. 40pp.,8d. 

No. IV. A-B. -SCOTLAND, DUEL AND, CANADA, UNITED STATES, Ao. Zd. 

No. lY.O.— EUROPE, BRITISH NORTH AMERICA, AUSTRALASIA. 48 
PP..8A 

No. Y.— EUROPE. 48 pp., Sd. 

NO. YI.--BRITISH COLONIES AND DEPENDENCIES. CLIMATE, INTER- 
CHANGE OV PRODUCTIONS. 40 pp., Sd. 

No. VIL— UNITED STATES. OCEAN CURRENTS, Ao. With 2 Coloured 
Maps. Zd. 

No. VILb.— THE WORLD, WITH EXCEPTION OP EUROPE, id. 

"Nothing could exceed the Judgment with which, from the vast storehonses 
of geographical knowledge, the siulent points are picked oat and set forth in 
these handbooks."— BohoM Board Ohronioloi 
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GEOGRAPHY— Continued. 
The Century Geosrraphical Readers. 

The aim of this series is to give a thoroughly readable acoonnt of 
the varioos oountries of the world, and to stir the imaginations of the 
pupils by picturing the different peoples in their homes and occupa- 
tions. The books are written in broadly descriptive and picturesque 
style. To aid the memory, a full, clearly-arranged tabulai^ synopsis 
of the geographical facts is appended to each book. The books are 
profusely filustrated with pictures, plans, and maps, and are strongly 
bound in cloth. 

No. L— FLAN OF SCHOOL AND PLATOROUND. Gardinid FointB. Map. Sd, 

No. IL— SIZE AND SHAPE OF THE WOELD. Geographical Terms. Fhysl- 
cal Geography of HHIb and Biyers. lOd. 

No. nL— ENGLAND AND WALES. U, 

No. lY.— B&ITISH ISLES, BRITISH NORTH AMERIGA, AND AUSTRAL- 
ASIA U. id. 

No. Y.— EUROPE, Fhysical and Political, Latitude and Longitude, Day and 
Night, The Seasons. It. 6d. 

No. VL— BRITISH COLONIES AND DEPENDENCIIES, Interchange of Fro- 
dnctionB, Circumstances which determine Climate. 1«. Gd. 

Na YU.— UNITED STATES, Tides and Chief Ocean Currenta U Otf. 

Alto Alternative or Supplementary VclumeM: 

No. IY.A-B.--BRITISH ISLES, BRITISH NORTH AMERICA, UNITED 
STATES. Day and Nighty Air, Rain, Mist, Frosty Ac U. id. 

No. lY.a— BX7R0FE, BRITISH NORTH AMERICA, AND AUSTRALASIA 

Na YII.B.— THE WORLD, with exception of Bnro]>e. U. Od. 
THE WORLD, in one Yolume. U, 6d. 

"Messrs. Blackie are to be congratulated on the production of these works. 
It is difficult to imagine anything that the compiler has not done to make the 
subject as interesting as possible to youth."— Glasgow Herald. 



MATHEMATICS. 

Euelid'S Elements of Geometry. With Notes, Examples, and 
Exercises. Arranged by A. E. Latno, h.a., Headmaster of Stafford 
Grammar School ; formerly Scholar of Sydney Sussex College, Gam- 
bridge. Books L to YI., with XL, and Appendix; and a wide 
selection of Examination Papers. Grown 8vo^ it, 6d. 

Books L to lY. in one toL, 2s. Qd. Book I., Is.; II., 6d,; III., Is.; 
IV., 6d.\ y. and VL together, Is.; XL, Is. 6d, 

KEY to Book L, 2s. 6d; to complete Euclid, 5s. 

The system of arrangement allows enunciation, figure, and proof to 
be all in view together. Notes and Exercises are directly appended 
to the propositions to which they refer. 

" The special f eatores of tiie work are the use of symbols, great clearness in 
the arrangement of the argument, and the exercises at tiie end of each pro- 
position, which are those of a practical teacher who knows the capacity of the 
ordinary school-boy's intelligence. Those on the definitions are specially good, 
and will prove most su|;gestiye."— Bpeotator* 
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MATBEMATlCS^Contimed. 

Preliminary Algebra. By B. Wtki Batliss, &a., Yice-prindpal 
of the United Service Academy, Southsea^ formerly Scholar and Prize- 
man of Peterhonse, Cambridge. 2$, 

"The explanations are brief bat clear, and the exercises thereon abundant. 
Some extremely neat and novel methods of solving problems are here introduced 
to us."— Aoademio Beview. 

Algebra. Up to and Inoludino Proobbssions and Scales of 
Notation. By J. G. Kbbb, m.a., Headmaster of Allan Glen's 
Technical School, Glaifgow. Fcap 8vo, cloth, 2«. 6d 
"A well-arranged, clear, and useful little book."— Athenmmt 

Algebraic Factors. How to Find them and how to ITbb thbm. 
Factors in the Examination Boom. By Dr. W. T. Knight, Head- 
master Towcester School F'cap 8vo, doth, 28. KEY, 8s. Qd, 
"Invaluable to young students."— Sohool guardian, 

Elementary Text-Book of Trigonometry. By R H. Pinker- 

TON, B.A., Balliol College, Oxford. Fcap 8vo, cloth, 2s. 

" An excellent text-book. The exposition and demonstration of principles are 
remarkable for clearness and fulness. -Athenmrnt 

Mathematical Wrinkles for Matriculation and other Exams. By 
Dr. W. T. Knioht, Headmaster Towcester School F'cap 8vo, 
cloth, 2t. 6d, 

An Introduction to the Differential and Intcfirral Calculus. 

With examples of applications to Mechanical Problems. By W. J. 
MiLLAB, O.B. F'cap 8vo, doth, It. M. 

Pickering's Mercantile Arithmetic, for Commercial Glasses. 

By K T. PiOKEBiNCL formerly Lecturer on Mercantile Arithmetic at 

the Birmingham and Midland Institute. Cloth, It. 6(£. 

"A most useful supplement to ordinary school arithmetics, and provides a 
course of work which will fit a youth for commercial Ufa The explanation of 
foreign exchanges is very good. We know of no book in which the matter is 
at once so full and so clear?'— Taaehers' Xonthly. 



SOIENCR 

ITBW VOLUMES. 

I 

Deschanel's Natural Philosophy. An Elembntabt Treatise. 

i By Professor A. Pbivat De&ohanel, of Paris. Translated and edited 

) by Professor J. D. Everett, d.o.l., p.r.s. Thirteenth Edition, 

f thoroughly revised and much enlarged. Medium 8vo, doth, 18«.; 

^ also in Parts, limp cloth, it. 6d. each. 

L; Part L— Mechanics, Hydrostatics, Ac | Part m.— Blectrioity and Magnetism. 

^ Part n.— Heat I Part IT.— Sound and Light 

"Probably the best book on experimental physics we possess."— Aeademy. 

<* Systematically arranged, clearly written, and admirably illustrated, it forms 
a model work for a class m experimental physics."— Batoidaj Sevisfw. 

''We have no work in our sdentiflo literature to be compared with it"^ 
Qnarteriy Jgfamal of Seiaoee 
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8GIEN G¥t—C<mtinued. 
A Text-Book of Organie ChemistFy. By A. Bebnthsen, fild., 

formerly Professor of Chemistry in the University of Heidelberg. 
Translated by George M'Gowak, Fh.D. New Edition, thorov^Uy 
revised and much enUirged, Crown 8vo, doth, 7«. 6(2. 

"This excellent treatise has been admirably translated, and a very useful 
addition has been made to the English scientific student's library. As far as we 
have tested it is accurate, and it is certainly sensible in arrangement, and lucid 
in style."— Lanoet 

" Sure to take as high a place amonff the elementary text-books of organic 
chemistiy in the TEngHah language as it has already done in the Fatherland."— 
Hatore. 

A Text-Book of Solid of Deseriptive Geometry. By Alex. 

B. DoBBDE, B.Sc., Assistant to the Professor of Civil Engineering and 
Mechanics, Glasgow University. Crown 8vo, cloth, 28. Qd, 

In this book motures are introduced in order to smooth the way for 
the beginner. The book is clearly arranged in sections, and a large 
number of problems are given in full, with carefully-drawn diagrams. 

" An excellent little book."— School Guardian. 

" The modes of projection employed in this work contribute much to a clear 
conception of the principles involved."— Soience and Art 

*' A little book possessing many good points, and one u^on which great pains 
have evidently been spent There are about 350 diagrams m the book."— Hatore. 

Heat, and the Principles of Thermodynamics. By C. H. 

Dbafbb, d.So., B.A. With many IllustrationB. Cloth, 4s. 6d 

This book is divided into two parts. The first part contains an 
account of the chief experimental phenomena that result from the 
application of heat to matter; the second is devoted to the considera- 
tion of heat as a form of energy, and is written mainly for non-mathe- 
matical students. 

" We heartily congatulate Br. Draper on his book, and trust that it may meet 
with the success that it deservea"— Jouznal of Education. 

"Dr. Draper has produced an excellent introduction to the subject Illustra- 
tive examples abound."— Oxford Magazine. 

Hydrostatics and Pneumatics. By R. H. Pinkerton, b.a., 

Balliol College, Oxford. Fully Illustrated. Cloth, 4^. 6d. 

The aim of the author is to give an account of the fundamental 
principles of the snbject such as can be understood without advanced 
mathematical knowledge. The book includes chapters on UnitSi Uni- 
form Circular Motion, and Harmonic Motion, and very numerous 
illuBtrations and examples. 

"A good and complete work on the subject It is a successful attempt to 
produce a book suitable for students who have not been through a course in 
mechanics. . . . We have no hesitation in recommending this work."— Journal 
of Education. 

" As is usual throughout this excellent science series, every effort is made to 
assist the student by the adoption of the simplest language and by leaving no 
point unexplained."— Daily OnroniolOf 
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SCIENCE^Coniinued. 
The Student's Introduetory Handbook of Systematic 

Botany. By Joseph W. Oliveb, Lecturer on Botany, Birmingham 
Municipal Technical School. lUustrated. Cloth, is. 6d, 

" OnilB little book fulfils in a very excellent manner the main requirements of a 
student's text-book. . . . The book is copiously and well illustrated . . . calcu- 
lated to be of great service, and we can most cordially recommend it."— Oxford 
Xagadne. 

" Unquestionably the best introduction to systematic botany that has yet been 
published. "—Oardeaer^ Kaganne. 

Elementary MetallUPgy. By W. Jebohb Harrison, F.a.s., Chief 
Sdenoe Demonstrator, Birmingham School Board, and W. J. Hab- 
RIBON, jonr. Fully illustrated. Cloth. (In Reparation,) 

Elementary Text-Book of Physics. By Ftof. Evebbtt, D.aL., 

F.B.S. F'cap Svo, doth, 80. 6(2. 

"After a careful examination we must pronounce this work unexceptionable, 
both in the matter and the manner of its teachings. "—Journal of Bdence. 

Outlines of Natural Philosophy. By Professor J. D. Evsbett, 

D.aL., F.R.S. F'cap Svo, cloth, 48. 
"A book of great merit"— Atheneeum. 

Theoretical Mechanics. By R H. Finkebton, b.a., Baltioi Col- 
lege, Oxford; Lecturer in Mathematics, University College, Cardiff. 
F*oap Svo, doth, 28. 

"Like all the works in the series this book is admirable. It is clear, concise, 
and practical, and well calculated to meet the purpose."— Fraotical Enf^eer. 

Elementaiy Text-Book of Dynamics and Hydrostatics. 

By R H. Finkebton, b.a., BaUiol College, Oxford, Lecturer at Uni- 
versity CoUege Cardiff, Examiner at Glasgow University. Fcap 8vo^ 
cloth, 88. 6(2* 

"The book leaves nothing to be desired."— Katoze. 

"Should prove most useful for science classes, and in schools and collegea*— 
Isvention. 

The Arithmetic of Magnetism and Electricity. By Bobebt 

GuNN. F'cap Svo, cloth, 28. 6(2. 

"Will be found very useful by advanced students, and is certain to have an 
excellent effect on the accuracy of their work."— TTniversity Ooxrespondent 

Magnetism and Electricity. By w. Jibomb Habbison and 

Ohablbb a. Whitb. Fcap Svo, dot^ 2«. 

"We should award this volume a high place among books of its class. The 
chapter on 'Potential' is specially to be commended."— XdnoatioiL 

light. Heat, and Sound. By Chablbs h. Dbafbb, D.sa(Lond.), 

Headmaster of Woolwich High School F'cap 8v(>, (sLoth, 2«. 

"We can cordially recommend this book. It is well printed and neatly illus- 
trated, and the statements are clear and accurate."— Praetloal Taaeher* 
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aOIESOR-^ChnHnued. 
Elementary Inopganie Chemistry: THBOBRnoALandPaAonoAL. 

With examples in Chemical Aiithmetio. By A. Humboldt Sexton, 
V.B.B.B., F.La, F.as., Professor of Metallurgr, Glasgow and West of 
Scotland Technical College. F*oap 8vo, doth, 28. 6d. 

" Chemical Physica and AriUimetic recelTe a greater amoant of attention than 
is nanal In snch books; and the exerclMB, expmments, and qoestiong are well 
8elected."--Vational Observer. 

Chemistry for All, or Elemental^ Altematiye Chemistry in ao- 
oordanoe with the Science and Art Syllabns. By W. Jebomb "HaBt 
UCBOH, V.O.S., and B. J. Bailet. F'cap 8to, 1«. 6d, 



tit 



'The matter contained in the book is accurate, well arranged, and tersely 
expressed. The majority of the diagrams are remarkable for the absence of 
unnecessary detail, and are snch as the learner may be reasonably required to 
reproduce. We can recommend this Chemistry as one of the best^ if not the 
best, of its kind we hare seen."— Joomsl of Educatien. 

Qualitative Chemieal Analysis, Inobganic and Oroakic. By 

Edoab E. Hobwill, F.O.S., Lecturer in Chemistiy at the Battersea 
Pupil Teachers' Centre, &c. Fcap Svo, dotl^ 28. 

An Elementary Text-Book of Physiology. By J.M'Grbgob- 

BOBBBTBON, M.A., M.B., Lecturer in Physiology, Queen Margaret Col- 
lege. New and Revised Edition, F'cap Svo, doth, is. 

**A good system of arrangement and clear ezpresidye exposition distinguish 
this book. Definitions of terms are remarkably lucid and exact"— Saturday 
Aeview* 

Elementary Physiology* By Vinornt t. MubohA. F'cap Svo^ 

doth, 2<. 

" We can confidently recommend this most admirable work."— British Kedieal 
JeumaL 

Earth - E[nowledge* A Tbxt-Book op Physiogbapht. By W. 

Jebomb Habbison, f.o.b., and H. Rowland Wakefield. 388 pages. 

Fcap Svo^ doth, 8<. Also in Two Parts: Part L Is. 6<2.; Part IL 2s. 

"There can be no doubt about the usefulness of the book . . . it Is ex- 
cellent' 



Elementary Botamr. By Joseph W. Oliveb, Lecturer on Botany 

and Geology at the Birmingham and Midland Institute. F'cap 8yo, 

doth, 2s. 

"May without exaggeration be pronounced to be one of the best of our exist- 
ing elementary treatises on botany. —Ifidlaad Katoralist 

An Elementary Text-Book of Geology. By W.' Jebomb 

Habbison, F.a.s., Joint- Author of "Earth-£nowledge", &c. F'cap 

8vo, doth, 2s.| 

"The best text-book, in this branch of science, for the beginner, we hare yet 
come across."— Litaraiy World. 

An Elementary Text-Book of Applied Mechanics. By 

David Allan Low (Whitworth Scholar), M.lnstv.B. Fcap 8yo, 

doth, 2s. 

*' An excellent little text-book."— Haturs. 
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SGIENCE—Coniimed. 

ElementaFy AgrrieultUFe, Edited by R. P. Wright, Profeasor of 

Agrictdture, Glasgow and West of Scotland Technical College. F'cap 

8vo, 1«. 6(2. 

" It is as useful and trustworthy a little treatise of the kind as we have seen." 
— Hatme* 

Elementary Hygiene. By H. Rowland Wakefield, Sdenoe 
Demonstrator, Swansea School Board, Joint-Author of "Earth- 
Knowledge", &a F'cap 8vo, 2s. 

"Contains a large amount of information, conyeyed in clear and precise 
terms."— British Xedioal JouxnsL 



SCIENCE FOR BEGINNERS. 
ChemistFy fOF Beginners. By w. Jbbome Habbiboh. 144 pagee^ 

cloth, Is. 

AgPieultUPe for Beginners. Edited by Professor R p. Weight. 
144 pp., cloth. Is. 

Botany for Beginners. By Vinobnt T. Mueoh^ 144 pp., 

doth. Is. 

Magnetism and Electricity for Beginners. By w. G. 

Baebb, H.A. 144 pp., cloth. Is. 

Mechanics for Beginners. By David Clabk. 220 pp. Cloth, 
Is. ed. 

Animal Physiology for Beginners. With coloured illustrations. 

By VnroENT T. Mdbohi^ 144 pp., doth. Is. 6d 

Science Readers. FuUy illustrated, strongly bound in doth. The 
lessons in this series of Readers are design^ to awaken interest in 
the common objects of the natural world, and give pupils some insight 
into the processes by which artides of common use are produced. 

BOOK L— TALES AND TALKS ON COMMON THINGS. PartL 8d. 

BOOK n.— TALES AND TALKS ON COMMON THINGS. PartIL lOd 

BOOK nL— THE TOUNG SCIENTISTS: SlMPLB FRlirciPLES OF Cl.A88in- 
OAXIOH. Substances used in Arts and Manufactures. Phenomena of Earth 
and Atmosphere. Matter in Three States: Solids, Liquids, and Gases. U. 

BOOK IV.— OUB FRIENDS OF THE FABM. By the Bey. Thbodobk 
WOOD, V.B.& If. 4d. 

BOOK v.— ANIMAL AND PLANT LIFK. Part L By the Bey. Thbodobb 

Wood, f.b.8. is. ed. 

BOOK VL— ANIMAL AND PLANT LIFK Part IL By the Bey. Thbodobb 
Wood, v.b.8. is. 6d. 

"The idea is excellent, and has been yery successfully worked out. The 
facts set forth haye been car^ully selected, and they are presented in a bright, 
easy, natural style, which cannot fail to make thmn at once intelligible and 
attractiye. Good teachers will find the series of resl service in helping them to 
foster in the minds^of their pupils a love of accurate observation and indepen- 
dent reasoning.*' 
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READING BOOKS. 

FOR LOWER FORMS AND PREPARATORY SCHOOLS. 

Readings tpom Standard Authors, &c. Each fooiacap Svo, 

Btrongly bound in doth. 

THE SPEGTATOE EBADEK: SelectionB from Addison's Spectator. Ij. 8d. 
READINGS FROM SIR WALTER SCOTT. U. M. 
MAEY QUEEN OF SOOTS : being Readings from Thh Abbot. 1«. 3d. 

TALES FEOM HENTY: being Selections from the Historical and other 
Romances of O. A Hentjr. lUostrated, 1«. 6d. 

THE CHARLES DICKENS EEADER. U. id. 

THE 80VEEEION READER: fnlly Ulostrated, forming a bright historical 
record of the eyents of Qneen Victoria's reign. By O. A. Hentt. U. ed. 

THE CITIZEN : Hm RlQHTB AND BJB8PON8IBILITI]BS. By OSOAB BBOWHIHa, 

iLA. If. ed. 

THE NEWSPAPER EEADER : Selections from the Journals of the Nineteenth 
Centnry. Ij. 6d. 

THE BRITISH BIOGRAPHIGAL EEADER. Sketches of Great Men selected 
from the Writings of Standard Authors. If. 6d. 

READINGS FROM ROBINSON CRUSOE. lUustrated by OOBDON BBOWN& 
18.3d, 

BLAGKIE'S SHAKESPEARE READER If. 

Stories for the Schoolroom : edited by J. H. Yoxall. niustrated 

by leading Artists; strongly bound in cloth. Selections from the 
works of authors who have proved themselves favourites with boys 
and girls. Among those represented are Baring-Gould, Manville 
Fenn, Harry CoUhigwood, George Mac Donald, Fenimore Cooper, 
Louisa Alcott, Alice Corkran, Amy Walton, George Sand (translated). 
The poetry is from Gowper, Wordsworth, LongfeUow, Robert Brown- 
ing, Lewis Garroll, Jean Ingelow, and old ballads. 

"SPOT." For Infante, aoth, 8d. 



INFANT READER, dd, 
BOOK L, 8d. 
BOOK IL, Od. 



BOOK HL, U, 
BOOK lY., U. 4d. 
BOOK v., It. 6d. 



" We liave here lengthy extracte from good authors, Judiciously adapted and 
annotated. The tales are within the grasp of children, and cannot fail to enter- 
tain them. The type is clear, the illustrations good. A happy idea, ably worked 
out, we wish these Readers the success they well deserve."— journal of Education. 

The Century Readers. A graduated series of Beading Books. 
Well illustrated and strongly bound in cloth. 

FIRST PRIMEB, ^d. 



SECOND PRIMEB, 3d. 
INFANT READEE, 6d. 
READEE 1, 8d. 
READER n., 3d. 



READEE m.. Is. 
READER lY., Is. id. 
READEE v., 18. 6d. 
READER YI., Is. 6d. 



" The Century Readers are most prepossessing in appearance. Paper and type 
are excellent, and we have rarely seen a prettier binding. The passages are well 
graduated, and those written expressly for the series are admirably simple and 
sometimes charming without degenerating into silliness."— Joomal of EduoatifHi. 
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*i^* A detailed list of Drawing and Painting Book* 
loiU be sent on a/pplication. 

DKAWING AND PAINTING. 
Vere Foster's Drawing Copy-Books. With instructions and 

paper to draw on. In 72 Numbers at 2d, Complete Edition^ in 
Eighteen Parts at M, (Each part complete in itself.) 



FREEHAND (20 numbers). 

LANDSCAPE (12 numbers). 

ANIMAL AND HUMAN FIOUBE 
(16 numbers). 



GEOMET&IGAL DRAWING (10 num- 
bersX 

PEESPECTIVE, MODEL DRAWING, 
SHADING (14 numbers). 



Vere Foster's Model Drawing. Cloth boards, u. ed 

Vere Foster's Rudimentary Perspective. Cloth boards, i«. 6d. 

Vere Foster's Water-Colour Drawing-Books. With coloured 

facsimiles of original water-colour drawings, and hints and directions. 

LANDSCAPE PAINTING FOR BEGINNERS. First Stage. Three Parts 
4to, 6d. each ; or one volume, cloth elegant, 28. 6d. 

LANDSCAPE PAINTING FOR BEGINNERS. Second Stage. In Six Parts 
4to, 6d. each ; or one volume, cloth elegant, 40. 

ANIMAL PAINTING FOR BEGINNERS. In Six Parts 4to, 6d. each; or in 
one volume, cloth elegant, Aa. 

FLOWER PAINTING FOR BEGINNERS. In Six Parts 4to, 6d. each ; or one 
volume, cloth elegant, 4«. 

SIMPLE LESSONS IN MARINE PAINTING. In Four Parte 4to, Gd, each; 
or one volume, cloth elegant, 88. 

SIMPLE LESSONS IN LANDSCAPE PAINTING. In Four Parte 4to, W. 
each ; or one volume, cloth, S8. 

SIMPLE LESSONS IN FLOWER PAINTING. Four Parte 4to, 6d. each; 
or one volume, cloth elegant, S8. 

STUDIES OF TREES. In Eight Parte 4to, l8. each ; or two volumes, cloth 
elegant, 68. each. 

BRITISH LANDSCAPE AND COAST SCENERY. In Four Parte 4to, If. 
each ; or one volume, cloth elegant, 68. 

MARINE PAINTING. In Four Parts 4to, l8. each; or one volume, cloth 
elegant, 68. 

LANDSEER AND ANIMAL PAINTING IN ENGLAND. By W. J. LOFTIE. 
Containing Eight Facsimiles of original paintings, and numerous illustra- 
tions of celebrated pictures by Sir Edwin Landseer, R.A., George Morland, 
H. W. B. Davis, B.A., Briton Riviere, B.A., and Walter Hunt. In Four 
Parte 4to, 18. 6(2. each ; or one volume, elegantly bound, 78. 6d. 

REYNOLDS AND CHILDREN'S PORTRAITURE IN ENGLAND. By W. 
J. LOFTIK With Reproductions of Celebrated Pictures by Sir Joshua 
Reynolds, Thomas Gainsborough, George Romney, Sir Thomas Lawrence, 
James Sant, B.A., and Sir J. E. Millais, Bart In Four Parts 4to, l8. 6d. 
each; or one volume, cloth elegant, 78. W 
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DRAWING AND TAJNTISQ—CarUinued. 

ADYANOBD STUDIES IN FLOWEB PAINTINO. In Six Farts 4to, U. each; 
or one Tolmne, cloth, 7«. 6d. 

EASY STUDIES IN WATEBrCOLOUB PAINTINO. In Three Parte 4to, 
If. fUL each; or one yolnme, cloth el^iant^ 9$, 

SKETCHES IN WATEBrOOLOUSS. In Four Parts 4to, U. each; or one 
▼olnme, cloth el^iant^ 6il 

ILLUMINATINO. Nine Examples in Colours and Gold of Ancient ninminating 
of the best periods. By the Ber. W. J. Lorns, &▲., V.&A. In Pour Parts 
4to, la, each ; or one yolnme, cloth elegant, 0t. 



\*AdeUiikd LuiqfVere Fotter's Writing €fopie$, and /^pedmm Copies, 

will be tent on applicaHon, 

WRITING. 

VePe Foster's Writing Copy-BOOkS. The prmciple upon which 
Mr. Foster's system of writing is based is that children shotdd from 
the very first be taught a ourrent hand. Experience has abundantly 
proven that pupils using his copies soon become fluent penmen, and 
acquire a clear and distinct formed hand of writinff that does not 
need to be unlearned when they enter business or professional life. 

OBIGINAL SEBIES, in Serenteen Numbers, inice 2d. each. 

PALMEBSTON SEBIES, in Eleven Numbers, on fine paper ruled in blue and 
red, price 8d. each. 

BOLD WBITING, OB CIVIL SEBYIGB SEBIES^ in Twenty-flye Numbers, 
price Sd. each. 



POYNTER'S DRAWING-BOOKS. 
Poynter's South Kensingrton Drawing-Books, issued under 

uie direct superintendence of £. J. Potnteb, b.a., who has selected 
the examples for the most part from objects in the South Kensington 
Museum. The original Drawings have been made under Mr. Poynter's 
supervision by Pupils of the National Art Training School. Each 
book with Fine Cartridge Paper to draw on. 

FBEEHAND DBAWING FOB CHILDBEN. Familiar Objects, Took, Toys, 
Games, Ac. Four Books, id, each; or one rolume, cloth, 2*. (hi. 

FBEEHAND FIBST OBADE. Simple Objects. Ornament (Flat and Perspec- 
tiye). Six Books, id, each; or one yolume, cloth, St, 

FBEEHAND ELEMENT ABY DESIGN. Simple Forms, Leayes, and Flowers. 
Two Books, id, each ; or one yolume, cloth, St. 

FBEEHAND FIBST GBADE— PLANTS. Six Books, id, each; or one yolume, 
doth, 8a 
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POYNTER'S DBAWmGt-BOOKS—Cmtmued. 

FREEHAND SECOND G&ADE Ornament (Greek, fienaissance, A&X Four 
Books, It. each ; or one volume, cloth, 68. 

ELEMENTARY HUMAN FIGURE Four Books, QcL each; or one volume, 
cloth, St. 

BOOK L— MiOHELANOBLO's " DAVID "—Features (Eye, Nose, eto.). 

BOOK n.— MASKS, from Antique Sculpture. 

BOOKS III. AND rv.— Hands and Feet, from Sculpture. 

"Will be simply invaluable to beginners in drawing."— Oraphio. 

HUMAN FIGURE, ADVANCED. Three Books, imp. 4to, 28. each; or one 
volume, doth, 8f . Od. 

BOOK I.— Head ov the Venus of Melos. 

BOOK n.— Head ov the Youthful Baoohus. 

BOOK III.— Head of David bt MiOHBLANOELa 

ELEMENTARY PERSPECTIVE DRAWING. By S. J. CABTLIDQB, V.B.Hlst8. 
Four Books, It, each ; or one volume, cloth, 5t. 

FIGURES FROM THE CARTOONS OF RAPHAEL: Twelve Studies of Draped 
Figures. With Descriptive Text, and Paper for Copying. Four Books, im- 
perial 4to, 2f. each; or one volume, cloth, 108. 6cL 

A SELECTION FROM THE LIBER STUDIORUM OF J. M.W. TURNER, E.A., 
for Art Students. Comprising Four Facsimile Reproductions in Mezzotint: 
61 Facsimile Reproductions of the Etchings, and 87 Text Reproductions of 
the Finished Engravings. With Historical Introduction and Practical 
Notes. In Four Parts, square foUo, 128. 6d. each; or complete in Portfolio, 
£2, 12f . 6d. • 



BLACKIFS 

PICTUKES FOR SCHOOL DECORATION 
AND OBJECT LESSONS. 

These Pictures have been produced by the highest style of Chromo- 
Lithography, and in the most artistic manner. Two Pictures are 
mountfxl on each board, and varnished and eyeletted ready for hanging 
up. 

FIRST SERIES. 

Mounted on Boards (IH x 10^ inches). Price It. each. 

FLOWERS.— By Ada Hanbvrt. 6 Cards of 10 Pictures. 
TREES.— By J. Needham. 7 Cards of 14 Pictures. 
FIGURES.— By Bir JOSHUA Retnolds, Ac 4 Cards of 8 Pictures. 
ANIMALS.— By Sir Edwin Landseeb, Ac. 4 Cards of 8 Pictures. 

SECOND SERIES. 
Mounted on Boards (14| x 9^ inches). Price Od. each. 

FLOWERS.— By ADA Hahbubt and Ethel Nisbbt. 10 Cards of 20 Pictures. 
ANIMALS. —By S. T. DADD, Ae. 6 Cards of 12 Pictures. 
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BLACKIE'S SCHOOL AND HOME LIBRARY. 



Under the above title the publishers have arranged to issue for School 
Libraries and the Home Circle, a selection of the best and most 
interesting books in the English language. 

In making a choice from the vast treasure-house of English literature 
the aim has been to select books that will appeal to young minds; 
books that are good as literature, stimulating, varied and attractive in 
subject-matter, and of perennial interest; books, indeed, which every 
boy and girl ought to know, and which, if once read, are sure to be 
read again and again. 

The Library will include lives of heroes ancient and modem, reoorda 
of travel and adventure by sea and land, fiction of the highest class, 
historical romances, books of natural history, and tales of domestic life. 

School Managers, Teachers, and Parents may therefore confidently 
place the volumes in the hands of the children, in the assurance that 
they are giving them nothing but what is wholesome and refining. 

The greatest care will be devoted to the get-up of the Library. The 
volumes will be clearly printed on good paper, and the binding made 
specially durable, to withstand the wear and tear to which well- 
circulated books are necessarily subjected. 

NOW READY: 
In Crovm 8vo volumes. Strongly hotmd in doth. Price Is. 4d. each. 



MISS MITFOBJD'S OUR VILLAGE. 

MABRYAT'S CHILDREN OF THE 
NEW FOREST. 

AUTOBIOGRAPHY OF BENJAMIN 
FRANKLIN. 



DANA'S TWO YEARS BEFORE THE 
MAST. 

SOUTHEY'S LIFE OF NELSON. 

WATERTON'S WANDERINGS. 

ANSON'S VOYAGE ROUND THE 
WORLD. 



LAMB'S TALES FROM SHAESPEARE. 

To he followed by two volurnes on the first of each month. 

" The whole series may be placed in the hands of the rising generation with 
the utmost confidence. We feel sure that they will form a collection which hoys 
and girls alike, bat especially the former, will highly prize; for whilst they 
cont^n Interesting, and at times very exciting reading, the tone throughout is of 
that vigorous, stirring kind which is always appreciated by the young."— Sheffield 
Bidependent 

"The series will be worthy the attention of all who are interested in village 
and school libraries."— Glasgow Herald. 



Detailed Prospectus and Press Opinions will be sent post free en AppUeatixm. 



LONDON: BLACKIE & SON, Limited, 60 OLD BAILEY, E.O. 

GLASGOW AND DUBLIN. 



